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Mathematical modeling for multisite
phosphorylation with scaffold binding
in cell signaling

Kanadpriya Basua,b and Xinfeng Liua*†

Communicated by Q. Wang

The mating decision in budding yeast is a switch-like or bistability response that allows cells to filter out weak pheromone
signals or avoid improper mating when a mate is sufficiently close. However, the molecular mechanisms that control the
bistability decision are not yet fully understood. In many cases, scaffold proteins are thought to play a key role during
this process. A workable definition of a scaffold is a protein that dynamically binds to two or more consecutively acting
components of a signaling cascade, such as protein kinase and that kinase’s substrate. Here, we show that bistability
mechanism can arise from multisite phosphorylation system with scaffold binding when phosphorylation and dephos-
phorylation occur at different locations. This scaffold binding in a multisite phosphorylation system can robustly result in
multiple steady states. By developing generic mathematical models, we argue that the scaffold protein plays an important
role in creating bistability, and by treating parameters symbolically, we also thereby reduce the complexity of calculating
steady states from simulating differential equations to finding the roots of polynomials, of which the degree depends on
the number of phosphorylation sites N. Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction

When a hormone or growth factor binds to a cell-surface receptor, a cascade of proteins inside the cell relays the signal to specific
intracellular targets. Proteins referred to as ‘scaffolds’ or ‘anchoring proteins’ are thought to play many important roles during this pro-
cess [1–3]. A workable definition of a scaffold is a protein that dynamically binds to two or more consecutively acting components of
a signaling cascade, such as protein kinase and that kinase’s substrate. In doing so, scaffolds are thought to increase the rate of signal
transmission between those components (e.g., by increasing the rate at which the kinase phosphorylates its substrate) [4–6]. Scaffold
proteins are also thought to increase the specificity of signaling, and several mechanisms by which they may accomplish this have been
proposed [7, 8]. In the budding yeast, well-known examples of scaffold protein include yeast Ste5, which binds to all kinases in a par-
ticular mitogen-activated protein kinase (MAP kinase) cascade [1–3, 9–12] (see Figure 1(a) for the illustration), whereas the MAP kinase
cascades that are evolutionally conserved from budding yeast to mammals play a pivotal role in many aspects of cellular functions.

By adding a phosphate group (PO3) to one or more amino acid residues, the phosphorylation (phosphate addition) or dephos-
phorylation (phosphate removal) of a protein can alter its behavior in almost every conceivable way [13–15]. The three-protein motif
consisting of a kinase, the substrate it phosphorylates, and the phosphatase that undoes the phosphorylation can be viewed as a fun-
damental module in cellular regulation [16]. The functions of phosphorylation or dephosphorylation of a protein include regulation of
its intrinsic biological activity, subcellular activity, half life, and docking with other proteins. In contrast to phosphorylation with a single
residue, multisite phosphorylation can enable several such effects to operate in the same protein and thus can determine the extent
and duration of a response during signal integration. Furthermore, multisite phosphorylation increases considerately the possibilities
for regulating protein functions. For instance, a protein with N phosphorylation sites can have 2N phosphorylation states, and each
such state may have its own functional characteristics. Examples of proteins that are found to harbor multiple phosphorylation sites
include membrane receptors [17, 18], ion channels [19], protein kinases (e.g., MAP kinases [20, 21], and Src family kinases [22]).
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Figure 1. (a) Schematic diagram of MAP kinase cascades [23]. (b) Order of phosphosite processing. Phosphorylation sites may follow a strict sequential order (top)

or a completely random order (bottom) [24].
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Figure 2. (a) A schematic diagram depicting substrate sequestration in a multisite phosphorylation system with the kinase away from the scaffolds; (b) compared

with a system without scaffold, substrate sequestration in a multisite phosphorylation system is able to foster a better switch (left). Contour plots of solutions by

Hill coefficients show that the switch-like responses rely heavily on scaffold binding ratios with successive phosphorylations (middle), and the simulations also

indicate that there exists an optimum total scaffold for a best switch (right).

