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ABSTRACT. We show that the residue field k is a direct summand of the second
syzygy of the canonical module for some almost Gorenstein rings. This implies
that over a Teter ring the only totally reflexive modules are the free ones. We
provide an example of an almost Gorenstein ring which has infinitely many
non-isomorphic totally reflexive modules.

Introduction

Totally reflexive modules are the object of extensive research activity, and yet
it is an open problem to determine conditions that are necessary and sufficient
for the existence of a non-free totally reflexive module, see for example [5]. The
starting point of our investigation was to consider the problem for some artinian
local rings, and in particular for the class of Teter rings, for which we show that
the only totally reflexive modules are the free ones, see Corollary 2.1.

Teter rings are a particular example of almost Gorenstein rings, defined in [10]:

DEFINITION 0.1. An artinian local ring (R, m, k) is almost Gorenstein if the
inclusion 0 :5 (0 :5 I) C I :g m holds for every ideal I C R.

Our investigation led us to the study of the syzygies of the canonical mo-
dule for a certain class of almost Gorenstein rings, for which we prove the following;:

Main Theorem. Let (R,m,k) be a local noetherian ring which is almost
Gorenstein with canonical module wgr. Assume that R is not Gorenstein, and
write R = S/J, where S is an artinian Gorenstein ring. Denote by ¢ the dimension
of the k-vector space (J :g m)/(mJ :g m) and assume ¢ > 0. Then the vector space
k¢ is a direct summand of the second syzygy of the canonical module wg.

Issues concerning direct summands of syzygies have played an important role
in criteria for regularity, see [11], and finite G-dimension, see [15]. In particular
the result of [15] implies that for a local ring, the canonical module cannot appear
as a summand of a syzygy module of the residue field unless the ring is regular.

The Main Theorem gives information on the size of the minimal free resolutions
of the canonical module for a certain class of almost Gorenstein rings. A sequence
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{a;}ien has exponential growth if there exists an integer A > 1 such that a; > A°
for all © > 0. Studies on the exponential growth of the sequence of the Betti
numbers of the canonical module can be found for example in [13], [9]. As an
immediate consequence of the above theorem, we obtain a new family of ring for
which the Betti numbers of the canonical module have exponential growth. This
follows immediately from the fact that the Betti numbers of the residue field have
exponential growth if the ring is not a complete intersection, see for example [4].

The paper is organized in the following way. In Section 1 we prove the Main
Theorem and in Section 2 we give some examples of almost Gorenstein rings. The
connection between the Main Theorem and the existance of totally reflexive modules
is given in Section 3 where we also give, in contrast, an example of an almost
Gorenstein ring that admits a totally reflexive modules. In Section 4 we consider
almost Gorenstein rings that are quotients of a polynomial ring by a monomial
ideal, and we show that k is a direct summand of the first or the second syzygy of
the canonical module.

In the following (R, m, k) will denote a local noetherian ring with maximal ideal
m and residue field k.

1. The canonical module over almost Gorenstein rings

In this section we will prove the Main Theorem. Given two ideals of R, I and
J, we will often use the colon ideal I :p J. When I is generated by a single element
I = (f), to abbreviate the notation I :g J will be denoted by f :g J. Similarly,
when J = (f) we will write I :p f instead of I :gr (f). We will often use that
0:r (0:r I) =1 for every ideal I C R, provided that R is a Gorenstein artinian
ring. For easy reference, we collect two properties of the colon ideal in the following

LEMMA 1.1. Let (R,m,k) a noetherian local ring and I and I two ideals of
R. Then the following hold:
(1) (0 ‘R Il) ‘R IQ = (0 ‘R 11[2) = (0 ‘R IQ) ‘R Il,'
(2) If R is Gorenstein and artinian, then 0 :g (I1 :gp I2) = I2(0 :g Ih).

