TOEPLITZ CORONA THEOREMS FOR THE
POLYDISK AND THE UNIT BALL

TAVAN T. TRENT AND BRETT D. WICK

ABSTRACT. The main purposeof this paper is to extend and rebne
some work of Agler-McCarthy and Amar concerning the Corona
problem for the polydisk and the unit ball in C".

The main purposeof this paper is to extend and rePnesomework of
Agler-McCarthy [1] and Amar [2] concerningthe Corona problem for
the polydisk and the unit ball in C". In 1962, Carleson [4] proved his
famous Corona theorem with bounds:

Corona Theorem. Let {f;} 1, ! H' (D). Assumethat

!m
0< 12" Ifi(2)]?" 1forall z#D.
j=1

There existsa constant C(!, m) < $ and{g}, ! H' (D), sothat

Im Im
sup g @PP" Cc(,m?and  f;(2)g(z) = 1forall z#D.
! j=1

The Corona theoremand especially the techniquesutilized in its proof
have beenvery inBuertial. See for example,Garnett [7]. Among many
guestionsraised by this theorem, we wish to consider the andogous
Corona problem for the polydisk and the unit ball in C".
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We will need somenotation:
D" {z=(z1,....,20)#C " |z|< 1 forj=1,...,n}

!n

B" {z=(z,....z)#C": |z[P< 1
j=1

I denotes either D" or B"

"1 dendes "B"if | = B" orelsgif ! = D",

"1 dendes T",the distinguishedbounday of D"
# denotesnormalized Lebeggue measure on !
M denotesa probability measureon !

P2(n) {anaytic polynomials on C"}#L*W
F(2)  (f1(2).f2(2),...) for f; #H' ()
F(2) [fi(@ij= forfy #H' ()

T the multiplicat ion operator from é’lA) P2(p) into P?(p) by F

T the multiplicat ion operator from °1/0 P2(p) into °1A) P2(n) by F

Iy the identity operator on P?(p)
H {H#H' () :H norvanishing in !, Hi# L' (", d#),
and 8H & = 1}

TH debnedas above, when du = |H|?d#and H # H

For the case of the bidisk, D2, Agler and McCarthy proved the fol-
lowing:

Theorem (Agler and McCarthy). Let {f;}™, ! H' (D?). Then
there exist{g}/2, ! H' (D?) with
rm Im
fig " land sup  |g(2)
j=1 Z'D% o

2o
¥
if and only if
TETE® ( $1y
for all prokability measures on T2,

Although the Agler-McCarthy theorem and its proof seemedto be
restricted to n = 2 by the classical and beautiful courterexample of
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Parrot [10]; nevertheless Amar managed to extend it to D" (and to
B").
Theorem (Amar). Let{f;}2, ! H' (!) . Thenthereexist{g}, !
H' (1) with

Im Im

fig' Lland sup Ig@I" &

j=1 2=

if and only if
TE(TE)® ( $1,y

for all prokability measuresp on ! .

In other words, Amar shows that for {f;}.; ! H' () and $> 0
the following are equvalent:
(i) Thereexist{g}, ! H' (1) with
Im Im 1
fig=1on! and sup g @2)1*" <.
=1 S ¥

(i) For all probability measuresyu on"! and all h # P?() there
exists{k}L, ! H' (1)
!m !m 1
filk=hand  [IkIE" Slihl;

j=1 i=1

By results of Andersson-Grlsson([3] for the unit ball and Varopoulos
[17], Li [8], Lin [9], Trent [16], and Treil-Wick [15]for the polydisk case,
we know that if the input functions are boundedaway from Oon!, we
have an HP(!) Coronatheoremfor 1" p< $ . That is, if

I
{fi}jo ! H' () and 0<!*" inf Ifi (22" 1,
z"!
j=1
thenfor 1" p< $ there existsa $, > 0 sothat

TeTE ( $lnse),
where F = (fq,f5,...). Unfortunately, the best of these estimates
have$,) Oasp* $ .

Thus AmarOsheorem tells us that a solution to the Corona problem
for H' (1) follows from the following statemert:

5
TeTE( $1, for$> 0+ , 1> 0 suchthat TH(TH®( 12,
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for all probability measures u on"!.

Of caurse, necesity in AmarOgheoremis trivial; so we will concen-
trate on weakening the su'c ient conditions to get the same Corona
output.

We will extend AmarOgheoremto an inbnite number of input func-
tions and rebne his theorem, so that we needonly consider probabilit y
measures, of theform |H |? d#, whereH # H. In addition, we weaken
the hypothesesto just have our operators dominate a certain rank one
operator. We beginwith a seriesof lemmas.