Ultrasensitivity/switch-like responses and bistability, which can be used in signal transduction to filter out noises while amplify-
ing weak inputs, are recurring themes in cell signaling [10, 25–29]. It has often been presumed that a multisite phosphorylation
mechanism intends to increase the level of switch-like responses. Compared with a single-site target, the possibilities for multisite
phosphorylation in the regulation of protein–protein regulation interactions and the phosphorylation sequence are increased dra-
matically, thus providing additional mechanisms for the generation of ultrasensitivity and/or bistability. However, as shown in [30],
this presumption only holds true if the ratios of phosphorylation and dephosphorylation for the first and last states are significantly
stronger than the intermediate phosphorylation states (i.e., those states other than completely unphosphorylated and completely
phosphorylated) [30, 31].

Hence, multisite phosphorylation, by itself, is not sufficient to generate a switch-like response. In [31], it is revealed that the combina-
tion of multisite phosphorylation and membrane binding could produce a switch-like dissociation of Ste5 from the membrane. Recent
studies [32] have demonstrated that the maximal number of possible steady states increases with the number of phosphorylation
sites. In [33], by reducing the complexity of calculating steady states by solving two algebraic equations when treating parame-
ters symbolically, it was shown that a multisite phosphorylation system exhibits distinct stable phosphoform distribution at steady
states. However, none of the aforementioned findings include scaffold binding for a multisite phosphorylation system, which is a
key feature in many biological systems [34–40]. More recently in [10], it is shown that the switching mechanism arises from compe-
tition between the MAP kinase Fus3 and a phosphatase Ptc1 for control of the phosphorylation state of four sites on the scaffold
protein Ste5.

Previously in [41], we have studied the effects of scaffold binding with multisite phosphorylation on the switch-like responses and
mainly focused on exploring the scenarios when both phosphorylation and dephosphorylation of the substrate take place either on
the scaffold or away from the scaffold (Figure 2(a)). By modulating both stronger and weaker scaffold binding with successive phos-
phorylations, as well as the elaborate combinations of these two strategies, our findings suggest that scaffold binding can robustly
enhance the multisite phosphorylation system resulting in a good switch and threshold (also see Figure 2(b)).

In this paper, by developing generic mathematical models together with computational exploration with random sampling of param-
eters, we will be focusing on studying the effects of scaffold binding in a multisite phosphorylation system on the generation of
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bistability when phosphorylation and dephosphorylation take place at different locations. First, we consider the system when the
kinase is co-localized on the scaffold while dephosphorylation is away from the scaffold. Second, we study another system when
dephosphorylation occurs on the scaffold while phosphorylation is off the scaffold. The numerical simulations integrated with mathe-
matical analysis by solving the steady-state solutions of a system of differential equations reveal that both the aforementioned systems
robustly lead to bistability with a wide range of parameters. Finally, a brief conclusion is drawn.

2. Results

Mathematical models developed over the recent years have shed light on the variety of molecular mechanisms with multisite phos-
phorylations [24, 30, 32, 33]. For the presence of enzyme–substrate and phosphatase–substrate complexes, where the kinase and
phosphatase are saturated, the system takes the following form:

Bi C A• ABi! BiC1C A; BiC1C F• FBiC1! Bi C F. (1)

where Bi,iC1, A, and F represent phosphoform with i or iC 1 sites phosphorylated, enzyme, and phosphatase, respectively. The results
for such system with scaffold binding in a multisite phosphorylation system have been reported in a separate publication [42]. For this
paper, we are particularly interested in cases where the kinase and phosphatase are not saturated. Thus, we ignore enzyme–substrate
and phosphatase–substrate complexes and use the following scheme:

Bi C A! BiC1C A; BiC1C F! Bi C F, (2)

By removing the possibility of enzyme sequestration effects, such cases are initially the motivation for proposing multisite phosphory-
lation as an alternative means besides Michaelis–Menton kinetics to achieve ultrasensitivity [24, 30, 43–46]. In this paper, we also make
an assumption that phosphorylation sites follow a strictly sequential phosphorylation mechanism (Figure 1(b), top), in which there are
only NC 1 phosphorylation states instead of 2N. This simplification also provides analytical tractability and thus allows for finding the
solution in the roots of polynomials and dramatically reduces the computational complexity.

