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ABSTRACT

In this Ph.D. dissertation we analyze the behavior of iterated point-line configu-
rations defined by the following process: begin with a set of four points in the real
plane in general position. Add to this collection the intersections of all lines through
pairs of these points. Iterate. Ismailescu and Radoic¢i¢ (2004) showed that the lim-
iting set is dense in the plane. Let IRP denote the Ismailescu/Radoici¢ plane found
in this manner. We show that the number of points in IRP grows doubly exponen-
tially. Next, we analyze the relationship between Pappus’s Theorem and Desargues’s
Theorem in projective geometry and give a result that characterizes IRP in terms of
Pappus. Through an analysis of cross products, we provide a simple convention to
represent this iterative process. We also discuss the growth rate of this construction
in the free projective plane. We prove that the lower bound is asymptotic to the
trivial upper bound, which pins down this growth rate. Finally, we address some
unanswered questions and conclude with a result in additive number theory that was

proved along the way.
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CHAPTER 1

INTRODUCTION

Consider the iterative process of constructing points and lines in the real plane
given by the following: begin with a set of points P, = {p1,p2, p3, p4} in the real
plane in general position. For each pair of points, construct the line passing through
the pair. This will create a set of lines Ly = {{q,0s,03,04,05,ls}. Some of these
constructed lines will intersect at points in the plane that do not belong to the set
P;. Add any such point to the set P; to get a new set P,. Now, note that there exist
some pairs of points in P, that do not lie on a line in L;, namely some elements of
P, \ P;. Add these missing lines to the set L; to get a new set L. Iterate in this
manner, adding points to P, followed by adding lines to Lj.

Ismailescu and Radoi¢i¢ showed in [11] — and Hillar and Rhea independently in [9]
— that the limiting point set resulting from this process is dense in the plane. Griine
and Kamali in [6] show that iterated line segment intersections are generally dense in
the interior of the convex hull of the starting set. A similar density result was proven
by Bezdek and Pach in [2], where they take iterated circle intersections instead of
lines. The authors of [10] consider taking incenters, centroids, and circumcenters of
triangles formed by the configuration, and [1] considers orthocenters in addition to
circumcenters. A natural follow-up question to these density results is: How many
points are present at the k' stage? We consider this problem here.

Now we introduce some notation for this iterative process. First, we use the term
“general position” to require that for every & € N no two lines in L, are parallel. It

will suffice to choose P, in a way so that its points have algebraically independent



FiGURE 1.1. The End of Stage 1

coordinates. We show in Chapter 3 that the sequence {n,}%2; does not depend on
the choice of P, under our assumptions. The £ stage is defined to consist of these

two ordered steps:

(1) Add each intersection of pairs of elements of Ly to Py, and

(2) Add a line through each of pair of elements of Py 1 to L.

Under this definition, we say that stage 1 begins with an empty plane and ends with
the configuration of four points with six lines. In general, at the conclusion of stage
k the plane has nj points and my lines. We will denote the set of points at the end
of stage k by P, and likewise the set of lines at the end of stage k by L;. Note that
the convex hull of P; is a triangle in Figure 1.1, but it may also be a quadrilateral.
The results presented here only require the general position assumption.

Note that a stage in this iterative process can be alternatively defined as follows:



(1) Place a point at any intersection of a pair of lines for which a point does not
already exist.

(2) Take the dual of the configuration of points and lines (points become lines
and lines become points).

(3) Repeat steps 1 and 2.

Hence, points and lines play a very similar role in this process and we only need to
consider bounds on one of the two quantities. Therefore, from here forward we will
focus most of our attention on the values of n,. Also, since the iterations of this
process are performed under the settings defined by Ismailescu and Radoici¢ in [11],
we will refer to this construction of points and lines in the real plane as the Ismailescu

Radoici¢ Plane (IRP) .



CHAPTER 2

IRP GROWTH RATE

2.1. TrRIVIAL BOUNDS

There are some trivial bounds on the number of points and lines at stage k£ that
can be obtained with this notation. Since a point in P, must lie at the intersection

of at least two lines of Ly_; (with the exception of k = 1) we know that at the end of

mg—1

5 ) points. Similarly, since a line in L, must contain at

stage k, there are at most (
least two points from P, we know that at the end of stage k there are at most (”2’“)

lines. In other words,

From this it follows that

wz(D)=()<(D)F o

oz ()2 (P)<(D % e

A trivial lower bound is given in the following:

and

PrROPOSITION 1. For all k € N, ngq > ngp + 1.

PRrOOF. If this claim is false then we must have a stage at which the process
stabilizes [11]. So, suppose that the process stabilizes after stage k& and let conv(Fy)

denote the convex hull of Py, where |conv(P;)| denotes the number of vertices of this



(a) Points along at least two sides the triangle (b) Point in interior of the triangle

FIGURE 2.1. Ilustrations for Case 2

convex hull. There are two cases. Suppose first that |conv(Fy)| > 4. In this case,
we can find two nonadjacent, nonparallel sides of the convex hull, which lie on lines
that intersect outside of the convex hull. This contradicts the stability supposition.
In case 2 we have |conv(P;)| = 3. Let {a,b,c} be the set of vertices of the triangle
forming the convex hull. Suppose that there exist points along at least two of the
sides of the triangle defined by {a,b,c}, say * € ab and y € bc. In this case, the
point z = ac N zy lies outside the convex hull (Figure 2.1(a)), again contradicting
stability. So, there exist points along at most one of the sides of the triangle defined
by {a,b,c}. Suppose that there exists some point x in the interior of {a,b,c} and
define y = axNbc, z = cxNab. In this case, we have y € bc and 2z € ab, a contradiction
to the assumption that at most one side of the triangle contains points (Figure 2.1(b)).
The only remaining possibility is that Py is comprised of nj; — 1 collinear points. But,
the starting configuration of points and lines has the condition that for any line in Ly,
there are at least two points of P; not lying on it. Since we never remove any points
during this process, then this must hold true for every stage, in particular stage k.

This contradiction completes the proof. O



2.2. NOMINAL IMPROVEMENT TO THE UPPER BOUND

We are able to slightly reduce the trivial upper bound by bounding the inherent
overcount. First we need a few definitions. We define the degree of a point p € P,
denoted d(p), to be the number of distinct lines incident upon p at the end of stage
k. Similarly, the degree of a line ¢ € Ly, denoted di(¢), is the number of distinct

points through which it passes at the end of stage k. Also, let
o, = min{dy(p) | p € Py} and 0 = min{dy(¢) | £ € Ly}
and
Ay = max{di(p) | p € Py} and Ay = max{d(¢) | £ € L}

A portion of the overcount using the trivial upper bound is due to the degree of a

point.

LEMMA 2. For all k € N,

ngt )
nkﬂﬁ%— {(;) —1] ng

PROOF. Note that the trivial upper bound assumes that each pair of distinct lines
will generate a new point. The problem with this approach arises when a point has
degree exceeding two. For instance, suppose p € P, with di(p) = 3, i.e., there are
three distinct lines ¢1, (5, 3 € L, passing through p. In stage k+ 1, the point p will be
counted three times: once for £; N ¢y, once for ¢1 N {3, and once for ¢, N ¢3. Similarly,
a point of degree 4 in stage k will be counted (;) = 6 times in stage k£ + 1, and
in general, a point of degree d in stage k will be counted (‘21) times in stage k + 1.
Since p is only one point, it is overcounted (g) — 1 times. Note that each point in P
has degree at least d;. It follows that each point in P, will be overcounted at least

(5;) — 1 times. Since there are n; points in P, the minimum overcount for nj,; is



as desired. O

2.3. DEGREE BOUNDS

Many of the arguments herein require some knowledge or control over the degrees
of the points in the configuration. Hence, we must include some results that bound

the degrees under various circumstances. We begin with the following observation:
PROPOSITION 3. For all k € N, 6, > 3.

PROOF. Suppose to the contrary that there exists some k € N with d; < 3. Since
there are no points of degree 1, we must have d, = 2. So there exists p € P, with
dp(p) = 2, i.e., there exist two lines ¢,¢' € L, with P, C ¢ U /. Note that ny = 7
and Ay, = 3 and so for all ¢, ¢ € Lo, Py Q (U /Y. Since we never remove points in this
iterative process, we know that if there exists ¢, ¢ € L; with P, C/ U/, then k < 2,

i.e., k = 1. But we know that §; = 3, a contradiction. 0

Define an n x n grid to be any configuration of two collections of n parallel
lines, where the one collection is not parallel to the other. We can obtain major

improvements to the trivial lower bound using the following:

LEMMA 4. The minimum size of a set S of parallel lines that passes through all
of the intersections of an n x n grid, comprised of sets Q) and R, where S is disjoint

from @ and R, is 2n — 1.

PROOF. Suppose that () and R are sets of parallel lines that comprise an n x n
grid. Let S be a minimal witness set of s parallel lines passing through all intersections
of the grid. We aim to show that s > 2n — 1. Without loss of generality, orient the

grid so that the lines of S are vertical in the xy-plane and let X = {1, xs,..., 25} be



the z-intercepts of the lines of S. So X is the collection of projected points, when we
project the grid intersections onto the z-axis with this orientation. Let 7(p) denote
the projection of a point p in the grid onto the z-axis. Arbitrarily choose lines ¢,, ¢,
in the grid with ¢, € Q and ¢, € R. Let q1,¢2,...,q, and 71,79, ...,7, be the points

of intersection of ¢, with R and ¢, with (), respectively, where

m(q) < 7(qg) < - < m(gn)

and

w(ry) <m(rg) < -+ < 7(ry).

Suppose also that ¢; = r;. Define A and B to be the sets of real numbers given by

A= {’N(ql)a W(Q2)7 ce 77T(Qn)}
and
B ={n(r) —n(r;),n(ra) —w(rj),...,mw(r,) —n(r;)}.

Under this setting we have that X = A+ B and thus
s=|A+ B].
It is well known that
|A+ B|>2n—1

for any pair A, B of sets of cardinality n and that equality is achieved when A and B

are arithmetic progressions [12]. It follows that s > 2n— 1, completing the proof. [

Using this lemma we can prove the following:
THEOREM 5. For every k € N we have 61 > min{ny — 1,20, — 3}.

PROOF. Let p € P;. It suffices to show that dyiq1(p) > min{n; — 1,24, — 3}.
There are two cases. In case 1, suppose each line in L that passes through p has

degree 2. In this case, there are di(p) + 1 points at the beginning of stage & and so



<0

T-axis

5 x 5 Grid Example

FIGURE 2.2.

ng, — 1. Since we never remove lines, we get

di(p)

ng — 1 > min{n; — 1,260, — 3}.

di41(p) 2> di(p)

This completes the proof of case 1.

For case 2, suppose that there exists a line ¢ € Lj that passes through p with

dp(¢) > 3. Let q,r € Py be the other two points on ¢. Note that di(q) > 5 and

di(r) > & and so there exist two sets of lines

. 7€Tm} g Lk\gu

{lrys lrys - -

L, =

and

Lq = {&h?g@v .-



FI1GURE 2.3. lustration for Case 2

where n,m > ¢ — 1 and the sets L, U ¢ and L, U ¢ consist of the lines incident upon
q and r, respectively (See Figure 2.3). Now, consider the real plane as a subset of
the real projective plane in the standard way and let ¢ be the line at infinity. We
restrict our attention to arbitrarily chosen subsets Lq/ C L, and L,) C L,, where
|L,'| = |L,'| = 0r, — 1. These lines form a (6 — 1) x (0 — 1) grid. Now in this grid
we will place a point at each intersection for which one does not already exist during
stage k. After doing so, we will construct a line through each pair of points for which
one does not already exist. In particular, we will do so for pairs of points of the form
(p, z), where z lies at the intersection of lines from L, and L,’. So, at the beginning of
stage k+ 1, there will be at least s lines incident upon p, where s denotes the number
of lines necessary to adjoin p with all of the intersections of the grid. In other words,
dr+1(p) > s. Note that any lines passing through p would form a third collection
of parallel lines to add to the grid. Therefore, s is at least the minimum number of
parallel lines required to pass through all of the intersections of a (& — 1) x (0 — 1)

grid. Applying Lemma 4 yields

dk+1(p) Z S Z 2(6.% - 1) —1= 25k -3 Z mm{nk - 1, 2514: - 3}

10



Now by using techniques similar to the preceding proofs, we can obtain even faster
growth of the minimum degree. We will then use the growth rate of d; to provide
arguments for a better lower bound on ny. First, let c¢r(G) denote the crossing number
of a graph, which is the minimum number of crossings in a planar drawing of the graph
G. We will use the following lemma regarding crossing numbers (the proof can be

found in [13)):

LEMMA 6. If a graph G with n vertices and e edges has e > 7.5n, then we have
3

e
>
er(G) Z 335

We now use this crossing number inequality in the following theorem. The argu-
ment closely resembles Székely’s proof [15] of the Szemerédi-Trotter Theorem (first

appearing in [16]).

THEOREM 7. Let F = {F\, Fy,...,Fx} be a collection of N > 4 families, each of
exactly k > 2 parallel lines, no two collections parallel to each other. Let V denote
the set of intersection points of all pairs of lines in F and let Vy be those points that
lie on F1. Then

V| > ck® N2,

where ¢ € R 1s a positive constant that does not depend on N or k.

PROOF. Let A denote this configuration of |V;| points and Nk lines. Let i be
the number of point-line incidences in A. Note that there are NV different families of
parallel lines in A, each containing exactly k lines. For all families except F}, each line
contains exactly k points from V) and thus contains exactly k — 1 line segments which
connect two points from A, call them edges. We know that £ > 2 and so k—1 > k/2.
Hence, each line contains at least k/2 edges and if we add this up over all of the Nk

lines, we see that the number of edges obtained in this manner is at least half of the

11



F

Fy Fy

FIGURE 2.4. Example with N =4 and k =2

total number of incidences. In other words,

N | .

(total number of edges) >

Now, we can count the exact number of edges in A. For the k lines of Fj, there are
|Vi| — k edges because all |V;| points lie on the lines of F} and for each line we must
subtract one to count the number of edges. For each of the remaining N — 1 families

there are exactly k lines, each containing exactly k£ — 1 edges, yielding a total of
(N —1Dk(k—1)
edges. Adding these quantities together, we obtain a grand total of
Vil —k+ (N —1Dk(k—1)

edges, which simplifies to

Vil + Nk(k — 1) — k2.

Now consider the graph G with V(G) = Vj and E(G) consisting of the aforementioned

edges. Since all of the edges lie on one of Nk lines, and any two lines intersect in at

12



most one point, we have

cr(G) < (Nk)?.