Lemma 1. Let F (2) = [f; (2)]};-,, fy # H' () . Then

&Ie &B(!O{OHZ(! ) = fulp &F(Z)&|3(|2)

|
Proof. Let h# %H?2(!). Then
1

" # $
&Tr h& = sup &F(re')h(re")& d#
BH2)  oar<i
" # $
" sup&F(z)&é(,z) sup &n(re') & d#

" sup&F(z)&B(Iz) N O/HZ(I )

For x # Balll(lz) andz # !

5 S I )
i = % 0% f
] &k &"2(' gA)HZ(! ) )g: & &"2(' ) %H2(' )
= &F(2)*x&.
Thus,
&T-&= &TE&( sup sup &F(z2)%x&:

z"! x"Ball1(12)

( S"UIP &F(Z)$&3(|2)

= sup &F(2)&
z" ! O

For a Hilbert space, K, and vectors x,y,h # K, we let x - y denote
the rank one operaor debnedon K by

(x- y)(h) = .h,y/x.
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The next lemma will be usel repeatedly with A = T and k =
H, forH # H.

Lemma 2. Assumethat for A # B(K) and k # K with &&
AA® ( $k - k. Then there existsuy # (Ker A)' , so that A uy
and &u, & " i

Proof. By the Dougas Range Inclusion Theorem, see[5], there exists
aC # B(H,KerA') such that AC = k- k and &C& " 1. Let
Uk = Ck. U

11
k

Lemma 3. For f a positive, boundead, lower semi-@ntinuous function

on"! , there existsa nonvanishingH # H' (!) , sothat

f = |H|? #-a.e.on"! .
Proof. For! = D" and"! = T", this is a result of Rudin [12]. For
I = B"and"! = "B", this is a theorem of Alexandrov (seeRudin
[13, p. 32). O

Recallthat H = {H # H' () : H nomvanishing in !, * #
L' ("!,d#), and &H& = 1}.
For {aj-}j!:1 a bxed courtable densesetin ! with a; = 0, debPnefor
eatiN = 1,2,...
K 12 .
Here ka(3 is the reproducing kernel for H2(!). It is clear that G is
compact and convex in Li("! ,d#).

Gy £ cof =1,...,N}

Calculating, we seethat for! = D" and g # Gy, we have
10 &a& " 1+ 8&& "
1ree Y97 10z

where &&= max{&a&:j = 1,...,N}.

For ! ="B”and%# G, we have 3
10 8&a& ", 1+ 8&8& "
1vwe 997 Toze

where &a&= (& L 8a &)

Note that for g # G, the above calculation shows that, as sets,

P2(gd#) equds H?2(!).

Assumethat T TE ( $°1- 1 and choosex # E){oHZ(!)

<$ forallz#!,

<$ forallz#!,
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sothat Tr x = 1 and && " 1.
ForN =1,2,... debne

= :CNlé’{on(!) 2 [0,$)

by #
Fn(gia) 2 8X 0 Pyerr. a8k gd#

!

forg# Gy anda# ‘!)l/on(!).
Sinceg # G,

|
X0 Pxerreya # %)H 2() and Fy (g, a) is Pnite and positive.

For bxeda # %L 2(d#), g 32 Fn (g, ) is linear and thus concave on the
1

compact convex set Gy. For bxedg # Gy, a 32 F (g, a) is corvex and
!

cortinuouson 0{oH 2(1).

Lemma 4. Assumethat TeT# ( $1- 1. ForeachN = 1,2,...,
dinf  sup Fn(g,@) = sup inf  Fn(g,a).

a" %H2(1 ) 9Cn 9CN 2" %H2( )
1 1

Proof. By our remarks above, we may apply von NeumannOminimax
theorem. See,for example, Gamdin [6]. O
We are now ready to presert our extenson of AmarOgheorem.

Theorem 1. Assumethat for some$> 0, TH(TH)®( $H - H for
all H # H. Then there existsa G # C{on(!) with

FG' lin! and sup&G(z)&: " é
z"!

That is,
TeTer ' | in H?() .

|
Proof. Since TeT# ( $1- 1, we may choosex # Ol/oHZ(!) so that
Tex=1land &\& " 1.

Fix any positive integer, N, and any g# G,. By Lemma 3, we may
PndanH # H, sothat |[H|?= g #-a.e.on"!.
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By our assumption
1
sothere existsan x,, # °1A>H 2(1) with
H : .1
TH() = 1 and &y &ga " ¢ (1)
Sincex0 x,; # Ker(Tg), wehaveXx, 0 X = Pkert.) %ofor %= x0 x.