As discussed in [41] , if the phosphorylation and dephosphorylation only take place away from the scaffold, there exists only one
steady state for the system. Similarly, the same conclusion holds if phosphorylation and dephosphorylation only occur for scaffold-
bound substrates. Thus, to allow for bistability, phosphorylation and dephosphorylation must take place on different locations; that is,
if one happens on the scaffold, the other one must take place away from the scaffold, and vice versa. (Figure 3(a, b)). In the following
two sections, we will separately consider these two cases one by one.

2.1. Kinase co-localized on the scaffold

In cell signaling, scaffold proteins act as organizing platforms that bind to both a kinase and its substrate and thereby facilitate the phos-
phorylation of the substrate by the kinase. A prime example is the yeast MAP kinase Fus3 (here playing the role of substrate), which can
only be phosphorylated by its activator Ste7 if both Fus3 and Ste7 are bound to the Ste5 scaffold protein. Therefore, a reasonable way
to model a situation like this is to assume that the substrate can only be phosphorylated when bound to the scaffold protein. For this
case when the kinase is co-localized on the scaffold (Figure 3(a)), the system of equations with the mechanism of mass action takes the
following form:

S S ....

....

S S

k

Bn-1

Bn-1

Bn

Bn

(a)
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....

S SBn-1

Bn-1
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Figure 3. (a) Schematic diagram of the system with the kinase co-localized on the scaffold while dephosphorylation occurs away from the scaffold; (b) diagram

of the system when dephosphorylation takes place on the scaffold while the kinase is away from the scaffold.
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8̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
<̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂:

ŒB0�
0 D d0ŒB1�� k0

onŒB0�ŒS�C k0
offŒB0S�,

ŒB1�
0 D�d0ŒB1�C d1ŒB2�� k1

onŒB1�ŒS�C k1
offŒB1S�,

...

ŒBn�
0 D�dn�1ŒBn�� kn

onŒBn�ŒS�C kn
offŒBnS�,

ŒB0S�0 D�k0ŒB0S�ŒA�C k0
onŒB0�ŒS�� k0

offŒB0S�,

ŒB1S�0 D k0ŒB0S�ŒA�� k1ŒB1S�ŒA�C k1
onŒB1�ŒS�� k1

offŒB1S�,
...

ŒBn�1S�0 D kn�2ŒBn�2S�ŒA�� kn�1ŒBn�1S�ŒA�C kn�1
on ŒBn�1�ŒS�� kn�1

off ŒBn�1S�,

ŒBnS�0 D kn�1ŒBn�1S�ŒA�C kn
onŒBn�ŒS�� kn

offŒBnS�,

ŒS�0 D k0
offŒB0S�� k0

onŒB0�ŒS�C � � � C kn
offŒBnS�� kn

onŒBn�ŒS�,

(3)

where Bi , A, S, and BiS represent phosphoform with i sites phosphorylated, enzyme, free scaffold, and scaffold binding complex, respec-
tively, and Œ � denotes the concentration for each protein species, whereas Œ �0 stands for time derivatives. The parameter ki is for
the reaction rate with enzyme A for the ith phosphorylated substrate; the parameter di qualifies the rate of dephosphorylation from
the .iC 1/th phosphorylated form to the ith phosphorylated substrate; and ki

on and ki
off represent binding and dissociate rates of the

substrate with scaffolds, respectively.
Here, we are interested in the steady states for the aforementioned system; that is, let the right-hand side of the aforementioned

system equal to zero. Through some algebraic calculations, we observe that

ŒBiS�D
iC1X
jD1

aiC1
j ŒB0�ŒS�

j , iD 0, 2, : : : , n

ŒBi�D

iX
jD1

bi
jŒB0�ŒS�

j , iD 1, : : : , n (4)

where a1
1 D

k0
on

k0
offC k0ŒA�

, b1
1 D

k0ŒA�
d0

a1
1, and the values for all other a’s and b’s can be found from the following equations:

aiC1
1 D

8̂̂<
ˆ̂:

ki�1ŒA�
ki

offC kiŒA�
ai

1, if iD 1, : : : , n� 1

knŒA�
knC1

off

an
1, if iD n

(5)