Applying the crossing number inequality, we obtain that either
Vil + Nk(k — 1) — k2 < 7.5|VA] (3)

or that
(Vi + Nk(k — 1) — k%)

Nk)? >
(Nk)” 2 33.75|V; |2

In the case of (3) we get
NEk(k—1) — k* < 6.5|V;|

which implies that
Nk(k—1) — k?
6.5

Now, since we know that k > 2 and N >4, we have k —1 > k/2 and N —2 > N'/2,

< Wl

Combining this with the previous equation yields

Nk(k—1) =k _ (N = 2)k”

> > clk2N1/2
6.5 13

Vil >

for some positive constant ¢; € R.

In the case of (4) we have
3375 VAP (VR > (V] + Nk(k — 1) — &)

and so

e VIPANE) > Vi] + Nk(k — 1) - &2

for some positive constant ¢, € R. Recall that the right-hand-side of this inequality
is |E(G)|, which is at least i/2. So we have

S CQ|‘/Y1|2/3(N]{:)2/3.

DN | .

13



Now, since each of the Nk lines in A must pass through at least k£ points, then there

are at least Nk? incidences. From this it follows that
NE? < i < es|VA|*3(NE)??
for some positive constant c3 € R. Hence,
N3K® < ¢y|[V1|*(NE)?
and so

“/1‘ Z C5]€2N1/2

for some positive constants ¢4, c5 € R. So in both cases, we end up with our desired

result. O

Now, we can use the previous result to prove the following lemma regarding degree

growth:

LEMMA 8. There exists a positive constant ¢ € R such that for any point p € Py

with dy(p) = d we have
nus 1/2
di41(p) > 6y, (f) :
PROOF. Let p € Py, with dix(p) = d. By the pigeonhole principle, there exists

ne—1
d

some line ¢ through p with at least s = points on it (excluding p). Since each
of these s points has at least the minimum degree, we know that there are at least
dr — 1 lines through each point (excluding ¢). Consider the real plane as a subset
of the real projective plane in the standard way and let ¢ be the line at infinity. If
we restrict our attention to only the points on ¢ and the lines through them, then
we obtain a grid of s + 1 families of parallel lines, one family for each of the points
on ¢. Each family of parallel lines contains at least 05 — 1 lines and no two families
can be parallel (since they come from distinct points). We would like to restrict our

attention to families of exactly d, — 1 parallel lines. So for each family, except for

the one generated by p, arbitrarily choose a subset of §; — 1 lines and disregard all

14



other lines in that family. Let I’ be the family of lines through p and choose one
family R to be a set of “reference” lines. Let F; denote the set of points that lie at
the intersection of a reference line and one of the other s — 1 families (excluding F').

Now, during stage k, a point must be added to any intersection for which one does
not already exist, in particular all points of Fy. Also, a line must be added to connect
any pair of points for which one does not already exist, in particular for the pairs in
the set 7= {(p,q) | ¢ € Py}. Let t denote the number of distinct lines generated by
pairs in the set T. Note that any such line can pass through at most d, — 1 points
of Py because all the points of Fy lie in the family R, which contains exactly 6 — 1
lines. It follows that

“0‘ |10|
>t > >
dyr1(p) 2t = Se—1° 0o (5)

with the first inequality holding because any line generated by the set T must pass
through p, and hence contributes to its degree in the stage.

Now, for the moment, exclude F' from our collection of families and consider all
other families of lines along with the points of Fy. Suppose s < 4. Hence, ny —1 < 4d

and so n, < 4d + 1, i.e., ny < 4d. It follows that

/n/k)l/Q <

— 2

(7)<

Note that dii1(p) > 0 for all p € Pyyq and so dyy1(p) > 2¢d; holds true for ¢ = %
Hence,

di1(p) > by <%> v

for some positive constant ¢ € R, as desired. Now suppose that s > 4. Since we also
know that o, > 3, ie., 6 — 1 > 2 for all £k € N, we can apply Theorem 2 to this
configuration with Fy = R, N = s, and k = 0 — 1. It follows that

o\ L2
usz@—w(Wdﬁ

15



for some positive constant ¢; € R. Now, note that 6, > 2 and ny > 4, which implies

that o, — 1 > %6k and ny — 1 > %nk. Combining this with the previous equation, we

(Sk 2 37”Lk 1/2 9 (M 1/2
> — - > —
’PO’—Cl(z) (4d> _025k(d> (6)

for some positive constant c; € R. If we combine (5) and (6) we get

obtain

N 1/2
di+1(p) > c20y <Ek> ,

as desired. This completes the proof. 0

Note that |Py| < ngy1 and so there exists a positive constant ¢ € R such that

1/2
Npi1 > O (%)

holds for any point p € P, with di(p) = d. In particular, it must hold for p € P,

chosen with di(p) = Jx. In this case

1/2
Ngr1 > 6y (%) = 0> P2, (7)
k

Now we are able to provide an improved lower bound on the minimum degree,

which will be used to improve the lower bound on ny.

LEMMA 9. There exists some positive constant co € R such that given k € N,

€ > 0, and any positive constant ¢, € R with d;, > c1ni©, we have

Opt1 > 027%( =)

PROOF. Suppose that 0, > cini€ for some k € N, € > 0, and positive constant

c1 € R. Define a € R by

1+ 2¢
o= .

3
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Let p € P, with dg(p) = d. There are two cases: either d < ng® or d > ni®. If

d < ni®, then by Lemma 8 we have

ng

1/2

11—«

di1(p) = cod (—a> = Co0kny 2
ng

for some positive constant ¢q € R. Since 6 > ¢1ni© and o = (1+2¢)/3, we must have

11—«
di+1(p) > codpny 2

1—¢
3

> CoC1M M

_ C2nk< 1«226 ) 7

where ¢y = ¢y If instead d > ni®, then obviously we have

where ¢y < 1. So, in both cases, we have the conclusion that

di11(p) = ey (5

and this will hold true for any p € P. Since the choice of p € P, was arbitrary, we

have

Ok+1 > Can( ) ;

as desired. This completes the proof. 0

2.4. NUMERICAL RESULTS

Now, we can obtain some numerical results from Lemma 9. Note first that if
€ = 0 in Lemma 9, then it is easy to find a positive constant ¢; € R that satisfies the
hypotheses of the theorem, namely ¢ = 3. If we apply the lemma with these values,

then we get a positive constant ¢, € R such that
S > conp_y/? (8)
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for all £ > 2. Further recall that the trivial upper bound yields
Ng_1 = (8nk)1/4 (9>

for all £ > 2. Combining (8) and (9), we get that there exists a positive constant

c3 € R such that
Sk > o1 > o [(8m) V1] > cqmy /12

for k > 2. Now, we can apply Lemma 9 with € = 1—12 for any k > 2. Since

1+2(5) 7
3 18’

we get that there exists a positive constant ¢y € R such that
5k Z c4nk_17/18 (10)

for all £ > 2. Now, we combine (10) with (9), to obtain that there exists a positive

constant ¢; € R such that
7/18
Op > cang 118 > ¢y [(Snk;)l/ﬂ / > cyny, /™

for all k£ > 2.

This process can be iterated and the limiting value of € > 0 is found by setting

_1+2€
12

€

which implies that € = 0.1 — o(1). Now, using Lemma 9 (e = 0.1 — o(1)) with (7), we

obtain

Ny > 0> 2y,

142(0.1—0(1)) 3/2 1/2
/ —_— N7
>c (c Ng_1 3 ) n,

> C//nkill.lfo(l) (11)
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for some positive constants ¢, ¢, ¢’ € R. Using (11) along with the trivial upper
bound, we obtain the following theorem:
THEOREM 10. There exist positive constants cy,co € R such that
1.0488% 4%
4 < ny < cod
for all k € N.

PROOF. Note first that ny = 4 and ny = 7. From repeated use of (11) we get that

there exist positive constants aq, as, as, as € R such that
42k+1

ay 41" < Nogy1 < agd

and

a37(1'1*0(1))k_1 < Nog < a4442k.

Taking square roots, it follows that there exist positive constants ¢, co € R such that
1.0488F 4%
14 <np <4

(since v/1.1 > 1.0488) as desired. O

Theorem 10 shows that the growth of n, is indeed doubly-exponential, as the
trivial upper bound suggests. However, a considerable gap still remains between the
exponents. This gap can be narrowed slightly by using Theorem 10 to improve itself:

THEOREM 11. There exist positive constants c1,co € R such that

6141.0639’“ <ny < 0244k

for all k € N.
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PROOF. We can repeat the arguments from Theorem 10 to get that there exists

a positive constant ¢ € R such that

0.6—0(1),.1/2
Npy1 = CNE—1 ( )nk

for £ > 2 from (11). However, now we can use the lower bound in Theorem 10 to

obtain

0.6—0(1),.1/2
N1 = CNg—1 ( )nk

1/2
> ey, 0600 (Clnk—l\/ﬁ>

_ c”nk,10'6+0'5\/ 1.1-0(1)

/ . —
> gy 124 o(1)

. k
for some positive constants c, ¢/, ¢’ € R. So we get a new lower bound of n;, > 410603

for some positive constant ¢ € R since /1.1244 > 1.0603. Now we can repeat this
argument over and over, using the current lower bound to improve itself. The limiting
value for the lower bound can be found by solving the equation +/0.5x 4+ 0.6 = z,

which has a positive root given by

V2
T = 5+ V265 > 1.0639.

20

O
Theorem 11 gives the best known bounds for ni. While we have no rigorous
argument providing improvements of the lower bound, computational results and

heuristic reasoning suggest that the actual growth rate of ny is closer to the stated

upper bound.
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CHAPTER 3

CHARACTERIZATION OF IRP

3.1. PAPPUS AND DESARGUES

We will refer heavily to the following two theorems of projective geometry:

THEOREM 12. (Pappus) If alternate vertices of a hexagon are collinear, then the

three points of intersection of opposite edges are collinear.

THEOREM 13. (Desargues) In a projective space, two triangles are in perspective

axially if and only if they are in perspective centrally.

Define a projective plane to be Pappian if its points and lines satisfy Pappus’s
Theorem and Desarguian if its points and lines satisfy Desargues’s Theorem. Since

points and lines in the real projective plane satisfy Pappus’s Theorem and IRP is

Ficure 3.1. Pappus’s Theorem
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FI1GURE 3.2. Desargues’s Theorem

constructed in the real plane, then IRP is Pappian. It is well known that in any
projective plane, Pappus’s Theorem implies Desargues’s Theorem. It follows that
IRP is Desarguian and coordinatizable. It is also well known that the coordinate ring
is a division ring and since Pappus’s Theorem is equivalent to commutativity in the

division ring, the coordinate ring must be a field, call it F.
PROPOSITION 14. F' has characteristic 0.

PROOF. To see this, we must first define addition in F. Using homogeneous
coordinates, let X =(1:0:0),Y =(0:1:0),0=(0:0:1)andU =(1:1:1). We
define a collineation (an isomorphism from IRP to itself) fixing each point in the spans
of XY O, and U. Using this notation, the line XY represents the line at infinity.
Finally, let I = OU N XY, which has homogeneous coordinates / = (1:1:0). Given
distinct elements z,y € F' there exist two points X; = (z:0:1) and Y7 = (y: 0: 1),
both of which lie on OX. Note that the homogeneous coordinates of the point W =
X1Y NOI are given by (z : z : 1). Define Z = Y11 N WX, which has homogeneous
coordinates (z +y : x : 1). Now, the point Y'Z N OX has homogeneous coordinates

given by (r+y:0:1).
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(0:1:0)

I(1 :1:0)
(0:z:1)
I/V(CE::B:I)
(xty:x:1)
0 X
(0:0:1) (z:0:1)  (y:0:1) (z+y:0:1) (1:0:0)
X Y

FIGURE 3.3. Addition

Now that addition has been defined, we aim to show that for any nonzero z € F
andn € N nt=x+zx+ -+ x #0, ie., the characteristic of F' is zero. We begin
with the point X; = (z : 0 : 1) and we add it to itself to get Xy = (22 : 0 : 1).
We add it again to get X3 = (3z : 0 : 1), and again to get Xy = (4x : 0 : 1), and
so on. If we can show that each time we get a new nonzero first coordinate, then
F must have characteristic zero. In the construction, X;Y and WX will remain the
same for each sum, where W = (z : z : 1). If we let Z, = X,,/ N WX, then we
have (n+ 1)z : 0: 1) = YZ, N OX. Suppose that n € N is the smallest n such
that (n 4+ 1)z = 0. We see that Y Z,, = OY and so Z, lies on OY. By construction,
WXNOY =(0:2:1) and since Z, = X,/ N WX we have X,/ NOY =(0:z:1).
Note that the point [ lies on the line X,/ and so X,,/ must be the line joining the

points [ and (0 : = : 1). But, X,/ N OX = (nx : 0: 1) by definition. The only way
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that this can occur is in the event that X, I = OI. It follows that nz = 0, contrary

to the minimality assumption. 0

3.2. FREE F-PLANE

Given any Pappian projective plane II, based on the arguments above, we know
that Il is coordinatizable. Let (a; : as : ag), (by : by : b3), (c1 : ¢co : c3), and
(dy : ds : d3) be the homogeneous coordinates of four distinct points a, b, ¢, d in IT and
define I'(a, b, ¢, d) to be the plane generated by a, b, ¢, d. The generation of I'(a, b, ¢, d)
occurs one stage at a time, inducing an order to the creation of points and lines. The
first stage consists of selecting the four points a, b, ¢, d and constructing a line between
each pair of points. In a manner identical to that of IRP, each stage consists of the

following steps:

(1) Place a point at each intersection of a pair lines for which one does not
already exist.
(2) Construct a line through each of pair of points for which one does not already

exist.

For both steps above, the order in which we add elements to I'(a, b, ¢,d) within the
step is arbitrary and will not affect the resulting plane. Note that each point and
line in I'(a, b, ¢, d) can be represented by homogeneous coordinates (f : g : h), where
each coordinate is a polynomial function of the 12 variables {a;, b;, ¢;, d; }i_;. Tt is clear
that the four initial points have coordinates that are already functions (monomials) of
those twelve variables. To see how we will obtain future points and lines, consider two
lines (f1:g1: 1) and (f2: g2 : he) in T(a, b, ¢,d), where f;, g;, h; € Z[{a;, bi, i, di}iq]

for j = 1,2. These lines can be thought of as intersecting planes in R3:
fir+qy+hiz=0 and for + goy + hoz = 0.
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The intersection of these planes is a line parallel to the vector given by the cross

product
i 7k
fi ;1 hi | = (g1he — gohi © faha — fihe : fig2 — fogn),

Jo g2 ho
which yields the homogeneous coordinates of the intersection point of the two lines

in I'(a, b, ¢,d). This process can also be used to find the line that passes through two

points in ['(a, b, ¢, d), because of duality.
Now, we define some notation. Given a point z and a line £ in a projective plane,

let x ~ ¢ denote that z lies on 4.

DEFINITION 15. Let II; and Ily be projective planes with point sets P(1ly) and

P(I1y) and line sets L(I1y) and L(I1y), respectively. Suppose that ¢ is a map from I

to Iy such that
¢ : P(Il;) — P(1Iy) and v : L(ITy) — L(Iy).