PRrOOF. (1) is straightforward. For (2), as the ring R is Gorenstein, it is enough
to show that
0 ‘R (0 ‘R (Il ‘R IQ)) =0 ‘R (IQ(O ‘R Il))
But 0 :g (I2(0 :g 1)) = (0 :g (0 :r I1)) :r Iz by (1) and applying twice the
assumption that R is Gorenstein, we obtain (0:g (0:g I1)):r lo =11 :r o =0:p
(0 ‘R (Il ‘R Ig)) O

For any artinian ring R, one may assume, by the Cohen Structure Theorem,
that R is a quotient S/J where S is a Gorenstein artinian ring. If S is a Gorenstein
ring, then 0 :5 (0 :g I) = I for all ideals I in S. Therefore without loss of generality
we may assume that J = 0 :g K for some ideal K C S. The following result is an
adaptation of Proposition 4.1 in [10].

LEMMA 1.2. Let (S,mg) be a Gorenstein artinian local ring and let K be an
ideal minimally generated by f1,..., fn such that the ring R = S/(0 :5 K) is almost
Gorenstein, but not Gorenstein. Denote by K; the ideal (f1,..., fi, .oy [n), where
the element f; is dropped from the list f1,..., fn. Then the equality

mg = fi 5 K; + (Ki(fi :s K3)) s fis
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holds for all i € {1,...,n}.
In particular, the equality
mg = fi s Ki + K :s fi,
holds for all i € {1,...,n}.
PROOF. The last statement follows from the first, as (f; :¢ K;)K; C K; C mg.
Without loss of generality we may assume that ¢ = 1. Let I = (0 :5 f1) and

denote by J = (0 :¢ K). As J C I and S/J is almost Gorenstein, one has the
inclusion

(1.0.1) J g (J s 1) C I :gmg.

We first show that J :g (J :s I) = (0 :5 K(f1: K)). Indeed, the following equalities
hold:

Jis(Jis D) =(0:5 K):s (J s 1), by definition of J,
=(0:5 K(J:s 1)), applying Lemma 1.1 (1),
=(0:g ((O s K):g 1)), by definition of J,
=(0:5 K((0:51):s K)), applying Lemma 1.1(1),
=(0:5 K(f1:5 K)), as I = (0:g f1) and S is Gorenstein.

On the other hand, the right hand side of inclusion (1.0.1) can be written as
I:gmg= (0 'S fl) :smg =0:g flm,

where the first equality holds by the definition of I and the second equality holds
by Lemma 1.1(1).

Now inclusion (1.0.1) becomes (0:5 K(f1 :s K)) C0:g fim and this, together
with the assumption that S is Gorenstein, implies that

fims = K(f1 :5 K).

In particular, for every element x € mg we can write zf; = Z?:l u; fi, with u; €
(fi :s K) = (f1 : K1) and hence (x —u1)fi = > ., u;fi. This implies that
(x —u1)f1 € (f1: K1)K;. Finally x is an element of

((f1:5 K1)K1) s f1 + f1:5 K.

As z is an arbitrary element in the maximal ideal m, we have the thesis.
O

REMARK 1.3. The conditions in Lemma 1.2 are not sufficient for a ring to
be almost Gorenstein. Take for example S = k[x,y, z,u]/(22,9?, 22,u?), f1 = 2z,
fo=yz, f3 = zu, f1 = yu so that R = k[|z,vy, z,u|]/ (22, 9%, 22,42, vy, zu). For the
ideal I = (u) we obtain 0 :g (0:g I) = mpg but I :gp mp = (u,yz,xz), showing that
R is not almost Gorenstein.

On the other hand it is easy to check that K; :g f; = mg for every i =1,...,4.

Now we give the proof of the Main Theorem, Theorem 1.4. We will use Q% (M)
to denote the ith syzygy of an R-module M.
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THEOREM 1.4. Let (R, mpg, k) be a local noetherian ring which is almost Goren-
stein with canonical module wr. Assume that R is not Gorenstein, and write
R = S/J, where (S,mg, k) is an artinian Gorenstein local ring. Let ¢ = dimy(J :5
mg)/(mgJ :s mg) and assume ¢ > 0. Then the vector space k© is a direct summand
of the second syzygy of the canonical module wg.