aiC1
iC1 D

8̂̂
<̂
ˆ̂̂:

ki
on

ki
offC kiŒA�

bi
i , if iD 1, : : : , n� 1

ki
on

ki
off

bi
i , if iD n

(6)

aiC1
j D

8̂̂̂
<
ˆ̂̂:

kn�1ŒA�a
n
j C kn

onbn
j�1

kn
off

, if iD n, jD 2, : : : , n,

ki�1ŒA�a
i
j C ki

onbi
j�1

ki
off C kiŒA�

, if i < n, jD 2, : : : , i

(7)

bi
j D

8̂̂̂
ˆ̂̂̂̂̂
<
ˆ̂̂̂̂
ˆ̂̂̂:

di�2bi�1
1 � ki�1

off ai
1

di�1
, if jD 1, iD 2, : : : , n

ki�1
on bi�1

i�1 � ki�1
off ai

i
di�1

, if jD i

di�2bi�1
j C ki�1

on bi�1
j�1 � ki�1

off ai
j�1

di�1
, if jD 2, : : : , n, iD 3, : : : , j� 1

(8)
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In addition, the concentrations for total substrates (denoted by Bt) and scaffolds (denoted by St) are conserved, and finally, the solution
for the steady state of the free scaffold can be calculated through the following polynomial:

nC2X
iD1

CiŒS�
i D 0, (9)

where

Ci D

8̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂<
ˆ̂̂̂̂
ˆ̂̂̂̂̂
:̂

anC1
nC1, if iD nC 2

Pn
jDi�1.b

j
i�1C a j

i�1/C an
i�1C�PnC1

jDi a j
i

�
.Bt � St/C .

Pn
jDi b j

i /St , if iD nC 1, : : : , 2

1C
�PnC1

jD1

�
Bt �

�Pn
jD1 b j

1C
PnC1

jD1 a j
1

�
St , if iD 1

�St , if iD 0

(10)

For a simple special case with nD 1, the solutions for the concentration of ŒS� at steady states are the roots of a cubic polynomial:

a2
2ŒS�

3C fa2
2.Bt � St/C .b

1
1C a1

1C a2
1/gŒS�

2C

f1C .a1
1C a2

1/Bt � .b
1
1C a1

1C a2
1/StgŒS�� St D 0

(11)

Through our computational exploration with random sampling of parameters, the aforementioned cubic polynomials only admits one
positive root, and no bistability has been observed for this case with nD 1.

For the case when n D 2, the solutions of scaffold concentration at steady states can be found from solving a polynomial of
degree 4:

a3
3ŒS�

4C fa3
3.Bt � St/C .b

2
2C a2

2C a3
2/gŒS�

3C f.b1
1C b2

1C a1
1C a2

1C a3
1/

C .a2
2C a3

2/Bt � .b
2
2C a2

2C a3
2/StgŒS�

2C f1C .a1C a2
1C a3

1/Bt (12)

� .b1
1C b2

1C a1
1C a2

1C a3
1/StgŒS�� St D 0

The aforementioned system with n D 2 exhibits multistabilities from our computational exploration. Such large-scale computations
have been performed by random parameter sampling technique using the existing function roots() in MATLAB. First, we have carried
out two computational experiments. In one experiment, we fix the total amount of substrate, whereas we vary the total amount of
scaffold. For the second experiment, we change the total substrate with a fixed amount of the total scaffold. For both cases, the bista-
bility takes place only for a certain amount of scaffold (with the total substrate fixed) and substrate (with the total scaffold unchanged).
Moreover, the system leads to bistability for a larger range of total substrate than that of the total scaffold. In addition, our computation
also suggests that the bistability tends to occur when the total substrate exceeds the total scaffold (Figure 4). One possible explanation
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Figure 4. Simulation results with the kinase co-localized on the scaffold while dephosphorylation takes place away from scaffold for the case n D 2. For both

simulations, the parameters are set up as follows: k0
on D 2.85, k0

off D 1.43, k1
on D 7.6, k1

off D 7.42, k2
on D 0.09, k2

off D 7.23, k0 D 0.96, d0 D 3.75, k1 D 6.47, and

d1 D 0.14. (a) Bistability takes place for a variance of total scaffold with a fixed total amount of substrate Bt D 45; (b) bistability occurs for a variance of total

substrate when the total scaffold is fixed to 20.
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for this observation is that the bistability arises from the competition between different phosphorylation states when bound to free
scaffold proteins, whereas either too many or too few scaffolds would obviously reduce the levels of such competition. Therefore, there
should exist a certain range of scaffold proteins to allow for the bistability to happen.