We say that o is an epimorphism if it is surjective and
z~ b= p(z) ~ p(0).

In other words, an epimorphism is a surjection from one plane onto another that

preserves incidences. Given any collection of points P, we say that P is a collection

of general points if no three points of P are collinear.

DEFINITION 16. Let F be a family of projective planes. We say that a projective

plane 11 is a free F-plane if for every Ily € F, for any four general points a,b,c,d € 11

there ezists an epimorphism ¢ from Il to I'(a, b, c,d).

LEMMA 17. If F consists of the set of Pappian planes, then IRP is a free F-plane
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Note that if G consists of the set of Pappian and Desarguian planes, then a free G-
plane is a free F-plane and vice versa because Pappus’s Theorem implies Desargues’s

Theorem [8].

PROOF. Let II be a Pappian plane and let (a; : ag : ag), (by : by : b3), (¢1 : 2 : ¢3),
and (d; : dy : d3) be the homogeneous coordinates of four points a, b, ¢,d in II. Given
the algebraically independent homogeneous coordinates of our four initial points in
IRP, (1 : Ty @ @3), (24 : x5 : xg), (T7: Ts : Tg), and (z10 : T11 : T12), each point (and
line) attained in the IRP can be represented with three homogeneous coordinates, each
of which is a polynomial with integer coefficients over the variables {x;}2,. Suppose
we have a point in IRP represented by (f,g,h) € Z[x1,2s,...,z12)>. The map given
by

o(f:g:h)=(f(a,b,c,d):ga,b,c,d): h(a,b,c,d))
where (a,b,c,d) = (a1, as,as, by, be, b, c1, Co, c3,dy, da, d3) will give the necessary epi-
morphism.

Since we are using homogeneous coordinates, we can use an induction argument
to see that ¢ is a well-defined function. First, enumerate the points and lines of IRP
in the order in which they appear and do the same for I'(a, b, ¢, d). Let {s;}2; be the
sequence of points and lines from IRP and {¢;}32; be the sequence of points and lines

from I['(a, b, c,d). By the definition of ¢, we have

o(xy 29 x3) = (a1 : ay : az)
(p(l'4 Ty . ZL‘G) = (b1 . b2 . bg)
o(x7 T8 mg) = (€1 1 a1 €3)
g0<$10 L X11 - Q?u) = (d1 . d2 . dg)
Now, suppose that ¢ is well-defined for all points and lines of IRP up to s; and

without loss of generality suppose s;; is a point. The existence of s;;; in IRP is due

to at least two intersecting lines s; and s, with homogeneous coordinates (f; : ¢; : h;)
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and (fr : go : he), respectively, where ¢ < j and ¢ < j. Using the cross product, we

get that the homogeneous coordinates of the point s;,; are given by

(fj+1 S0+ ¢ hj+1) = (gihe — gehi : féhi - fz‘hé : figZ - ffgi)-

Let a = (kia, kab, ksc, kyd) be another representation of o = (a,b,¢,d) in the
plane I'(a, b, c,d), where k = (ky, ko, k3, ks) € R*. In other words, the four points of
ay are the initial four points of a, each scaled by a different real number. By the

induction hypothesis, we know that ¢ is well-defined for s; and s, and so

(filaw) = gilaw) = hi(ow)) = Ci(k)(fia) = gil@) : hi(a))

and
(felow) = ge(an) = he(ar)) = Co(k)(fe(a) : ge(e) = he(ar)),

for some polynomial functions C; and Cy of k. It follows that

(fir1(aw) = gigalow) = hjsa(ar)) = Ci(k)Co(k)(fiza (@) : gjra(a) = hjp(a)),

because the terms of each coordinate of s;;1 have one polynomial from { f;, g;, h; } and
one from {f;, gs, he}. Hence, ¢ is well-defined on 1RP by the principal of mathematical
induction.

Next, we need to show that ¢ preserves incidences. Suppose that ¢ preserves
incidences up to s; and without loss of generality suppose s;;1 is a point in IRP.
The existence of s;;1 in IRP is due to at least two intersecting lines s; and s, with
homogeneous coordinates (f; : g; : h;) and (fe : go : he), respectively, where ¢ < j and

¢ < 7. Using the cross product, we obtain that

Sjt1 = (gihe — gehi = fohi — fihe : fige — fogi).

By definition,
90(51) = (fi(aa bv ) d) : gi((l, b> &) d) : hi(a'a b, c, d))
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and
o(se) = (fela,b,e,d) : go(a,b,c,d) : hy(a, b, c,d)).

Applying the inductive hypothesis to the lines s; and s, in IRP, we obtain that ¢(s;)
and ¢(sg) are intersecting lines in I'(a, b, ¢, d). Using the cross product again, we see

that the point of intersection of ¢(s;) and (sy) in I'(a, b, ¢, d) is given by

(9i(@)he(a) = ge(a)hi(a) = fe(a)hi(a) = fila)he(@) : fia)ge(a) = fe(a)gi(a)),

where a = (a, b, ¢, d). From the definition of ¢, it is clear that this point of intersection
in I'(a, b, ¢, d) is precisely ¢(s;+1), which finishes the inductive proof.

Finally, we need to prove that ¢ is surjective. Now, suppose to the contrary that
¢ is not surjective. Then, we can choose some point t; from I'(a,b, ¢, d) such that
there does not exist ¢ € N with ¢(s;) = ¢. Further, suppose that & is the smallest
such k. Note that there exists a pair of lines ¢; and ¢; that intersect at ¢, (causing
its existence), where i < k and j < k. By the minimality of k, we know that there
exist some «, # € N with ¢(s,) = t; and ¢(sz) = t;. Note that s, and sg are lines in
IRP and so they must intersect at some point s,. Using the preservation of incidences
by ¢, since s, ~ s, we know ¢(s,) ~ ¢(s,) = t; and since s, ~ sg then we know
©(sy) ~ @(sg) = t;. Now ¢(s,) is a point in I'(a, b, ¢, d) that lies at the intersection
of the lines ¢; and ¢;. But, the intersection of t; and ¢; is t5. So, ¢(s,) = ti, a

contradiction. Hence, ¢ is surjective, completing the proof. U

3.3. REPRESENTATION BY COEFFICIENT VECTORS

Let P and L denote the limiting sets of points and lines of IRP, respectively, i.e.,

P = lim Py L = lim Ly.

k—o0 k—o0

Suppose that we represent each point p € P by a triple of homogeneous coordinates

(p1 : p2 : p3), where p; € R for 1 < i < 3. Let a = (21 : @9 : 23), b = (24 : x5 : xg),
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¢ = (x7 : xg 1 x9) and d = (x19 : x11 : x12) denote the initial four points of IRP,
where z; € R for 1 < i < 12. Now, if we treat each point as a vector in R3, then
the cross product of two points will yield a third vector in R® whose coordinates
are the homogeneous coordinates of the line passing through the two points. By
duality, the cross product of two lines will yield their intersection point. This idea
can be represented by considering the points to be vectors in R? passing through the
origin and the lines to be planes containing the origin. Two lines (planes) intersect
at a unique point (vector) and two points (vectors) lie on a unique line (plane).
Proceeding in this manner, we can generate IRP one stage at a time, with the first

stage illustrated in the following tables:

Line Coordinates
Point | Coordinates ab (ToTg — T3T5 : T3Ty — T1T6 : T1T5 — Toly)
a (1 : @9 : 3) ac (Toxg — T3xg : T3y — T1Tg : T1Tg — Tol7)
b (1'4 N 1'6) ad (1'2.’1312 — 311 - 3L 190 — L1X12 - T1T11 — .’L‘Q[Blo)
c (x7: 8 1 Tg) be (T5x9 — Ty : Tely — Tylg © Tyly — T5T7)
d («Tlo - T11 - xlz) bd ($5I12 — TeT11 - Tel1o — T4X12 + T4T11 — I5$10)
cd (I8$12 — T9xq11 - X9X10 — L7112 - T7X11 — $8$10)

By virtue of the cross product, it is clear from this initialization that each point in
IRP is representable by homogeneous coordinates, each of which is a polynomial in the
12 variables {z;}}2,. In other words, P C Z[xy, %3, ..., 212]%, and from this it can be
seen that ny, is well-defined under our hypotheses. It is easy to show that if u,v € I'3,
where I' denotes the set of all polynomials in the twelve variables z1, xs, ..., x5 over
R, w=wu X v, and

dy = max deg(u;) d, = max deg(v;),
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then

dy = 111;1%)% deg(w;) < dyd,.

Further, it seems that this maximum would be realized in most cases, because oth-

erwise one of two events must occur: The first involves a cancellation of polynomial

terms to reduce the degree and the second occurs when each coordinate possesses a

common factor, which can be factored out due to the nature of homogeneous coor-

dinates. It turns out that the latter occurs, and it occurs with regularity under this

setting. Before we discuss this phenomenon, we require some notation to simplify

these polynomials:

DEFINITION 18. We will refer to the following degree 4 monomials as terms of

type (i,7) for 1 <i<12,1<5<3:

Type | Monomial
(1,1) | z1z478712
(2,1) | z12479711
(3,1) | zyzs527219
(4,1) | mzer7211
(5,1) | zyz5T9210
(6,1) | 1678710
(7,1) | zoz4z7212
(8,1) | wgzgzr21y
(9,1) | zazgz9x1p
(10,1) | z3x4x8710
(11,1) | xoxex7210
(12,1) | xzxsx7210

Monomial

XoX5T7L12

ToX5T9T10

ToX4Tgl12

T2TelgT10

XoXg4T911

XoXeX7I11

T1T5T8L12

T3T5T8T10

T1T5T9T11

L3T5X7T11

T1XeTgL11

X3X4T8T11
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Type | Monomial
(1,3) | z3zer7T11
(2,3) | x3T6T8T10
(3,3) | z3z4z921y
(4,3) | z3z579210
(5,3) | T3z478719
(6,3) | T3T577T12
(7,3) | T1x6T9T11
(8,3) | xaxsT9T10
(9,3) | z1w628712
(10, 3) | xoxex7T12
(11, 3) | x1x5m0712
(12,3) | woxywomyn




THEOREM 19. Suppose p = (p1 : p2 : p3) € P, where py, pa, p3 € Z[x1, 29, . .., T12].
(1) For 1 < j < 3, each term from p; is of type (i,7) for some 1 < i < 12.
Moreover, for 1 <11 <12 and ¢ € Z, the following are equivalent:
(a) the monomial of type (i,1) appears as a term in the polynomial py with
the coefficient c.
(b) the monomial of type (i,2) appears as a term in the polynomial py with
the coefficient —c.
(¢) the monomial of type (i,3) appears as a term in the polynomial ps with
the coefficient c.
It follows that p is determined by its first coordinate. Hence, we can uniquely
represent p with a “coefficient vector” v € 72, where v; contains the coeffi-
cient of the term of type (i,1) present in the first coordinate of p.
(2) Suppose that v € ZY? is the coefficient vector for a point p € P. For each

1 <1i <6, we have vy; = —v9;_1 and the following relations hold:
VU7 = —V1 — U3 Vg = V1 — Us V1] = U3 + Us.

Consequently, p can be uniquely represented by the reduced coefficient vector

(Ul, Vs, ’U5) € ZS.

Proor. We proceed by induction on the stage k. Recall that for any given point
(x : y: 2z) in homogeneous coordinates and for any p # 0, the multiple p(x : y : z) is
an equivalent representation. Note that for £ = 1, each of the points a,b,c,d € P,

can be written in the desired form by performing the following multiplications:

a=(x1: 29 3)(Ta%sT12 — TaZoT11 — T5T7T12 + TL7T11 + TpToT1g — LeTsT1o)
b= (x4: x5 x6)(T128T12 — T1XT9T11 — T2X7T12 + T3L7T11 + TaloX1p — T3TsT1p)
c= (I7 - X8 - Ig)(l‘lxsl’lz — T1X6T11 — ToX4T12 + T3L4T11 + T2TeT10 — I3$5I10)

d= ($1o N $12)($1$59€9 — T1X6Xg — TaXylg + T3T4TY + To2TeT7 — $3$5$7)
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Let my; jy be the monomial of type (,j) for 1 <¢ < 12 and 1 < j < 3. We can see

by inspection that

ayp = M1y — My2,1) — M3,1) T M(4,1) T My51) — My(6,1)

(g = —M(1,2) T My22) + M(3.2) — M(4,2) — M(52) T M52

az = m(1,3) — My2,3) — M(3,3) T M(4,3) + M(53) — M(6,3)

by = mq,1) —me1) — me1) +me) + men — Mmao)

by = —my12) + M22) + M(72) — M8,2) — M9,2) T M(102)

by = my1,3) — M(23) — M7,3) + M(83) + M(9.3) — M(10,3)

C1 = My3,1) — M4,1) — My7,1) + M(8,1) + M(11,1) — M(12,1)

Coy = —My3,2) + M(4,2) + M(7,2) — M(3,2) — M(11,2) T M(12,2)

C3 = M(3,3) — M(4,3) — My(7,3) T M(8,3) T M(11,3) — M(12,3)

di = m1) — Me,1) — My9,1) + M10,1) + M(11,1) — M(12,1)

dy = —mys2) + Ms2) + M9,2) — M(10,2) — M(11,2) + M(12,2)

d3 = m3) — M(6,3) — M9,3) + M(10,3) + M(11,3) — M(12,3)-
Also, it is straightforward to show that the three equivalent conditions stated in the

first part of the theorem hold for each of the four initial points. From this we get the

coefficient vectors for a, b, ¢, and d:
a=(1,-1,-1,1,1,-1,0,0,0,0,0,0),

b=(1,-1,0,0,0,0,—1,1,1,—1,0,0),
¢=1(0,0,1,-1,0,0,—1,1,0,0,1, —1),

and

d=(0,0,0,0,1,-1,0,0,—1,1,1,—1).
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It is clear that each of these four vectors from Z'? satisfy the linear relations in the

second part of the theorem. Thus, we can write the reduced coefficient vectors from
Z3:
a=(1,-1,1) b=(1,0,0) c=1(0,1,0) d=(0,0,1)

which concludes the proof of the base case k = 1.

Note that the existence of a point p € Py, is due to the existence of four points
a, 3,7,0 € Py. In particular, given a point p € P, there exist points «, 3,7,6 € Py
such that p = (ax ) x (v x ). Suppose that a, 3,7, € Py each satisfy the conditions
of the theorem and with p = (a x §) x (v x d). Let

a = (o, o, 043) B = (61, B2, B3) Y= (71772773) 0= (51752,53)

be the reduced coefficient vectors for these points. Using SAGE to perform the
computations (See Appendix C), we see that p satisfies the conditions of the theorem

with the reduced coefficient vector p = (p1, p2, p3), where

p1 = —o3f17201 + a1 837201 + 17301 — o Bay3dy

+ a3 817102 — a1 837102 — 17103 + a1 827103,

P2 = —03827201 + 237201 + 3 Bay102 — aa 3377102

+ 17302 — a1 277300 — e 17203 + a1 B2¥203,

p3 = —0o32y301 + a2 B37301 + a3 B1y302 — v 3377302

+ a3 Bo7103 — o fB37103 — a3 B17203 + g B377203.