PROOF. In the following, denote by y’ the image in R of an element y € S.
Since S is Gorenstein, we may assume that J = (0 :g K), for some ideal K =
(f1,---, fn). The canonical module wg is given by

Homg (R, S) = HomS(S/(O s K), S) ~0:5(0:5 K)=K,
where equality holds as S is Gorenstein. Let
L -y quu—
be a minimal presentation of the canonical module.

By the last statement in Lemma 1.2, we can choose a set of minimal gen-
erators z1,...,%. of the maximal ideal mg, such that x; € f1 :s (fa,...fn) or
i € (fo, .y fn) s f1 foreveryi=1,... e.

Let w € (J :s mg)\ (mgJ :g mg). There exists an h € {1,...,e} such that
zpu ¢ mgJ, and there is a relation a; fi + asfa + -+ + anfn, = 0 in 5, such that
either a; = xp, or az = xp. The column vectors D' = (af,...,al,) is part of a
minimal generating set for the module of first syzygies. After a choice of basis, we
may assume that D] = D', D}, ..., D, are the columns of ;. Let D1, Da,...,D,,
denote the liftings of these vectors to S™, and let D denote the matrix with columns
Dy,...,Dy,.

We claim that the m-tuple u’ € R™ which has «’ in the first entry and zero in
all the other entries is part of a minimal generating set for the module Q% (wr). To
prove the claim, denote by B’ = (b;;) the matrix representing ;. It is clear by the
choice of u that u’ is in the kernel of 9;. Assume that u’ is not part of a minimal
set of generators of the second syzygy and denote by u the lift of u’ to S™ where
all the entries are equal to zero except the first entry which is equal to w. This
implies that we can write the u as follow

b11 b1p
R R B .

bml bmp
where ¢; are elements of the maximal ideal mg and j € JS™. Moreover we have

for all i = 1,...,p. This implies that dyu = > ¢;(b1;D1 + -+ + by Di,) € mJS™.
On the other hand, either the first component or the second component of Du,
according to whether z; appears in the first component or the second component
of D1, is equal to xpu which by assumption is not in mgJ.

If uy,...,u. are elements in (J :g mg) such that their representatives in (J :g
mg)/(mgJ :s mg) are a basis, one can then construct vectors u, € R™ using the
same procedure as above, and the same argument shows that they are part of a
minimal system of generators of Q%(wg). The R-module spanned by these vectors
is isomorphic to k¢ and it is a direct summand of Q% (wg).

O
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Before closing the section, we record a remark which gives a condition equivalent
to the hypothesis in the Main Theorem; it will be used in the later sections.

REMARK 1.5. Assume R = S/J it is the quotient of an artinian Gorenstein
ring S, and we write J = 0 :g K, for some ideal K C S, then we have

msJ:Sms#J:smsémsK:Sms#K:Sms.

Indeed, one has J :g mg = mgJ :g mg if and only if

(O:S K):mS:ms(OisK) s Mg,
or equivalently, as S is Gorenstein, if and only if
(1.0.2) 0 'S ((0 'S K) 'S ms) =0 S (mS(O 'S K) 'S ms).

The first term of the equality (1.0.2) is equal to 0 :s (0 :g mgK) by (1.1)(1)
applied to K and mg, and hence it is equal to mgK as S is Gorenstein.
For the second term in the equality (1.0.2) the following equalities hold:
0 'S (ms(O 'S K) 'S ms) = ms[O 'S mS(O 'S K)], by Lemma 1.1(2),
= mg((O S (0 'S K)) 'S ms), by Lemma 1.1(1),
=mg(K :g mg) as S is Gorenstein.
In particular (1.0.2) holds if and only if mg(K :g mg) = mgK or, equivalently, if
and only if K g Mg = mSK g mg.

2. Examples of Almost Gorenstein Rings

REMARK 2.1. A ring R is called Teter if R = S/(J) where S is a Gorenstein
artinian ring with socle element generated by §. By Theorem 2.1 and Proposition
1.1 of [10] a Teter ring is an almost Gorenstein ring.

In [10], the authors prove that quotiens of Cohen-Macaulay rings of finite
Cohen-Macaulay type via a special system of parameters are almost Gorenstein.
We adapt their proof to show the following

PropoSITION 2.2. Let (R,m,k) be a Cohen-Macaulay ring such that
mExtkr (M, R) = 0 for all maximal Cohen-Macaulay module M. Then R/(z) is
an almost Gorenstein ring for all systems of parameters .