Furthermore, for the system to allow for bistability, we also observed that the phosphorylation and dephosphorylation rates for the
last phosphorylated form need to be at least 1=50 smaller than those for all other states. All the aforementioned conclusions hold for
the case nD 3. We also checked the system with the cases till nD 8 as well as two other randomly selected cases (nD 10 and nD 16),
and a similar pattern for the system to generate bistability has been observed. These findings suggest that such pattern as observed
for the case nD 2 can be expected for the general n as well.

2.2. Dephosphorylation takes place on the scaffold

For the system when dephosphorylation takes place on the scaffold while the kinase is off the scaffold, the mass action equations based
on the reactions in Figure 3(b) take the following form:8̂̂̂

ˆ̂̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
<
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂:

ŒB0�
0 D�k0ŒA�ŒB0�� k0

onŒB0�ŒS�C k0
offŒB0S�,

ŒB1�
0 D k0ŒA�ŒB0�� k1ŒA�ŒB1�� k1

onŒB1�ŒS�C k1
offŒB1S�,

...

ŒBn�
0 D kn�1ŒA�ŒBn�1�� kn

onŒBn�ŒS�C kn
offŒBnS�,

ŒB0S�0 D d0ŒB1S�C k0
onŒB0�ŒS�� k0

offŒB0S�,

ŒB1S�0 D�d0ŒB1S�C d1ŒB2S�C k1
onŒB1�ŒS�� k1

offŒB1S�,
...

ŒBn�1S�0 D�dn�2ŒBn�1S�C dn�1ŒBnS�C kn�1
on ŒBn�1�ŒS�� kn�1

off ŒBn�1S�,

ŒBnS�0 D�dn�1ŒBnS�C kn
onŒBn�ŒS�� kn

offŒBnS�,

ŒS�0 D k0
offŒB0S�� k0

onŒB0�ŒS�C � � � C kn
offŒBnS�� kn

onŒBn�ŒS�.

(13)

Because the total amount of both the scaffold and substrate are conserved, once again we have the following two conservation
equations:

Bt D

nX
iD0

ŒBi�C

nX
iD0

ŒBiS�, St D ŒS�C
nX

iD0

ŒBiS�. (14)

For the steady states, the following equations hold for the steady-state solutions of ŒBi�:

ŒBi�D

8̂̂<
ˆ̂:
˛n
�1ŒBn�1�ŒS��1, if iD n

n�i�1X
jD0

˛i
j ŒBn�1�ŒS�

j , if iD n� 2, n� 3, : : : , 0
(15)

where

˛n
�1 D

.dn�1C kn
off/

kn
on

kn�1ŒA�

dn�1
D
.dn�1C kn

off/

kn
on

ˇn
0 (16)

and for lD 1, : : : , n� 2,

ŒBl�D

n�l�1X
jD0

˛l
j ŒBn�1�ŒS�

j , iD 0, 1, : : : , .n� 2/ (17)

˛l
j D

8̂̂̂
ˆ̂̂<
ˆ̂̂̂̂̂
:

dl
klŒA�

ˇlC1
0 , if jD 0

dl
kl

 
k j

k j
on

ˇlC1
o C

k j
on

kjŒA�
ˇlC1

n�l�1

!
, if jD 1, 2, : : : , .n� l� 2/

dl
klŒA�

ˇlC1
n�l�1, if jD n� l� 1

(18)

Moreover,

ŒBiS�D
n�iX
jD0

ˇi
j ŒBn�1�ŒS�

j , iD 0, 1, : : : , n (19)
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The coefficients ˇi
j are defined by