This concludes the induction proof. [l
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CHAPTER 4

FREE PROJECTIVE PLANE

In the free projective plane, we can obtain trivial upper bounds for the number
of points and lines at the end of stage k using the same arguments that we used for
IRP. Let n; and p denote the number of points and lines, respectively, at the end of

stage k in the free projective plane. It follows that:

2
HE Mk

< Lt
Me+1 < (2> < 5

2
Nk Mk

< _—.
Mk_(2)< 5

We conjecture that the lower bound is actually quite close to this upper bound.

and

Suppose that
pe—1 < v/ 2mk(1 + ay)
and

e < /24 (1 + B)

for some k € N, where a, > 0 and (3, > 0. Combining the first bound with the

second, we get

o1 < V/2m(1 + )
< /20201 4+ ) (1 + )

— 23/4,uk1/4(1 +ﬁ]€)1/2<]— +ak)
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Now, in the free projective plane, the only time we do not create a line between
a pair of distinct points is in the event that the line already exists. Hence, when we
estimate 741 by ( ) the overcount is solely due to the degree of points at the end
of stage k (this is identical to the overcount discussed in Section 2.2). For instance,
suppose that p € Py is such that di(p) = 3, i.e., there are three distinct lines passing
through p, call them /¢, /5, and ¢3. Using (“2’“) to count the points in stage k + 1,
we will count p three times: once for ¢; N ¢y, once for ¢; N {3, and once for £y N /5.
Obviously, p is just a single point, and so it has been overcounted twice. In general,
if p is a point in stage k, it will be counted (d’““(p)) times, where dj1(p) denotes the

2

number of lines that pass through it at the end of stage k. It follows that

= (3) -2 [()

,]:

~(3) == [(*5")]

7=1

Since a point can have at most 7 lines passing through it at the end of stage k, then

d = Mg.
géégf k+1( ) Mk

Mk Mk
> — .
77k+1_(2>+77k Uk(z)

—1
g < (U;) = % < (ke + 2)

Hence,

Note that

follows from the trivial upper bound on py. From this it is straightforward to verify

that
me e
>0
Mk+1 5 5
and since 1y, < p_12/2 we get
2 6
HE HE—1
> — — .
NMe+1 2 5 16
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At this point, we can apply the inductive hypothesis to obtain that

Lo @Y B+ )
Me+1 = 5 16

2
= 5 = Va4 (14 o)

_ e (1 2P+ )+ Oék)6)

2 Mkl/ 2
Now, define
| 22(14 (1 + )
and note that
/2
iy < — (12)

We use an analogous argument for p;,1 to obtain that

Nes1 < —mitl V2Hk 1
+1 = 3
V1= bgr
where
23/2(1 + a1 > (1 + B)°
N/ '

k+1 —

Using a combinatorial algorithm written in java (see Appendix D), we are able to
determine the number of points and lines through the first four stages. The results

are listed in Table 4.1:

TABLE 4.1. Free Projective Plane Sequence

koo
1 4 6
2 7 9
3 13 33
4 295 37,266

We can use these results to determine «; and ; for the first few values of 7. First

note that a; does not make sense because pg is undefined. By the definitions above,

m<V2u(l+p5) < 4<V2-6(1+03) = ﬁlz%—l. (13)
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Since we would like 3; to be as small as possible while still satisfying (13), we choose
(1 = 0.1548. Using analogous arguments, we obtain the results listed in Table 4.2

below:

TABLE 4.2. Values for a4, and [y,

ko ay Br

2 0.6036 0.6500
3
4

0.7651 0.6002
0.3586  0.0806

We use the lower bound on 75 from above to get

w0 2P0+ B (1 + an)f

M5 = 9 ,U,41/2
37,2662 <1 B 23/2(1.0806)3(1.3586)6)
2 37,2662

> 613,648, 536
> 0.4418(37, 266)?

= 0.441814>
It follows that

V215
< VA o0-(1.0639) = as = 0.0639.
M= /0.8836 e ) i

Using a similar argument with ps and the trivial upper bound 75 < (u4?)/2 we

get

S50 (1 2P+ as)* (14 6y)°
Hs = 9 7]51/2

- 613, 648, 5362 < - 23/2(1.0639)3(1.0806)6)
2 613,648, 536'/2

> 0.49987;>
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It follows that

V245
My < —F/——
v/0.9996

Suppose that we know «y and [y with & > 5. From (12), we know that

< \/205(1.0003) = (5 = 0.0003.

1
< \/2 3
:uk —= 77k+1 m

We would like to have
ke <A/ 201 (1 + Qg ),

therefore we choose a1 so that

1
VA Oék+1'

Assuming that a4 < 0.1 and 5, < 0.1, we get that

I+ app =

1 1
- < 1= .

A similar argument will show that

1 1
1<

Bro1 = S Sz L= g(mrs1)-
k1 -

Since 15 > 613,648,536, ps > 1.88 - 1017, and both {n;}3°, and {u;}2°, are nonde-
creasing, we know that 3.1 < a1 < 1.6 - 107® < 0.1. Further, since {7}, and
{1 }32, both grow doubly-exponentially, then f(u;) and g(ne+1) both tend to zero
at a doubly-exponential rate. It follows that a; and [y tend to zero at a doubly-
exponential rate. From this it follows that

2 2
Nk+1 — l% and M — LS

as k — o0.
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CHAPTER 5

REMAINING QUESTIONS AND FURTHER WORK

5.1. COMPUTATIONAL RESULTS

An obvious modern-day approach to this problem is to write computer soft-
ware that simulates this iterative process. We tried this with several different pro-
grams written in SAGE, java, and Mathematica, each of which outputs the sequence
ny, M1, Na, Mo, ... as far as it can go. The SAGE code is provided (Appendices A and
B) for two such programs. Thankfully, all of the results agreed and the most efficient
program (Appendix B) was able to calculate the sequence up to ny = 719,725 in
about two hours on a 2.0 GHz processor with 4.0 GB of RAM. The following table

illustrates the results:

TABLE 5.1. Sequence for IRP

k ng my
1 4 6
2 7 9
3 13 25
4 97 1741
5 719,725 7

Despite being a short sequence, we can analyze it quite a bit. One interesting feature

of this sequence is that for 2 < k < 4, the quantity np — np_; divides the quantity

N1 — Ng. In other words, the number of points added in stage k£ divides the number

of points added in stage k+ 1. The natural question is whether this feature continues
logny41

throughout the infinite sequence. Also, note that the sequence of ratios Togn (which
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tracks the exponent in the growth rate of ny) is given by:

logna 1 4037

log ny

log s 1 3181

log no

logma 1 7835

log ng

log 15 5 gus1

log ny

An important question is whether this sequence of logarithm ratios is monotone (after
the first element). If so, then we could immediately increase the lower bound from
that which is given in Theorem 11 to ny > ¢429%81" Based on these results (as well

as all of the results in this paper), we pose the following conjecture:

CONJECTURE 20. There exist positive constants c1,co € R such that
0144_0(1)k <n < 0244k

for all k € N

Although there is no proof of any bounds better than those stated in this paper,
it seems that this sequence grows much closer to the least upper bound than to the
greatest lower bound. Also, it seems unlikely that a computer will be able to complete

an exhaustive search for ng (or even my) any time soon. The reason is that in order

719,725

-™°) > 10?2 different 4-sets of points

to find ng the computer needs to examine (
for membership. So, it seems that any further numbers of the sequence will require a

theoretical argument or a much faster machine.

H.2. RANK OF IRP

Note that Lemma 17 states that IRP is a free F-plane (for F consisting of all Pap-
pian planes), but says nothing about it being unique. In order to further characterize

IRP, we need some terms:
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DEFINITION 21. Let Il be any plane with points P(II) and lines L(II). We say
that S C P(II) is independent if for each T C S and each x € S\T we have x ¢ T'(T).

DEFINITION 22. We say that a set of points S C P(Il) is a generating set for the
plane 11 if T'(S) = I1. If S is an independent generating set for I1, then we say that
S forms a basis for I1.

DEFINITION 23. Define the rank of 11, denoted rank(Il), to be the cardinality of

the largest basis for I1.
CONJECTURE 24. rank(IRP) =4

If S C P(II) is a set of points in a plane II with |S| < 3, then P (I'(S)) = S, i.e.,
the iterative process is stable. Hence, (assuming IT has more than three points) S
cannot be a generating set and thus cannot form a basis for II. For this reason, it is
clear that rank(IRP) > 4 because any set of four general points is independent. So,
what remains is to show that rank(IRpP) < 4, i.e., that there does not exist a set of
five points that forms a basis for IRP. It is seen by inspection that in IRP any set of
four general points from stage 2 forms a basis for IRP. Using SAGE, we proved that
each set of four general points from stage 3 forms a basis for IRP. Note that in order
to prove that a given set of four or more independent points S C P(II) forms a basis
for IT =I'({a, b, ¢, d}) it suffices to show that {a,b,c,d} C I'(S). In fact, it suffices to

show even less:

PROPOSITION 25. Each set of four general points from 11 = T'({a, b, c,d}) forms
a basis for Il if and only if for each set P = {py, pa, p3, pa} of four general points from

IT (with the exception of {a,b,c,d}), there ezists a point x € I'(P) N 11 such that

Z stage(p) < Z stage(p),

pEP’ peP

where P' = (P \ {p;}) U{x} for some 1 <i <4 and P’ is a general set.
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In other words, P forms a basis for II if and only if P always generates some point
x that is older than its youngest point and the new set is a general set. Before we

prove this proposition, a lemma is needed:

LEMMA 26. Given disjoint sets of points P = {p1, p2, p3, pa} and Q = {q1, 2, q3, qs},
where P is a general set, there exist i,j € {1,2,3,4} such that (P \ {p:}) U{q;} is a

general set.

PROOF. Let P = {p1,p2,ps,ps} and Q = {q1, ¢2, g3, ¢4} be disjoint sets of points
such that P is a general set. Note that, for 1 <i <4, P, = P\ {p;} is a set of three
non-collinear points. Define T; to be the extended triangle formed by the points of
P;, where the line segments that form the edges of the triangle are extended infinitely

in both directions. It follows that

() T = {p1p2 N pspa, p1ps N papa, p1pa N paps} = {ps, pe, p7},
1<i<4

where ps, pg, and p; are the three points generated by P in the second stage of the
iterative process. Suppose that ¢; € @ \ {ps,ps, pr}, where 1 < j < 4. Then there
exists an extended triangle T; such that g; does not lie on T;. It follows that P, U{q;}

is a general set. 0
Now, we can prove Proposition 25:

PROOF. To prove necessity, suppose that each set of four general points forms a
basis for II. Let P = {p1,p2,p3,ps} be a set of four general points from II, where
P #{a,b,c,d}. Since P is assumed to be a basis for II, we know that {a,b,c,d} C
['(P). Suppose first that P N {a,b,c,d} = 0. Applying Lemma 26 with P = P
and Q = {a,b,c,d}, we obtain some z € {a,b,c,d} and some 1 < i < 4 such that

P" = (P\ {p:}) U{x} is a general set. Since a,b,c,d are the only points from stage
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1, we know that stage(x) < stage(p;) and so

Z stage(p) < Z stage(p).

peEP’! peEP

In the event that P N {a,b,c,d} # 0, we simply employ a variant of the argument in
Lemma 26 to obtain the desired result. This completes the proof of necessity.
To prove sufficiency, suppose that Py = {p1,p2,ps3,ps} is a set of four general

points from IT = I'({a, b, ¢,d}) and let x € I'(Fy) NII be such that

Z stage(p) < Z stage(p),

peEP peP

where P, = (P \ {p;}) U {x} for some 1 <i <4 and P, is a general set. It suffices to
show that Py forms a basis for II. Note that since = € I'(F) we have I'(P,) C I'(F).
But, since P; is a set of four general points from II, we can apply the hypothesis to

Py to obtain a new set P, of four general points from II such that I'(P,) C I'(P;) and

Z stage(p) < Z stage(p).

pEP> pEP
In general, we can create a sequence of sets of points {P;}*_, such that if i < j then
I(P;) C T(P,) and

Z stage(p) < Z stage(p).

pEP; peP;

This sequence must terminate with the set P, = {a, b, ¢, d} for some k € N because

is the minimum of such sums. Since 0 < k we get that IT = I'({a, b, ¢,d}) C I'(P,) and
since P, are four general points from II we get that I'(F) C II. Hence, I'(Fp) = 1I,

i.e., Py forms a basis for II. 0

As mentioned above, it is still unclear whether each set of four general points

forms a basis for IRP. Using SAGE, we found that there exist several sets of four
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general points P C P\ P3 such that I's(P) N Py = (. Of course this is not proof that

these sets fail to be bases; however, it is certainly suggestive that it is possible.

5.3. IRP,

It is a natural question to ask what happens when we begin this iterative process
with more than four general points? Let IRP; denote IRP constructed with four
initial points, IRP5 denote IRP constructed with five initial points, and in general let
IRP,, denote IRP constructed with n initial points. It is still unclear how such planes
behave; however, using SAGE we were able to simulate the first two stages to get a

short sequence for IRP5 and IRPg. These results are illustrated in Table 5.2:

TABLE 5.2. IRP5 and IRPg

| IRP5 \ IRPg |

ko ng mg |k ngp mg
1 5 10 |1 6 15
2 20 100|2 51 870

It seems likely that there exists some reduction (similar to that of Theorem 19 in
Section 3.3) that will allow us to represent each point in IRP,, uniquely by a vector in
Z2; however, since we have not spent much time analyzing these cases, we have not

found such a reduction.

5.4. COUNTING PAPPUS CONFIGURATIONS

In this section, we explore the number of occurrences of Pappus’s Theorem in stage
k of this iterative process. Let PC,C% denote the number of Pappus configurations
present halfway through stage k. Since a Pappus configuration is comprised of two

distinct lines and six distinct points (three from each line), we can provide an upper

bound of

A 1 — ZZ _ QZ
PCk_% < (mkl) (Ak;) 1) . mp_1 k—% _ M1 k—% |




Similarly, we get a lower bound of

PCy_ 1> (mk_l) (S’f—; - 1)2 o (g — 1) (05
k—1 =

1
2
2 3 2 36 72

It follows that

my_1 — 1)%(6,_1 — 3)8 m_QZ_lﬁ
(mg—1 )<k2 ><PC,€%<“T]€

72

2

Since we know that Zk% < my_1 we get

(mg—1 — 1)*(0;_1 — 3)° Mp_1°
2 P —.

From Section 3.2, we know that IRP is a free “Pappian” plane (and quite possibly
the free “Pappian” plane). It follows that the overcount from using the trivial upper
bound given in (1) is solely due to the degree issue discussed in Section 2.2 combined
with the Pappus Configurations discussed here. However, we need to find better

bounds on PC’k_% before we can make any progress with this idea.