Thus (1) says#that

& 0 Pyer(t,) Y879d# = Fn (0,99 " 7

Sincethis is true for every g # Gy, we may apply the minimax theorem,
Lemma4, and deducethat

inf sup FN(O, 9" =
$"%H2(' )y 9" Cn ¥

2
Then using (2), choose%# °l/oH2(!) sothat
# " $

8X 0 Pyer(t, ) Y% gd# " forall g# Gy. (3)

1
+ —
N

B~

Since'Ea—J(Z # G forj = 1,2,...,N, we seethat

if
G(N) S X 0 F)Ker(TF)o_Al

then
i ka2 . 1. 1
(N) (5 ) &2 ™ (N) g2 109 o+t -
(@) &G (a)&: | &G &Ska,&%d# ) I\I,forj 12,...,N
1 1

(N)g2w = 4 —
(b) &G\ & 2N and
(c) FGM" 1in 1.
Repeating this argumen for each N = 1,2,..., we get a sequenceof

elemats, GN) # E{oHZ(!), satisfying (a), (b), and (c).

By relabeling the sequenceof elemerts, {G(N)}, if necesary, let G
be a weak limit of {GMN)},_, in blA)Hz(!). Fix any a, # {&};_,. Then

1 by (b).

B = fm @) g
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SinceG is continuousin ! and {q}}zl is densein !, we have shavn
that

sup &:(z2)&: " %
By (0),
| = We'\?)lflimit T (GN)) = T (G).
Thus, by Lemmal, T Tg = |. This completesthe proof of Theorem
1. U

For the next theorem, we need the fact that Ker Tr = RanTg, for an
appropriate analytic F . For! = B", the unit ball in C", the fact that
Ker Tr = RanTg follows from results of Anderssan and Carlsson [3].
For! = D?, KerTe = RanTg follows from Taylor spectrum results
of Putinar [11]. That Ker Tz = RanTg in the generalcase,! = D",
follows from an extension of the techniquesof Trent [16] and will appear
in a forthcoming paper concening the Taylor spectrum of Te.

The following shows that the Corona theorem for the polydisk or
unit ball, reducesto an estimation of a lower bound for TH (TH)® where
H # H , but H is not cyclic for H?(!). (Note that we always have
La (1, d#))

Theorem 2. For H # H and H cyclic in H?(!) , then

TeTE( $1- 1+ TH(TH®( $H - H.
Proof. To shaw that, whenH is cyclic, TH(TH)® ( $°H- H, it su"ces
to bndauy, # bl/on(!), satisfying

Fuy, =1 (soF(Huy)=H)

and &HQH& " %&H&_ﬂ(!):

%H2(1 )
1

(4)

AN

Let x = Te(TeTE)#11. Then sud a u,, must have the form u,, =
|
X 0 Pyer(te)%for same %# %H?2(!). To seethat such an %exists,
1
satisfying (;f), we compute

inf 8 0 Pyer(te ) Y& |H | d#
8" %H2( ) !
#
= inf &H 0 T (H%& d# (sinceKer(Tg) = Ran(Tg))
$" %H2() !
1
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#
inf &H 0 Te (&)&: d# (sinceH is cyclic)

!
% %H2(1) !!
- 1

= &Pll’an(TF)(lH)&2

%H2( )
1

— ' 2 ; —
= @ker(TF)(lH)&%,Hz(!) (sinceRan(Tg) = Ker(Tg))

= &Prane;)(HX)&

T TwH2( )
1

= &TS(Te TS T HTE(Tr T,?)“;&f/Hz(' )
oH2(

= &TE(Te T HE

%H2()
1
1
>3

n 1 2 —
g H&e) =

O

In the case that n = 1, we may chooseH in Lemma3 to be outer
and thus cyclic for H2(D). So CarlesonOsarona theorem for H' (D)
follows from Theorems1 and 2.

A very natural andinteresting questionarises from our work. Thanks

to TreilOsemakable example [14], we know that for an andytic
F = [f i ]:J -1 with

22" F(2)F(2)®" 12 forall z# !,
there doesnot necesarily exist an analytic G = [g; ]i!,j -1

with F(2)G(z) = 1. forall z#!

and sup &Gz)&z 2 < $ .

z"!

How do we know when sud a G must exist? For the caseof the unit
disk, D, it is neassaryand su“cient that there exist a $> 0 with

$1 " TTE.
For the polydisk and ball in C", anatural questian is: DoesTH THS® (

$1y for some$ > Oand for all H # H imply the existenceof a bounded
andytic Toeplitz operator Tg with

TFTG: ||2?
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For T(z), aql $ matrix with g< $ , a modibcation of our tech-
niquesworks, but we only get an estimae

n q

&ITs&" -.

3
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