ˇi
j D

8̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂̂
<̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂:

k0ŒA�
k0

off

˛0
0 , if iD 0, jD 0

k0
on˛

0
j�1C k0ŒA�˛

0
j

k0
off

, if iD 0, jD 1, : : : , n� 1

k0
on

k0
off

˛0
n�1, if iD 0, jD n

kiŒA�
di�1C ki

off

˛i
0, if iD 1, : : : , n� 2, jD 0

kjŒA�˛
j

i � kj�1ŒA�˛
j�1

i C k j
on˛

j
i�1

k j
off

, if iD 1, : : : , n� 2, jD 1, : : : , .n� i� 1/

ki
on

di�1C ki
off

˛i
n�i , if iD 1, : : : , n� 2, jD n� i

kn�1ŒA�
dn�1

, if iD n, jD 0

kn�1ŒA�
dn�2C kn�1

off

, if iD n� 1, jD 0

kn�1
on

dn�2C kn�1
off

, if iD n� 1, jD 1

(20)

The steady-state solution of ŒS� for the general n can be expressed in a form of polynomial of degree nC 2:

nC2X
iD0

DiŒS�
i D 0, (21)

where the coefficients Di ’s are given as follows:

Di D

8̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂<
ˆ̂̂̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂:

ˇ0
n , if iD nC 2

˛0
n�1C ˇn�1C ˇ

0
nBt � ˇ

0
nSt , if iD nC 1

n�iC1X
jD0

˛
j

i�2C

n�iC2X
jD0

ˇ
j

i�2C

0
@n�iC1X

jD0

ˇ
j

i�1

1
A Bt��Pn�i

jD0 ˛
j

i�1C
Pn�iC1

jD0 ˇ
j

i�1

�
St , if iD n, n� 1, : : : , 2

˛n
�1C

0
@ nX

jD0

ˇ
j

0

1
A Bt �

�
1C

Pn�2
jD0 ˛
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Figure 5. Simulation results with the kinase away from the scaffold and phosphatase on the scaffold for the case n D 2. The parameters are selected identical

for these two simulations as follows: k0
on D 0.8, k0

off D 9.39, k1
on D 3.53, k1

off D 7.78, k2
on D 3.63, k2

off D 0.26, k0 D 0.59, d0 D 0.59, k1 D 2.46, and d1 D 0.027. (a)

Bistability takes place for a variance of total scaffold with a fixed amount of the total substrate 40; (b) bistability occurs for a variance of the total substrate when

the total scaffold is fixed at 15.
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Similar to the model when the kinase is co-localized on the scaffold as we discussed in the previous section, this system with n D 1
does not generate bistability, whereas it exhibits multistabilities for the case when n > 1. We have performed the same two compu-
tational explorations as previously discussed, and several similar observations can be made (See Figure 5). For instance, the bistability
occurs only for a certain range of the total scaffold (with the total substrate fixed) and substrate (with the total scaffold unchanged).
Interestingly, to allow for bistability, the ranges for both total scaffold and substrate are much narrower than the system with the kinase
co-localized on the scaffold; that is, the model with the kinase away from the scaffold is not so robust to produce bistability as the model
with the kinase on the scaffold. Moreover, for the system to have bistability, the ratio of binding and dissociate rates to the scaffold for
the final phosphorylated form must be 20 times bigger than those for the other sites, which is opposite to the system when the kinase
is co-localized on the scaffold.

3. Conclusion and discussion

In this paper, we have shown that a combination of multisite phosphorylation with scaffold binding can robustly produce bistability.
To allow for bistability, we argue that phosphorylation and dephosphorylation must take place at different locations by using generic
mathematical models. The system has only one steady state otherwise. In addition, we also find that the bistability tends to occur when
the total substrate exceeds the total scaffold. One possible explanation for such observation is due to the competition for binding
to free scaffolds between different forms of phosphorylation states. By treating parameters symbolically, we also thereby reduce the
complexity of calculating steady states from simulating differential equations to finding the roots of polynomials, of which the degree
depends on the number of phosphorylation sites N. For the ongoing work, we are extending the mathematical models discussed in this
paper to further explore how ultrasensitivity or multistabilities will be affected by a random order of multisite phosphorylation without
and with the presence of enzyme–substrate and phosphatase–substrate complexes.
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