5.5. THE FREE “DESARGUIAN” PLANE

In Section 3.1 we mentioned the fact that Pappus’s Theorem implies Desargues’s
Theorem, but not vice versa. The two are equivalent in any finite plane, because
a finite skew field is a field (Wedderburn’s Theorem), but there are certain infinite
planes that are Desarguian and not Pappian. This suggests that there exist free
“Desarguian” planes, i.e., free G-planes, where G denotes the set of all Desarguian
planes. If we let F denote the set of all Pappian planes, then we have G C F. A
free G-plane must contain some free F-plane because a free G-plane is permitted to
violate Pappus’s Theorem, whereas a free F-plane must satisfy Pappus’s Theorem.
However, a free G-plane must be contained in the free projective plane (analyzed
in Chapter 4) because the free projective plane is permitted to violate Desargues’s

Theorem, whereas a free G-plane must satisfy Desargues’s Theorem. So, we have this
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plane that “lies between” IRP and the free projective plane. We also know that this
plane is constructed over a skew field that is not a field. It would be instructive to
learn more about such a plane in an effort to better understand the planes discussed

in this paper.
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CHAPTER 6

A RESULT IN ADDITIVE NUMBER THEORY

LEMMA 27. If A is a geometric progression {a,ar,ar?, ... ar*=1} then
k+1
min|A—|—B|:( N ),
|B|=k 2

which is achieved by B = A.

PROOF. First, we aim to show that

E+1\ Ktk
|A+B|2(—£): ==,

Let B = {bg,b1,...,br_1}. Note that By = {a+bo,ar +by,...,ar* 1 +by} is a set
of k distinct elements of A + B. Similarly By = {a + by, ar +by,...,ar* 1 + b} is a

set of k distinct elements of A+ B. The only way an element could lie in ByN By is if

ar® + by = ar’ + by

for some 0 < 14,7 < k — 1. In this case, i > j and

by — by = ar' —ar? = a(r' —17)

which implies that there exists at most one such element (since by — by, a, and r
are all fixed). Let B; = {a+b;,ar +b;,...,ar* 1 +b;} for 0 < i < k—1. By a similar

argument |B; N B;| <1 forall 1 <i,j<k—1. It’s clear that

A+ B = U B;.

0<i<k—1
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It’s also clear that

U B|<#

0<i<k—1

since each B; has k elements. Now build A + B by building Up<;<x—1B; one set at a
time. Note that By has all distinct elements. Now B; may have at most one element
that lies in By and so our overcount is at most 1. Next, By N (By U By) < 2 since
BoN By <1and BN By < 1. So our overcount is at most 1 + 2 = 3. Similarly,
Bs N (By U By U By) < 3, so the overcount is at most 1 + 2 + 3 = 6. Proceeding
inductively in this way we get a maximum overcount of

k(k — 1)

L2434 hk—1=——

So, the minimum size of Up<;<x_1B; is given by

kQ_k(k—l):sz—(kQ—k;):k2+k:k;(k:+1): k+1
2 2 2 2 2 )

Thus,

min |[A+ B| > (k+1>.
|B|=k 2

To see that this is achieved by B = A is trivial:

By = {2a,a+ar,a+ar®, ... a+ar® '} (all distinct)

By = {ar 4+ a,2ar,ar +ar?,... ar +ar* '} (one duplicate)
By = {ar® + a,ar® + ar,2ar?, ... ar® + ar* '} (two duplicates)
By = {ar* 't a,ar* 4 ar, .. ar* N 4 ar®? 20771 (k-1 duplicates)
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APPENDIX A

HoMOGENEOUS COORDINATES CODE

s S S S S s s s S

# Function cross_simple

# Input: 3-dimensional vectors v and w

# Output: Cross product of v with w, reduced by common factor
#

#

#

This function is used to find the homogeneous coordinates of the
line joining two points or the intersection point of two lines.

#
#
#
#
#
#

B g s S R

def cross_simple(v,w):
z = v.cross_product (w)

f = R(z[0])
g = R(z[1])
h = R(z[2])
D = (f.gcd(g)).gecd(h)
if D !'= 0:
f /=D
g /=D
h /=D

return vector([f,g,h])
return vector([0,0,0])

HEHH A R R R

# function areSame

# Input: 3-dimensional vectors v and w

# Output: 1 if v and w represent the same point/line, O otherwise
#

# This function is used to determine if two points are the same.

#
#
#
#
#

s s S s

def areSame(v,w):
if v==w or v==-w:
return True
return False

o1



S S S S s S S T
# function isInlist

# Input: 3-dimensional vector v and list of vectors L
# Output: 1 if v is an element of L, O otherwise
#
#
#

This function is a boolean test to see if a vector belongs to a
set.
g s s s s s s s

H H H H HH

def isInList(v,L):
for w in L:
if areSame(v,w):
return 1
return O

g s s e s s
# function isSubset

# Input: Two lists containing 3-dimensional vectors

# Output: 1 if listl is a subset of list2, O otherwise
#
#
#

This function is a boolean test to see if one set is a subset of
another.
#itH S S S

H H H H HH

def isSubset(listl,list2):
for v in listl:
if not isInList(v,list2):
return 0O
return 1

B s g S S g
# function nextStage #
# Input: Sets of points P(k) and lines L(k) #
# Output: Sets of points P(k+1) and lines L(k+1) #
# #
# This function completes a full stage of the iterative process. #
A R R

def nextStage(P,L):
copyP = copy(P)
copyL = copy (L)
for i in range(len(copyL)-1):
for j in range(i+1,len(copyL)):
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v = cross_simple(copyL[i],copyL[j]l)
if not isInList(v,copyP):
copyP.append (v)
for i in range(len(copyP)-1):
for j in range(i+1,len(copyP)):
w = cross_simple(copyP[i],copyP[j])
if not isInList(w,copyL):
copyL.append (w)
return [copyP,copyL]

s s S s S
# function nextStep

#Input: Sets of points P(k) and lines L(k)
# Output: Set of points P(k+1)

#

# This function completes a half stage of the iterative process.

#
#
#
#
#

HERHHAFHHAHHERHBRFHBHHHAFH B H R R H AR RS H B RS RRAH SRR

def nextStep(P,L):

copyP = copy(P)
for i in range(len(L)-1):
for j in range(i+1,len(L)):
v = cross_simple(L[i],L[j])
if not isInList(v,copyP):
copyP.append (v)
return copyP

S S s

H H H H HH HH

function nextStepRandom

Input: Sets of points P(k) and lines L(k), number of new points
N

Output: P(k) unioned with a random set of N points from
P(k+1)-P(k)

This function creates a random set of N points from the next
stage.

H OH H HHH HH

S S S s s s

def nextStepRandom(P,L,N):

copyP = copy(P)
for n in range(N):
if n % 10 ==
print n
while 1:
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i = floor(len(L)*random())

while 1:
j = floor(len(L)*random())
if i 1= j:
break

v = cross_simple(L[i],L[j])
if not isInList(v,copyP):
copyP.append (v)
break
return copyP

B L R L L L I R R L I I R L R R R R R IR R R R R S BRI R IR IR ISR R R
function makelines

Input: set of points P

Output: set of lines L created by P

This function constructs the lines defined by P after one
iteration.
S s s s s s T

H OH H H HH

#
#
#
#
#
#

def makeLines(P):

L=1[]
for i in range(len(P)-1):
pl = P[i]
for j in range(i+1,len(P)):
p2 = P[j]
1 = cross_simple(pl,p2)
if not isInList(1,L):
L.append (1)
return L

s s s s s s s s s
function collinearTest #
Input: set of lines L #
Output: 1 if any two lines from L are the same, 0 otherwise #

#

This function is a boolean test to see if a set contains distinct #
lines. #
#itH S S S S R

#
#
#
#
#
#

def collinearTest(L):
for i in range(len(L)-1):
linel = L[i]
for j in range(i+1,len(L)):

o4



line2 = L[j]
if areSame(linel,line2):
return O
return 1

s s s s s s s
function oldLineTest

Input: sets of lines L and lines

OQutput: 1 if two sets are disjoint, O otherwise

This function is a boolean test to see if two sets of lines have
nonempty intersection.
it A A A A A A A A A

H H H H HEH

#
#
#
#
#
#

def oldLineTest(L,lines):
for 1 in L:
if isInList(1l,lines):
return 0O
return 1

g s s s s s
function pointSearch #
Input: sets of points p and lines 1, number of iterations N #
Output: vector containing indices of 4 points if found, [0,0,0,0] #

otherwise

This function searches for 4 general points of IRP such that they
form a basis for IRP and that all six lines formed in the first

iteration are "new" lines. The existence of such points provides #
an inherent distinction between IRP and the free projective plane.#
G S

#
#
#
# #
# #
# #
# #
#

#

def pointSearch(p,1,N):
for n in range(N):
print n
i = floor(len(p)*random())
while 1:
j = floor(len(p)*random())
if i 1=
break
while 1:
k = floor(len(p)*random())
if (i !'=k) and (j !'= k):
break
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while 1:
1 = floor(len(p)*random())
if (i '=1) and (j !'= 1) and (k != 1):
break
pli]
plj]
p k]
pl1]
(w,x,y,2]
makeLines (P)
if collinearTest(L):
if oldLineTest(L,1):
if basisCheck(P,p):
return [i,j,k,1]
return [0,0,0,0]

9 N< X =5
Il

HERHHAFHHHHHEFHBAFH B R RS H B H R R H AR H RS H RSB H SRR R

#
#
#
#
#
#
#

function basisCheck
Input: potential basis in question bPoints, current point set
P (k)

#
#
#

Output: 1 if basis is determined within 2 iterations, O otherwise #

#

This function is a boolean test to see if a set of points forms a #

basis for IRP.

#

g e S S

def basisCheck(bPoints,points):

count = 0
bLines = makeLines(bPoints)
while count < 2:
count += 1
[bPoints,bLines] = nextStage(bPoints,bLines)
print ’iteration’, count, ’complete’
if check13(bPoints,points):
return 1
return 0O

A R R A R

#
#
#
#
#
#

function checkl13

Input: potential basis in question bPoints, current point set

P (k)

OQutput: 1 if any 4 general points from P3 are found, O otherwise

This function is a subroutine of the basisCheck function.

o6
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i s S

def check13(bPoints,points):
I=10
for i in range(13):
if isInList(points[i],bPoints):
I.append(i)
if len(I) < 4:
return O
for i in range(len(I)-3):
w = points[i]
for j in range(i+1,len(I)-2):
x = points[j]
for k in range(j+1,len(I)-1):
y = points[k]
for 1 in range(k+1,len(I)):
z = points[k]
P = [w,x,y,2]

L = makeLines(P)
if collinearTest(L):
return 1

return O

# Establishes the variables x1-x12.
R.<x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11,x12>=ZZ[]

a = vector([x1,x2,x3])
b = vector([x4,x5,x6])
c = vector([x7,x8,x9])
d = vector([x10,x11,x12])

ab = cross_simple(a,b)
ac = cross_simple(a,c)
ad = cross_simple(a,d)
bc = cross_simple(b,c)
bd = cross_simple(b,d)
cd = cross_simple(c,d)

P1 = [a,b,c,d]
L1 = [ab,ac,ad,bc,bd,cd]

[P2,L2] = nextStage(P1,L1)
[1len(P2),1len(L2)]

[P3,L3] nextStage (P2,L2)

57



[1len(P3),1len(L3)]
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APPENDIX B

REDUCED COEFFICIENT VECTOR CODE

# import bisect routine from library
from bisect import bisect

B L L L I L L e T I LS SIS L R R S IR IR IS IR ISR R R
# function adjust

# Input: vector v

# Output: vector -v

#

# This function negates a vector v, if necessary.
S s s s s T T

H H H HH

def adjust(v):
if ((v[0] < 0) or (v[0] == 0 and v[1] < 0)
or (v[0] == 0 and v[1] == 0 and v[2] < 0)):
for i in range(len(v)):
v[i] = -v[i]

S s s s T
# function isSubset

# Input: Sorted lists L1 and L2

# Output: 1 if L1 is a subset of L2, O otherwise
#

#

#

This function is a boolean test to see if one set is a subset of
another.
HHHHH R HH RS R R T

H H H H HH

def isSubset(L1,L2):
for v in L1:
inSpot = bisect(L2,v)
if v != L2[inSpot-1]:
return 0O
return 1

29



S s s S s T T T
function crunch
Input: reduced coefficient vectors of four points
Output: reduced coefficient vector of resulting point,
or [0,0,0] if four points are collinear.

point obtained by intersecting the line through the first pair of
points with the line through the second pair of points. In the
event that the four points are collinear, such a point does not
exist and so [0,0,0] is returned.