PRrROOF. Let I be any ideal of R containing the ideal generated by . We need
to show that (z) :g ((z) :g I) C I :g m. Assume that I is generated by fi,..., fs
and consider the short exact sequence

— i — <£> — N — 0,
(@) : 1 ()
where the first map is given by @ — (fiu,..., fou). Applying the functor
Homp( ,R/(x)) to the short exact sequence we obtain:
R R
(x): 1" (z)

R
0 — Hompg(N, )" — Homp( ) — Extp(N, (—)

) — Hompg/( z)

R R
(z) I’ (z)
The cokernel of the middle map is the cokernel of:
():r 1 _ () :r ((®):r 1)

() ()

53]
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given by (u1,...,un) — fiur + -+ fanun. The cokernel is therefore isomorphic
to w and embeds in Extk(N, R/(x)). As (x) C anng Exth(N, (TR)), we
obtain the isomorphism Exth(N, R/(x)) = Ext%t (N, R) which is isomorphic to
Extk(Q%(N), R) and therefore annihilated by m. This implies that mwf“ﬂ) =
0 and therefore the thesis. O

3. Almost Gorenstein rings and totally reflexive modules
We begin with the definition of totally reflexive modules.

DEFINITION 3.1. An R-module M is totally reflexive if and only if M** = M
and Exty(M, R) = 0 = Extp(M*, R), for all i > 0.

The following lemma is well-known by the experts. We include the proof for
easy reference.

LEMMA 3.2. Let (R,m,k) be a local ring with canonical module wg. If k is
a direct summand of any syzygy of wr then there are no non-free totally reflexive
modules.

PROOF. Let X be a totally reflexive module. By definition, Ext% (X, F) = 0
for every free module F' and for every ¢ > 0. Applying the functor Hompg(X, )
to the short exact sequence 0 — QkL(wg) — F — wr — 0, one obtains the equal-
ities Extp(X,wr) = Extii ' (X, Q% (wg)) for every R-module M. In particular,
Extif ' (X, k) = 0 if k is a direct summand of Q% (wg). This shows that X has fi-
nite projective dimension and therefore it is free, by the Auslander-Bridger formula
(see for example Theorem 1.4.8 [7]) and the Auslander-Buchsbaum formula (see for
example Theorem 1.3.3 [6]). O

REMARK 3.3. In [12] Theorem 1.6 and Remark 1.8 (e) it is shown that if a
local ring R can be written as a quotient S/J , where (S, mg) is a local ring such
that dimy(J :s mg)/(mgJ :g mg) > 2 then there are no non-free totally reflexive
modules. The Main Theorem and Lemma 3.2 show that for almost Gorenstein rings
the conclusion holds even in the case when dimy(J :g mg)/(mgJ 15 mg) > 1.

COROLLARY 3.4. Let R be a Teter ring, then R does not admit totally reflexive
modules which are not free.

PROOF. let S be an artinian Gorenstein ring such that R = S/(d), where §
generates the socle of S. As § :g mg strictly contains mgd :g mg = 0 :g mg, by
Remark 2.1 the conditions of the Main Theorem are satisfied and therefore the
corollary follows from Lemma 3.2. (]

Teter rings are the ring of smallest Gorenstein colength, for a definition see [1].
The following example shows that it is possible to have totally reflexive modules
over rings of Gorenstein colength 2.

EXAMPLE 3.5. The ring R = k[|z,v, 2|]/(2%,y?, 2%,y2) has totally reflexive
modules which are not free. On the other hand, let S = k[|z, v, 2|]/(2?, y?, 2?) and
J = (yz)S then J :g mg = (mgJ :g mg). The ring R has Gorenstein colength 2.

We conclude the section with an example of an almost Gorenstein ring that
admits a totally reflexive module, and therefore infinitely many by [8]. For the
argument we use some facts which we collect in the following three remarks.
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REMARK 3.6. In [3], Theorem 3.1, the authors prove that if (R, m) is a local
ring and y = y1, . . ., ya is a regular sequence in m? then R/(y) has a totally reflexive
module.