B L L L L L L L e e I LS SIS R R S SR IR IS IR SIS R R

H H HF H HH HHHH

#
#
#
#
#
# This function computes the reduced coefficient vector of the
#
#
#
#

def crunch(wl,w2,w3,x1,x2,x3,y1,y2,y3,z1,22,23):
p = —w3kxlxy2*xzl + wlxx3*y2*zl + w2xx1l*xy3*zl - wl*xx2*xy3+*zl
+ w3kxl*xyl*z2 - wlxx3xylxz2 - w2*xl*xyl*z3 + wlxx2*xyl*xz3

q = —w3kx2xy2*z1 + w2xx3xy2*zl1 + w3kx2*yl*z2 - w2*xx3*yl*xz2
+ Ww2xx1*xy3*z2 - wlkx2*xy3%z2 - w2 x1l*xy2%z3 + wl*xx2*xy2+*z3
r = —w3xx2*y3*zl + w2xx3*y3*zl + w3xx1*xy3*z2 - wl*xx3*xy3*z2
+ w3kx2*y1*z3 - w2xx3*yl*z3 - w3 x1*xy2*z3 + wlxx3*y2*z3
D = (p.gcd(q)) .gecd(r)
if D != 0:
p =p/D
q =q/D
r = r/D
return vector([p,q,r])
else:

return vector([1,0,0])

g s s s s s s
# function nextStage

# Input: current set of points P(k) [reduced coefficient form]
# Output: set of points at the next stage P(k+1)

#

# This function performs one stage of the iterative process.
S A A i

H H H HH

def nextStage(P):
copyP = copy(P)
for i in range(len(P)-3):

w = P[i]
for j in range(i+1,len(P)-2):
x = P[j]
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for k in range(j+1,len(P)-1):

y = P[k]
for 1 in range(k+1,len(P)):
z = P[1]
p = crunch(w[0],w[1],w[2],x[0],x[1],x[2],

y[0l,y[1],y[2],z[0],z[1],z[2])

q = crunch(w[0],w[1],w[2],y[0],y[1],y[2],
x[0],x[1],x[2],z[0],z[1],z[2])
r = crunch(w[0],w([1],w[2],z[0],=z[1],z[2],

x[0],x[1],x[2],y[0],y[1],y[2])

newPoints = [p,q,r]
for v in newPoints:

adjust (v)

inSpot = bisect(copyP,v)

if not v == copyP[inSpot-1]:

copyP.insert (inSpot,v)
return copyP

G S s s s S

#
#
#
#
#
#
#

function basisCheck #
Input: potential basis in question bPoints, initial 4 points #
abcd #
Output: 1 if basis is determined within 2 iterations, O otherwise #

#
This function is a boolean test to see if a set of points forms a #
basis for IRP. #

HHHFHHHH R R R R R

def basisCheck(bPoints,abcd):

Q0 T o H

count = O
while count < 3:
count += 1
bPoints = nextStage(bPoints)
if isSubset(abcd,bPoints):
return 1
return 0O

Initial four points a,b,c,d
= vector([1,-1,1])
= vector([1,0,0])
vector([0,1,0])
vector([0,0,1])

We use the order d,c,a,b so that P1 is sorted.
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P1 = [d,c,a,b]

P2 = nextStage(P1)
len(P2)

P3 = nextStage(P2)
len(P3)

P4 = nextStage(P3)
len(P4)

P5 = nextStage(P4)
len(P5)
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APPENDIX C

REDUCED COEFFICIENT VECTOR PROOF

# Establishes the variables

R.<al,a2,a3,b1,b2,b3,cl1,c2,c3,d1,d2,d3,
x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11,x12>=ZZ[]

s s s s s s s s s s T
Function cross_simple

Input: 3-dimensional vectors v and w

OQutput: Cross product of v with w, reduced by common factor

This function is used to find the homogeneous coordinates of the
line joining two points or the intersection point of two lines.
s s s s s s s

# #
# #
# #
# #
# #
# #

def cross_simple(v,w):

z = v.cross_product (w)
R(z[0])
R(z[1])
= R(z[2])
(f.gcd(g)) .gcd(h)
if D I= 0:

O B0k H
I | R |

D
D

f/
g /
h /=D
return vector([f,g,h])
return vector([0,0,0])

= vector([al*x1*x4*x8%x12 - al*x1*x4*x9*x11 + a2*x1*x5*x7+*x12
a2*xx1*x6*xx7*x11 + a3*x1*x5*x9*x10 - a3d3*x1*xx6*x8*x10
(mal-a2)*x2*x4*x7*x12 - (-al-a2)*x3*x4xx7+x11 + (al-a3)*x2*x4*x9*x10
(al-a3) *x3*x4*x8*x10 + (a2+a3) *x2*x6*x7*x10 - (a2+a3)*x3*x5*x7*x10,
—al*x2*xx5*x7*x12 + al*xx2*xb*x9*x10 - a2*%x2*x4*xx8*x12 + a2*x2*xx6*x8*x10
- a3*x2*x4*x9*x11 + al3*x2*xx6xx7*x11 - (-al-a2)*x1*x5*x8*x12

+ (-al-a2)*x3*x5*x8*x10 - (al-a3)*x1*x5*x9*x11 + (al-a3)*x3*x5*x7*x11

B

+
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- (a2+a3) *x1*x6*x8*x11 + (a2+a3)*x3*x4*xx8*xx11, al*xx3*xx6*x7T*x11

- al*x3*x6*x8*x10 + a2*x3*x4*x9*x11 - a2*x3*xb5*x9*x10

+ a3*x3*kx4*x8*x12 - a3*x3*x5*x7*x12 + (-al-a2)*x1*x6%x9*x11

- (-al-a2)*x2*x6*x9*x10 + (al-a3)*x1*x6*x8*x12 - (al-a3)*x2*x6*x7*x12
+ (a2+a3) *x1*x5*x9*x12 - (a2+a3) *x2*x4*x9*x12])

x = vector ([bl*x1*x4*x8%x12 - blxx1*x4*x9*x11 + b2*x1*x5*x7*x12

- b2*x1*x6*xx7*x11 + b3*x1*x5*x9*x10 - b3*x1*x6*x8*x10

+ (-b1-b2) *x2*x4*x7*x12 - (-b1-b2)*x3*x4*x7*x11 + (bl-b3)*x2*x4*x9*x10
- (b1-b3) *x3*xx4*x8*x10 + (b2+b3)*x2*x6*x7*x10 - (b2+b3) *x3*x5*x7*x10,

—b1*x2*x5*xx7*x12 + b1*x2*x5*x9*x10 — Db2*x2*x4*x8%x12 + b2*x2*x6%x8*x10
- b3*x2*x4*x9*x11 + b3*x2*xx6*x7*x11 - (-b1-b2)*x1*x5*x8*x12

+ (-b1-b2) *x3*x5*x8*x10 - (b1-b3)*x1*x5*xx9*x11 + (b1-b3)*x3*x5*x7*x11

- (b2+b3) *x1*x6*x8*x11 + (b2+b3) *x3*x4*x8*x11, bl*x3*x6*x7*x11

- b1l*x3*x6*x8*x10 + b2*x3*x4*x9*x11 - b2*x3*x5*x9*x10

+ b3*x3*kx4*x8*x12 - b3*x3*x5*x7*x12 + (-bl-b2)*x1*xx6%x9*x11

- (-b1-b2) *x2*x6*x9*x10 + (b1-b3)*x1*x6*x8*x12 — (b1-b3)*x2*xx6*x7*x12

+ (b2+b3) *x1*x5*x9*x12 - (b2+b3) *x2*x4*x9*x12])

y = vector([cl*x1*x4*x8%x12 - cl*kxl*x4*x9*x11l + c2*x1*x5*x7*x12

- C2*%x1*x6*x7*x11 + c3*x1*x5*x9%x10 — c3*x1*x6*x8*x10

+ (—cl-c2) *x2*xx4*x7*x12 - (-c1-c2)*x3*x4d*x7*x11 + (cl1-c3)*x2*x4*x9*x10
- (c1-c3) *x3*x4*x8*x10 + (c2+c3)*x2*x6*x7*x10 - (c2+c3)*x3*x5*%x7*x10,

—Cc1*xx2*%xx5*x7*x12 + cl*x2*x5*x9*x10 - c2*x2*x4*x8*x12 + c22*x2*xx6*x8*x10
Cc3*x2*x4*x9xx11 + c3*x2*xx6*x7*x11 - (-c1-c2)*x1*x5*x8*x12

+ (-c1-c2)*x3*x5*x8*x10 - (c1-c3)*x1*x5*%x9*x11 + (cl-c3)*x3*x5*x7*x11

- (c2+c3) *x1*x6*x8*x11 + (c2+c3)*x3*x4*xx8*xx11, cl*x3*xx6*x7T*x11

- c1*x3*x6*x8*%x10 + c2*x3*x4*x9%x11 - c2*xx3*x5*x9*x10

+ c3*kx3*kx4*x8*x12 — c3*¥x3*¥x5*x7*x12 + (-cl-c2)*x1*x6%x9*x11

- (-c1-c2) *x2*x6*x9*x10 + (c1-c3)*x1*x6*x8*x12 — (c1-c3)*x2*x6%x7*x12

+ (c2+c3) *x1*x5*xx9*x12 - (c2+c3) *x2*x4*x9*x12])

z = vector([dl*x1*x4*x8*x12 — dl*x1*x4*x9*x11 + d2*x1*x5*x7*x12

- d2*%x1*x6*xx7*x11 + d3*x1*x5*x9*x10 - d3*x1*x6*x8*x10

+ (-d1-d2) *x2*x4*x7*x12 - (-d1-d2)*x3*x4*x7*x11 + (d1-d3)*x2*x4*x9%*x10
- (d1-d3) *x3*x4*x8*x10 + (d2+d3)*x2*x6*x7*x10 - (d2+d3) *x3*x5*x7*x10,
—d1*x2*x5*xx7*x12 + d1*x2*x5*x9*%x10 - d2*x2*x4*x8%x12 + d2*x2*x6%x8*x10
d3*x2*xx4*x9*x11 + d3*x2*x6*x7*x11 - (-d1-d2)*x1*x5*xx8*x12

(-d1-d2) *x3*x5*x8*x10 - (d1-d3)*x1*x5*x9*x11 + (d1-d3)*x3*x5*x7*x11
(d2+d3) *x1*x6*x8*x11 + (d2+d3)*x3*x4*x8*x11, d1*x3*x6*x7*x11
d1*x3*x6%x8*x10 + d2*x3*x4*x9*x11 - d2*x3*x5*x9*x10

d3*x3*x4*x8%x12 — d3*x3*x5*x7*x12 + (-d1-d2)*x1*x6*x9*x11

(-d1-d2) *x2*x6*x9*x10 + (d1-d3)*x1*x6*x8*x12 - (d1-d3) *x2*x6*x7*x12
(d2+d3) *x1*x5*x9*x12 - (d2+d3)*x2*xx4*x9%x12])

+

+

+
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wx = cross_simple(w,x)
yz = cross_simple(y,z)
p = cross_simple(wx,yz)

P

(a3%b2*c2*xd1*x3*xb*x7*x10 — a2%b3*xc2*xd1*x3*xb*xx7*x10 +
a3xb2xc3xd1*x3*x5*x7*x10 — a2*b3*c3*d1*x3*x5*xx7*x10

a3*b2*c1xd2*x3*x5*xx7*x10
a2*xb1*xc3*xd2*x3*xx5*xx7*x10
al*b2*c3*xd2*xx3*x5*x7*x10
a3*b2*c1*xd3*x3*x5*xx7*x10
a2*xbl*xc2xd3*x3*x5*xx7*x10
al*xb2*c2xd3*x3*x5*xx7*x10
a3*b2*c2xd1*x2*xx6*x7*x10
a3*b2*c3*xd1*x2*xx6*x7*x10
a3*b2*c1*xd2*x2*xx6*x7*x10
a2*xb1*xc3*xd2*x2*xx6*x7*x10
al*b2*c3*xd2*xx2*x6*x7*x10
a3*b2*c1*xd3*xx2*x6*x7*x10
a2*xb1*c2xd3*x2*x6*x7*x10
al*xb2*c2xd3*x2*x6*x7*x10
a3*bl*xc2xd1*x3*x4*xx8*x10
a2*xbl*xc3*xd1*x3*x4*x8*x10
a3*b2*c3*xd1*x3*x4*x8*x10
a3*bl*xcl1xd2*x3*x4*xx8*x10
a3*b1*xc3*xd2*x3*x4*xx8*x10
a2¥bl*xc1*xd3*x3*x4*x8*%x10
a3*b2*c1*xd3*x3*x4*x8*%x10
a3*bl*c2xd3*x3*x4*xx8*x10
a3*b2*c3*xd1*x1*x6*x8*x10
a3*bl*xc3*xd2*x1*x6*x8*x10
a3*b2*c1*xd3*x1*x6*x8*x10
a3*bl*xc2*xd3*x1*x6*x8*x10
a3*bl*xc2*xd1*x2*xx4*xx9%x10
a2*xbl1*xc3*xd1*x2*xx4*xx9%x10
a3*b2*c3xd1*x2*x4*x9*x10
a3*bl*cl1*xd2*xx2*x4*x9%*x10
a3*bl*xc3*xd2*x2*x4*xx9%x10
a2*xbl*xclxd3*x2*xx4*xx9%x10
a3*b2*c1xd3*x2*xx4*xx9%x10
a3*bl*xc2xd3*x2*xx4*xx9%x10
a3*b2*c3*xd1*x1*x5*xx9*x10
a3*b1*c3*xd2*x1*x5*x9%*x10
a3*b2*c1*xd3*x1*x5*x9*x10
a3*bl*xc2xd3*x1*x5*xx9*x10
a3*bl*xc2xd1*x3*x4*xx7*x11

a2*xb3*c1*xd2*x3*x5*xx7*x10
a3xbl1xc3*d2*x3*x5*x7*x10
al*b3*c3*xd2*xx3*x5*x7*x10
a2*xb3*c1*xd3*x3*x5*x7*x10
a3*bl*xc2xd3*x3*x5*xx7*x10
al*xb3*c2xd3*x3*x5*xx7*x10
a2*xb3*c2xd1*x2*xx6*x7*x10
a2*xb3*c3*xd1*x2*xx6*x7*x10
a2*xb3*c1*xd2*x2*xx6*x7*x10
a3*b1*c3*xd2*x2*xx6*x7*x10
al*b3*c3*xd2*xx2*x6*x7*x10
a2*b3*c1*xd3*x2*x6*x7*x10
a3*bl*xc2*xd3*x2*x6*x7*x10
al*xb3*c2xd3*x2*x6*x7*x10
al*xb3*c2xd1*x3*x4*xx8*x10
al*xb2*c3*xd1*x3*x4*xx8*x10
a2*xb3*c3*xd1*x3*x4*x8*x10
al*xb3*c1*xd2*x3*x4*x8*x10
al*xb3*c3*xd2*x3*x4*x8*x10
al*b2*c1*xd3*x3*x4*x8*x10
a2*b3*c1*xd3*x3*x4*x8*%x10
al*xb3*c2*xd3*x3*x4*xx8*x10
a2*xb3*c3*xd1*x1*x6*x8*x10
al*xb3*c3*xd2*x1*x6*x8*x10
a2*xb3*c1*xd3*x1*x6*x8*x10
al*xb3*c2*xd3*x1*x6*x8*x10
al*xb3*c2*xd1*x2*xx4*xx9%x10
al*xb2*c3*xd1*x2*xx4*xx9%x10
a2*b3*c3xd1*xx2*x4*x9*%x10
al*b3*c1*xd2*xx2*x4*x9%*x10
al*xb3*c3*xd2*x2*x4*xx9%x10
al*xb2*cl1xd3*x2*x4*xx9%x10
a2*xb3*c1*xd3*x2*xx4*x9%x10
al*xb3*c2xd3*x2*xx4*xx9%x10
a2*xb3*c3*xd1*x1*x5*xx9*x10
al*xb3*c3*xd2*x1*x5*xx9*x10
a2*b3*c1*xd3*x1*x5*x9*x10
al*xb3*c2*xd3*x1*x5*xx9*x10
a3*xb2*c2xd1*x3*x4*xx7*x11
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al*b3*c2xd1*xx3*x4*x7*x11
a2*bl*c3xd1*x3*x4*x7*x11
a3*bl*xclxd2*x3*x4*xx7*x11
al*xb3*clxd2*x3*x4*xx7*x11
a2*xbl*c3*xd2*x3*x4*xx7*x11
a2*xbl*xclxd3*x3*x4*xx7*x11
a2*xbl*xc2xd3*x3*x4*xx7*x11
a3*b2*c2xd1*x1*x6*xx7*x11
a3*b2*cl1*xd2*x1*x6*xx7*x11
a2¥bl*c3*d2*xx1*x6*x7*x11
a2*xbl*xc2xd3*x1*x6*xx7*x11
a3*bl*xc2xd1l*x1*x4*xx9%*x11
a2*xbl*xc3xd1*x1*x4*xx9*x11
a3*bl*xclxd2*x1*x4*xx9*x11
a2*xbl*xcl*xd3*x1*x4*xx9*x11
a3*bl*xc2xd1*x2*xx4*x7*x12
al*b3*c2xd1*x2*xx4*x7*x12
a2¥bl*xc3xd1*x2*x4*x7*x12
a3*bl*c1xd2*xx2*x4*x7*x12
al*xb3*clxd2*x2*x4*xX7*x12
a2*xbl*c3xd2*x2*x4*xX7*x12
a2*bl*xclxd3*x2*x4*x7*x12
a2*xbl*xc2xd3*x2*xx4*x7*x12
a3*b2*c2xd1*x1*x5*x7*x12
a3*b2*c1xd2*x1*x5*x7*x12
a2*xb1*xc3*xd2*x1*x5*x7*x12
a2¥bl*xc2xd3*x1*x5*x7*x12
a3*bl*xc2xd1*x1*x4*x8*x12
a2*xbl*xc3*xd1*x1*x4*xx8*x12
a3*bl*xclxd2*x1*x4*xx8*x12
a2*xbl*xclxd3*x1*x4*xx8*x12
a3*bl*xc2xd1*x3*x5*xx8*x10
al*b3*c2*xd1*x3*x5*xx8*x10
a2*xb1*xc3*xd1*x3*x5*xx8*x10
a3*bl*xc1*xd2*x3*x5*xx8*x10
al*b3*c1*xd2*xx3*x5*x8*x10
a2*b1*c3*xd2*x3*x5*x8*x10
a2*xbl*c1*xd3*x3*x5*xx8*x10
a2*xbl*c2xd3*x3*x5*xx8*x10
a3*b2*c2xd1*x2*xx6*x8*x10
a3*b2*c1xd2*x2*xx6*x8*x10
a2*xb1*c3*xd2*x2*xx6*x8*x10
a2*xb1*xc2*xd3*x2*xx6*x8*x10
a3*bl*xc2xd1*x2*x5*x9*x10
a2*xbl*c3*xd1*x2*x5*xx9%*x10
a3*bl*xc1xd2*x2*x5*xx9%x10

a2¥b3*c2xd1*xx3*x4*x7*x11
al*b2*c3xd1*x3*x4*x7*x11
a3*b2*clxd2*x3*x4*xx7*x11
a2*xb3*clxd2*x3*x4*xx7*x11
al*xb2*c3*xd2*x3*x4*xx7*x11
al*xb2*cl*xd3*x3*x4*xx7*x11
al*xb2*c2xd3*x3*x4*xx7*x11
a2*xb3*c2xd1*x1*x6*xx7*x11
a2*xb3*cl1*xd2*x1*x6*xx7*x11
al*b2*c3*xd2*xx1*x6*x7*x11
al*xb2*c2*xd3*x1*x6*xx7*x11
al*xb3*c2xd1*x1*x4*xx9*x11
al*xb2*c3xd1*x1*x4*xx9*x11
al*xb3*clxd2*x1*x4*xx9*x11
al*xb2*cl*xd3*x1*x4*xx9*x11
a3*b2*c2xd1*x2*xx4*x7*x12
a2*xb3*c2xd1*x2*xx4*x7*x12
al*b2*xc3*xd1*x2*x4*x7*x12
a3*b2*xc1*xd2*xx2*x4*x7*x12
a2*xb3*c1xd2*x2*x4*xX7*x12
al*xb2*c3*xd2*x2*x4*xX7*x12
al*xb2*cl1xd3*x2*x4*x7*x12
al*xb2*c2xd3*x2*xx4*x7*x12
a2*xb3*c2xd1*x1*x5*x7*x12
a2*xb3*c1*xd2*x1*x5*x7*x12
al*xb2*c3*xd2*x1*x5*xx7*x12
al*b2*xc2xd3*x1*x5*x7*x12
al*b3*c2xd1*x1*x4*x8*%x12
al*xb2*c3*xd1*x1*x4*xx8*x12
al*xb3*clxd2*x1*x4*xx8*x12
al*xb2*cl1*xd3*x1*x4*x8*x12
a3*b2*c2xd1*x3*x5*xx8*x10
a2*xb3*c2*xd1*x3*x5*xx8*x10
al*xb2*c3*xd1*x3*x5*xx8*x10
a3*b2*c1*xd2*x3*x5*x8*x10
a2*b3*c1*xd2*xx3*x5*x8*x10
al*xb2*c3*xd2*x3*x5*xx8*x10
al*xb2*c1*xd3*x3*x5*xx8*x10
al*xb2*c2xd3*x3*x5*xx8*x10
a2*xb3*c2xd1*x2*xx6*x8*x10
a2*xb3*c1*xd2*x2*xx6*x8*x10
al*xb2*c3*xd2*x2*xx6*x8*x10
al*xb2*c2*xd3*x2*xx6*x8*x10
al*b3*c2*xd1*xx2*x5*x9*x10
alxb2*c3*xd1*x2*x5*xx9%*x10
al*xb3*cl1*xd2*x2*x5*xx9%*x10

66

I+ o+

+ +

Lo+ o+ o+ o+

+ +

Lo+ o+ o+ o+

+ +



a2*bl*xc1*xd3*x2*x5*x9*x10
a3*bl*xc2xd1*x3*x5*x7*x11
a2*xbl*xc3xd1*x3*x5*xx7*x11
a3*b2*c3xd1*x3*x5*xx7*x11
a3*bl*xclxd2*x3*x5*xx7*x11
a3*bl*xc3*xd2*x3*x5*xx7*x11
a2*xbl*xcl*xd3*x3*x5*xx7*x11
a3*b2*c1*xd3*x3*x5*xx7*x11
a3*b1*c2*xd3*x3*x5*xx7*x11
a3*b2*c3xd1*x2*%x6%x7*x11
a3*bl*c3*xd2*x2%x6*x7*x11
a3*b2*cl1xd3*x2*x6*xx7*x11
a3*bl*xc2xd3*x2*x6*xx7*x11
a3*b2*c2xd1*x3*x4*xx8*x11
a3*b2*c3*xd1*x3*x4*xx8*x11
a3*b2*cl1*xd2*x3*x4*xx8*x11
a2*xb1*c3*xd2*x3*x4*xx8*x11
al*b2*c3*d2*xx3*x4*x8*x11
a3*b2*c1xd3*xx3*x4*x8*x11
a2*xbl*xc2xd3*x3*x4*xx8*x11
al*xb2*c2xd3*x3*x4*xx8*x11
a3*b2*c2xd1*x1*x6*xx8*x11
a3*b2*c3xd1*x1*x6*xx8*x11
a3*b2*cl1*xd2*x1*x6*xx8*x11
a2*xbl*c3*xd2*x1*x6*xx8*x11
al*xb2*c3*xd2*x1*x6*xx8*x11
a3*b2*c1*d3*xx1*x6*x8*x11
a2*xbl*xc2xd3*x1*x6*xx8*x11
al*xb2*c2xd3*x1*x6*xx8*x11
a3*b2*c3xd1*x2%x4*xx9%*x11
a3*bl*xc3*xd2*x2*x4*xx9*x11
a3*b2*cl1xd3*x2*x4*xx9*x11
a3*bl*c2xd3*x2*x4*xx9*x11
a3*bl*xc2xd1*x1*x5*xx9*x11
a2*xbl1*c3xd1*x1*x5*xx9*x11
a3*b2*c3xd1*xx1*x5*x9*x11
a3*bl*xclxd2*x1*x5*xx9*x11
a3*bl*c3*xd2*x1*x5*xx9*x11
a2*xbl*xclxd3*x1*x5*xx9*x11
a3*b2*cl1xd3*x1*x5*xx9*x11
a3*bl*xc2xd3*x1*x5*xx9*x11
a3*bl*xc2xd1*x2*xx5*x7*x12
a2*xb1*xc3*xd1*x2*xx5*xx7*x12
a3*bl*xc1xd2*xx2*x5*x7*x12
a2¥bl*xc1xd3*x2*x5*x7*x12
a3*b2*c2xd1*x2*x4*xx8*x12
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al*b2*c1*xd3*x2*x5*x9*x10
al*b3*c2xd1*x3*x5*x7*x11
al*xb2*c3xd1*x3*x5*xx7*x11
a2*xb3*c3xd1*x3*x5*xx7*x11
al*xb3*clxd2*x3*x5*xx7*x11
al*xb3*c3*xd2*x3*x5*xx7*x11
al*xb2*cl1*xd3*x3*x5*xx7*x11
a2*xb3*c1*xd3*x3*x5*xx7*x11
al*xb3*c2*xd3*x3*x5*xx7*x11
a2¥b3*c3xd1*x2*%x6%x7*x11
al*xb3*c3*xd2*x2%x6*x7*x11
a2*xb3*clxd3*x2*x6*xx7*x11
al*xb3*c2xd3*x2*x6*xx7*x11
a2*xb3*c2xd1*x3*x4*xx8*x11
a2*xb3*c3*xd1*x3*x4*xx8*x11
a2*xb3*cl1*xd2*x3*x4*xx8*x11
a3*b1*c3*xd2*x3*x4*xx8*x11
al*b3*c3*xd2*xx3*x4*x8*x11
a2*b3*c1*xd3*xx3*x4*x8*x11
a3*bl*c2xd3*x3*x4*xx8*x11
al*xb3*c2*xd3*x3*x4*xx8*x11
a2*xb3*c2xd1*x1*x6*xx8*x11
a2*xb3*c3*xd1*x1*x6*xx8*x11
a2*xb3*cl*xd2*x1*x6*xx8*x11
a3*bl*c3*xd2*x1*x6*xx8*x11
al*xb3*c3*xd2*x1*x6*xx8*x11
a2¥b3*c1*xd3*xx1*x6*x8*x11
a3*bl*xc2xd3*x1*x6*xx8*x11
al*xb3*c2xd3*x1*x6*xx8*x11
a2*xb3*c3xd1*x2%x4*xx9%*x11
al*xb3*c3*xd2*x2%x4*xx9*x11
a2*xb3*cl1*xd3*x2*x4*xx9*x11
al*xb3*c2*xd3*x2*x4*xx9*x11
al*xb3*c2xd1*x1*x5*xx9*x11
al*xb2*c3xd1*x1*x5*xx9*x11
a2¥b3*c3xd1*xx1*x5*x9*x11
al*xb3*cl*xd2*x1*x5*xx9*x11
al*xb3*c3*xd2*x1*x5*xx9*x11
al*xb2*cl*xd3*x1*x5*xx9*x11
a2*xb3*cl1xd3*x1*x5*xx9*x11
al*xb3*c2*xd3*x1*x5*xx9*x11
al*xb3*c2xd1*x2*xx5*xx7*x12
al*xb2*c3*xd1*x2*xx5*xx7*x12
al*b3*c1*xd2*xx2*x5*x7*x12
al*b2*c1*xd3*x2*x5*x7*x12
a2*xb3*c2xd1*x2*x4*x8*x12
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a3*b2*c1xd2*xx2*x4*x8*x12
a2*b1*c3*xd2*xx2*x4*x8*x12
a2*xbl*xc2xd3*x2*x4*x8*x12
a3*bl*xc2xd1*x1*x5*xx8*x12
al*xb3*c2xd1*x1*x5*xx8*x12
a2*xbl*xc3*xd1*x1*x5*x8*x12
a3*bl*xcl*xd2*x1*x5*x8*x12
al*b3*cl1*xd2*x1*x5*x8*x12
a2*xb1*xc3*xd2*x1*x5*x8*x12
a2¥bl*clxd3*x1*x5*x8*x12
a2*xbl*xc2*xd3*x1*x5*x8*x12
a3*bl*xc2xd1*x3*x6*x8*x10
a2*xbl*c3*xd1*x3*x6*x8*x10
a3*bl*xcl1*xd2*x3*x6*x8*x10
a2*xbl*c1*xd3*x3*x6*x8*x10
a3*b2*c2*xd1*x3*x5*xx9*x10
a3*b2*c1*xd2*x3*x5*xx9*x10
a2¥b1*c3*xd2*xx3*x5*x9*x10
a2*bl*xc2*xd3*x3*x5*xx9%*x10
a3*bl*xc2xd1*x2*x6*x9%x10
al*xb3*c2xd1*x2*x6*x9%x10
a2*xbl*c3*xd1*x2*xx6*x9%x10
a3*bl*xcl1xd2*x2*xx6*x9%x10
al*b3*c1*xd2*x2*xx6*x9%*x10
a2*xb1*c3*xd2*x2*xx6*x9%x10
a2*xbl*xc1*xd3*x2*xx6*x9%*x10
a2¥b1l*c2*xd3*x2*x6*x9*x10
a3*bl*xc2xd1*x3*x6*x7*x11
a2*xbl*c3*xd1*x3*x6*xx7*x11
a3*bl*xcl*xd2*x3*x6*xx7*x11
a2*xbl*clxd3*x3*x6*xx7*x11
a3*b2*c2xd1*x3*x4*xx9*x11
a3*b2*c1*xd2*x3*x4*xx9*x11
a2*xb1*c3*xd2*x3*x4*xx9*x11
a2*xbl*c2*xd3*x3*x4*xx9*x11
a3*bl*c2xd1*x1*x6%*x9*x11
al*xb3*c2xd1*x1*x6*%xx9%*x11
a2*xbl*c3*xd1*x1*x6*%xx9*x11
a3*bl*xcl*xd2*x1*x6*xx9*x11
al*b3*cl*xd2*x1*x6*xx9*x11
a2*xbl*xc3*xd2*x1*x6*xx9*x11
a2*xbl*xcl*xd3*x1*x6*xx9*x11
a2*xbl*xc2*xd3*x1*x6*xx9*x11
a3*b2*c3xd1*x3*x5*x7*x12
a3*b1*c3*xd2*xx3*x5*x7*x12
a3*b2*c1xd3*x3*x5*x7*x12
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a2¥b3*c1*xd2*xx2*x4*x8*x12
al*b2*c3*xd2*xx2*x4*x8*x12
al*xb2*c2xd3*x2*x4*x8*x12
a3*b2*c2xd1*x1*x5*x8*x12
a2*xb3*c2xd1*x1*x5*xx8*x12
al*xb2*c3*xd1*x1*x5*xx8*x12
a3*b2*cl1xd2*x1*x5*xx8*x12
a2*xb3*c1xd2*x1*x5*x8*x12
al*xb2*c3*xd2*x1*x5*x8*x12
al*b2*c1*xd3*x1*x5*x8*x12
alxb2*c2xd3*x1*x5*x8*x12
al*xb3*c2*xd1*x3*x6*x8*x10
al*xb2*c3*xd1*x3*x6*x8*x10
al*b3*cl1*xd2*x3*x6*x8*x10
al*xb2*c1*xd3*x3*x6*x8*x10
a2*xb3*c2*xd1*x3*x5*xx9*x10
a2*xb3*c1*xd2*x3*x5*xx9*x10
al*b2*c3*xd2*xx3*x5*x9*x10
al*xb2*c2*xd3*x3*x5*x9*x10
a3*b2*c2xd1*x2*x6*x9%x10
a2*xb3*c2xd1*x2*x6*x9%x10
al*xb2*c3*xd1*x2*xx6*x9%x10
a3*b2*c1*xd2*x2*xx6*x9%*x10
a2*xb3*c1*xd2*x2*xx6*x9*x10
al*xb2*c3*xd2*x2*xx6*x9%x10
al*xb2*c1*xd3*x2*xx6*x9%*x10
al*b2*xc2*xd3*x2*x6*x9*x10
al*b3*c2xd1*x3*x6%*x7*x11
al*xb2*c3*xd1*x3*x6*xx7*x11
al*xb3*cl*xd2*x3*x6*xx7*x11
al*xb2*cl1*xd3*x3*x6*xx7*x11
a2*xb3*c2xd1*x3*x4*xx9*x11
a2*xb3*cl1*xd2*x3*x4*xx9*x11
al*xb2*c3*xd2*x3*x4*xx9*x11
al*xb2*c2*xd3*x3*x4*xx9*x11
a3*b2*c2xd1*xx1*x6%x9*x11
a2*xb3*c2xd1*x1*x6*xx9*x11
al*xb2*c3*xd1*x1*x6*xx9%*x11
a3*b2*clxd2*x1*x6*xx9*x11
a2*xb3*cl1xd2*x1*x6*xx9*x11
al*xb2*c3*xd2*x1*x6*xx9*x11
al*xb2*cl1*xd3*x1*x6*xx9*x11
al*xb2*c2*xd3*x1*x6*xx9*x11
a2*b3*c3xd1*xx3*x5*x7*x12
al*b3*c3*xd2*xx3*x5*x7*x12
a2*xb3*c1*xd3*x3*x5*x7*x12
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a3*bl*c2xd3*xx3*x5*x7*x12
a3*bl*xc2xd1*x2*x6%x7*x12
a2*xbl*c3xd1*x2*x6*xX7*x12
a3*b2*c3xd1*x2*x6*xX7*x12
a3*bl*xclxd2*x2*x6*xX7*x12
a3*b1*xc3*xd2*x2*xx6*x7*x12
a2*xbl*xcl1*xd3*x2*xx6*x7*x12
a3*b2*c1*xd3*x2*xx6*x7*x12
a3*bl1*xc2*xd3*x2*xx6*x7*x12
a3*b2*c3xd1*xx3*x4*x8*x12
a3*b1*c3*xd2*xx3*x4*x8*x12
a3*b2*c1xd3*x3*x4*xx8*x12
a3*bl*c2xd3*x3*x4*x8*x12
a3*bl*xc2xd1*x1*x6*x8*x12
a2*xbl*xc3*xd1*x1*x6*x8*x12
a3*b2*c3*xd1*x1*x6*x8*x12
a3*bl*xcl*xd2*x1*x6*x8*x12
a3*b1l*c3*xd2*xx1*x6*x8*x12
a2*xbl*cl*xd3*x1*x6*x8*x12
a3*b2*c1*xd3*x1*x6*x8*x12
a3*bl*c2xd3*x1*x6*x8*x12
a3*b2*c2xd1*x2*x4*x9%x12
a3*b2*c3xd1*x2*x4*x9*x12
a3*b2*c1xd2*x2*xx4*x9%x12
a2*xb1*c3*xd2*x2*xx4*x9%x12
al*xb2*c3*xd2*x2*xx4*x9%x12
a3*b2*c1xd3*xx2*x4*x9*x12
a2*bl*c2*xd3*x2*x4*x9*x12
al*xb2*c2xd3*x2*x4*xx9%x12
a3*b2*c2xd1*x1*x5*xx9%*x12
a3*b2*c3xd1*x1*x5*x9%*x12
a3*b2*c1xd2*x1*x5*x9*x12
a2*xb1*xc3*xd2*x1*x5*xx9*x12
al*xb2*c3*xd2*x1*x5*xx9*x12
a3*b2*c1*xd3*x1*x5*x9*x12
a2¥bl*c2xd3*x1*x5*x9*x12
al*xb2*c2xd3*x1*x5*x9%*x12

L+ o+ +

al*b3*c2xd3*x3*x5*x7*x12
al*b3*c2xd1*x2*x6*x7*x12
al*xb2*c3*xd1*x2*x6*xX7*x12
a2*%b3*c3xd1*x2*x6*xX7*x12
al*xb3*cl1*xd2*x2*x6*xX7*x12
al*xb3*c3*xd2*x2*xx6*x7*x12
al*xb2*c1*xd3*x2*xx6*x7*x12
a2*b3*c1*xd3*x2*xx6*x7*x12
al*xb3*c2*xd3*x2*xx6*x7*x12
a2*b3*c3*xd1*x3*x4*x8*x12
al*b3*c3*xd2*xx3*x4*x8*x12
a2*xb3*c1*xd3*x3*x4*x8*x12
al*xb3*c2xd3*x3*x4*x8*x12
al*xb3*c2xd1*x1*x6*x8*x12
al*xb2*c3*xd1*x1*x6*x8*x12
a2*xb3*c3*xd1*x1*x6*x8*x12
al*b3*cl1*xd2*x1*x6*x8*x12
al*b3*c3*xd2*xx1*x6*x8*x12
al*xb2*cl*xd3*x1*x6*x8*x12
a2*xb3*cl1*xd3*x1*x6*x8*x12
al*xb3*c2xd3*x1*x6*x8*x12
a2*xb3*c2xd1*x2*x4*x9%x12
a2*xb3*c3xd1*x2*xx4*x9*x12
a2*xb3*c1xd2*x2*xx4*xx9%*x12
a3*b1*c3*xd2*x2*xx4*xx9%*x12
al*xb3*c3*xd2*x2*xx4*x9%*x12
a2*b3*c1xd3*xx2*x4*x9*x12
a3*b1l*c2*xd3*x2%x4*x9*x12
al*xb3*c2xd3*x2*x4*x9%x12
a2*xb3*c2xd1*x1*x5*xx9%*x12
a2*xb3*c3xd1*x1*x5*xx9%*x12
a2*xb3*c1xd2*x1*x5*xx9*x12
a3*bl*xc3*xd2*x1*x5*x9*x12
al*xb3*c3*xd2*x1*x5*x9*x12
a2*xb3*c1*xd3*x1*x5*x9*x12
a3*bl*xc2*xd3*x1*x5*x9*x12
alxb3*c2*d3*x1*x5*x9*x12)
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APPENDIX D

FREE PROJECTIVE PLANE CODE

package pointslines;

import java.sql.Array;

import java.util.x;

import org.omg.PortableInterceptor.HOLDING;

public class Main {

[/ 3k koo sk ok okok ok sk sksk sk sk ok sk ok ok ok sk sk sksk sk sk sk sk kokok ok sksksk sk sk sk sk sk okok ok sk sksksk sk sk ok sk ok ok ok sk sk sk sk sk sk ok ok ok
* function intersect

* Input: two sets S1 and S2

* Qutput: set containing elements common to both S1 and S2
*

*

* ¥ X ¥ ¥

This function returns the intersection of two sets.
stk ok ok ok sk ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok sk sk ok ok ok sk ok ok sk ok ok ok sk ok ok ok ok ok sk sk ok ok ok ok sk ok ok ok ok sk ok ok ok ok ok ok ok /
public static TreeSet intersect(TreeSet S1, TreeSet S2){
TreeSet copy = (TreeSet) Si1.clone();
copy.retainAl1(S2);
return copy,;

}

/3K 3Kk sk sk ok ok ok sk ok sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk sk sk o ok ok sk sk sk sk sk sk sk ok o ks ok sk sk sk sk sk sk sk ok ok sk ok sk sk sk sk sk sk sk ok ok ok
function getListElement

Input: a list and an index

Output: the element of the list at the index provided

This function returns a requested element from a LinkedHashSet.
If the list does not contain an element at the index, it returns
the empty set.
stk ok sk ok ok ok sk ok ok ok K ok ok K ok ok ok ok ok sk o ok ok sk ok ok K ok ok sk sk ok ok sk ok ok sk o ok ok sk ok ok ok ok ok sk sk ok ok ok ok ok ok ok ok sk ok ok ok ok /
public static TreeSet getListElement(LinkedHashSet<Set> list,
int index){
Iterator iter = list.iterator();
for(int j = 0; j < index; j++H){
if (iter.hasNext ()){
iter.next();

* X X X X X% *
* X X X X X *

}
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elseq{
TreeSet empty_set = new TreeSet();
return empty_set;
}
}
if (iter.hasNext ()){
return((TreeSet)iter.next());
} else {
TreeSet empty_set = new TreeSet();
return empty_set;

3

/********************************************************************

* function getSetIndex *
* Input: a list and an index *
* Qutput: the element of the list at the index provided *
* *
* This function returns a requested element from a TreeSet. If the *
* list does not contain an element at the index, it returns -1.

KKK KK KKK KKK KKK KKK KK KKK KKK KKK KoK K oK K oK K oK o ok o ok o ok o ok o ok o ok ok ok o ok ok ok K ok K ok Kok Kok ok /
public static int getSetIndex(TreeSet list, int index){
Iterator iter = list.iterator();
for(int j = 0; j < index; j++){
if (iter.hasNext ()){
iter.next();

}
else{

return -1;
}

}
if (iter.hasNext ()){
return((Integer)iter.next());
} else {
return -1;
}
}

//Askskskokokokok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk skskkokokok ko ok ok kok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok ok ok ok ok
function addPoint

Input: points set, two indices, and a temporary set
OQutput: void

This function adds the point determined by the two indices to the

points set.
sk sk sk sk ok ok ok ok o o ok ok sk sk sk sk sk sk ok ok o sk ok sk sk sk sk sk sk sk ok ko sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk sk sk sk sk o sk ok sk sk sk sk sk sk sk sk ok /

* X X X * *
* X X X * *
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public static void addPoint(LinkedHashSet<Set> points, int indexl,
int index2, TreeSet<Integer> temp) {
Set copy = (Set) temp.clone();
copy .add (index1) ;
copy .add (index?2) ;
points.add(copy) ;
}

[/ 3kskskskokok ok ok okok sk sk sk sk sk sk ok sk ke ok ok sk sk sk sk sk sk sk o o okok sk sk sk sk sk sk sk sk ok ok ok sk sk sksk sk sk ok sk ok ok ok sk sk sk sk sk sk ok ok ok
function removePoint

Input: points set, two indices, and a temporary set
OQutput: void

This function removes the point determined by the two indices
from the points set
sk Kok o oK ok K oK oK oK oK oK oK oK ok oK oK oK ok o ok oK ok K ok oK ok K ok o oK o oK ok o ok oK ok ook oK ok ok ok ok K ok ok ok Kok ok ok ok /
public static void removePoint(LinkedHashSet<Set> points,
int indexl, int index2, TreeSet<Integer> temp) {

Set copy = (Set) temp.clone();

copy .add (index1) ;

copy .add (index?2) ;

points.remove (copy) ;

* X ¥ X ¥ X
* X ¥ X ¥ X

3

/3K Kook sk sk ok sk ok sk ok ok s ok sk ok ok s ok s ok ok sk ok ok K sk ok ok sk ok s ok sk ok ok 3k ok ok ok sk ok ok sk sk ok 3 ok sk ok ok sk ok ok ok sk ok ok ok ok
function updatelines

Input: lines set, lines indices, point index
Output: void

This function updates the lines set by adding the index of the
new point to both of the lines that pass through it.
stk sk sk sk ok ko ok ok sk ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk ok ok ok /
public static void updateLines(LinkedHashSet<Set> lines,
int indexl, int index2, int ptIndex) {
((TreeSet)getListElement(lines, index1)).add(ptIndex);
((TreeSet)getListElement(lines, index2)).add(ptIndex);

* ¥ X ¥ X %
* ¥ X ¥ X ¥

3

public Main() {
}

public static void main(String[] args) {
//initializations
final int numLoops = 6;
int lineAindex = 0, lineBindex = 0, numLines = O,
numPoints = O;
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LinkedHashSet<Set> points =
LinkedHashSet<Set> lines =
LinkedHashSet<Set> templ
TreeSet<Integer> temp =

// Initialize the first six lines

for(int i = 0; i++) {

for(int j =

1< b;

new LinkedHashSet();

new LinkedHashSet();
new LinkedHashSet();
new TreeSet();

i+1; j<4; j++) {

Set copy = (Set) temp.clone();

copy.add(i);
copy.add(j);
lines.add(copy);
numLines++;

}

// Initialize the first four points

for(int i = 0; i < 4; i++){

Set copy = (Set) temp.clone();
lines.iterator();

Iterator iter =

while(iter.hasNext()) {
Set line =
if(line.contains(i)){

copy.add(lineAindex) ;

+
lineAindex++;

}

points.add(copy);

numPoints++;

lineAindex = O;

}
// Output sizes of points

+ points);

(Set) iter.next();

and lines sets
System.out.println(points.size() + " elements in points:

System.out.println(lines.size() + " elements in lines: "

+ lines);

/************************************************************

Main Loop of the Program:
This loop does all of the work.
the points set.

of lines.
lines.

* O X X X X *
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It compares all pairs of

lines to see if their intersection point is already in

If so, then it moves on to the next pair
If not, then it adds the point and updates the
It concludes by dualizing the plane and printing

* X X X X X *



* out updated sizes of the two sets. *
Kok sk ok ok ok ok ok ok o ok ok ok ok ok ok ok ok ok o ok ok ok sk ok ok ok ok ok ok ok ok ok ok sk ok sk ok ok ok ok ok ok ok ok ok ok ok okok ok ok k ko k /
for(int k = 0; k < numLoops; k++) {
for(int i = 0; i < numLines; i++){
Iterator iter = lines.iterator();
for(int j = 0; j < 1i; j++){
if (iter.hasNext()) {
iter.next();

}
while(iter.hasNext()) {
lineBindex = lineAindex;
TreeSet lineA = (TreeSet) iter.mext();
while(iter.hasNext()){
lineBindex++;
TreeSet 1lineB = (TreeSet) iter.next();
TreeSet intersection = intersect(lineA,lineB);
if (intersection.isEmpty()){
addPoint (points, lineAindex, lineBindex,
temp) ;
numPoints++;
updatelLines(lines, lineAindex, lineBindex,
numPoints - 1);

by

lineAindex++;

3

//swap points and lines
templ = lines;

lines = points;

points = templ;

numPoints = points.size();
numLines = lines.size();

//Print results and reset indices

System.out.println("numPoints = " + numPoints + " and
numlLines = " + numlLines);

System.out.println("points: " + points);

System.out.println("lines: " + lines);

lineAindex = O;

lineBindex = O;
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