REMARK 3.7. Let (R,m) be a local ring. Let M be a finitely generated R-
module and 0 — QL(M) — F — M — 0 be the beginning of a minimal free
resolution of M. For every element x of the maximal ideal, denote by u, the
multiplication by x. If for every x in a minimal set of generators of m there exists
a linear map ¢, such that the diagram:

0—— QL(M) F M 0
\“%
0—— QL (M) F M 0

commutes, then m Ext (M, N) = 0 for all modules N.

REMARK 3.8. Let (R, m) be a local Cohen-Macaulay ring with canonical mo-
dule wg. For every R-module N, denote by NV the R-module Homg(N,wg). Let
M and L be two maximal Cohen-Macaulay modules. There exists an isomorphism
¢ : Exty(M, L) — Extk(LY, M) such that ¢(&;) = & where

&E:0—-L—-X—->M—0
and
&:0—- MY - XY - LY -0
is obtained by applying Hompg( ,wg) to &.

EXAMPLE 3.9. The ring R = Cl[z,y, z,u,v]]/(zz — y?, 20 — yu,yv — zu) is of
finite Cohen Macaulay type and its only indecomposable maximal Cohen-Macaulay
modules are R, the ideals wg = a = (z,y), o® = (z2,9%,2y), 3 = (x,y,u) and the
R-module Q%(3). For a proof of this see for example [14]. In the following we
show that the maximal ideal m annihilates all the R-modules Exty (M, R) for M
maximal Cohen-Macaulay.

For the ideal a, the first syzygy Q% (a) is generated by

[—’U, u]v [_Zv y]v [_ya ‘T]
The following list gives the maps of Remark 3.7
_(v 22—y _ (v 0
o=\ —y+:c> P =\ 4 O)
(= 0 _(fv—y -z
6= (2, 0) o=(270 y)
_(v O
o= (2, o)
In particular, by Remark 3.7, we have that m Extk(a, N) = 0 for every R-module

N.
For every maximal Cohen-Macaulay module M, the following holds:

annp(Exth(M, R)) = anng(Exty(wr, MY) = anng(Exty(a, MY)) =m,
where the second equality follows from Remark 3.8. Now the sequence z2, v?, 224u?

is a system of parameters of R contained in m2. Therefore R/(22,v?, 2% + u?) is
almost Gorenstein by Lemma 2.2 and has a totally reflexive module by Remark 3.6.
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4. The monomial case

The main result of this section deals with artinian almost Gorenstein rings
which are obtained as quotients of polynomial rings by monomial ideals.

THEOREM 4.1. Let S = K[zq,... ,xd]/(:zrfl, e ,xgd), and let f1,...,fn be
monomials in S such that R = S/0 :g (f1,..., fn) s almost Gorenstein. Then
the residue field is a direct summand of the first or second syzygy of the canonical
module wg .

The proof of Theorem 4.1 will be given after we prove the following:

THEOREM 4.2. Let S = k[zy,... ,xd]/(:vfl, . ,xfd), and let fy,..., [, be
monomials in S such that
(1) fi does not divide f; for every i # j;
(2) z; divides f; for alli e {1,...,d} and for all j € {1,...n};
(3) ('rlv s ,Iu) C Z?:l fl ) (fla sy fn)
Then, one of the following conclusions holds:
(A) There exists ani € {1,...,n} and a j € {1,...,u} such that

i ¢ (f1ooosfn) s (@150 20);
Ly
(B) There exist mutually disjoint sets Sy,...,Sn C{1,...,u} such that for all
ie{l,...,n}andallje{l,...,u}, z;fi #0 & j € S;.
PROOF. Before we proceed with the proof, we establish some claims that we
will use later. Write each f; = H?le?]”, with Nj; < A;.
Claim I: If z; f; € (f), for some integers 4, j, k then one of the following cases hold:
(1) Nji =N — 1
Nji > Ny, forevery [#1i
(i) Ny = A; — 1
Moreover, for fixed j, k, the first case can hold for at most one i.
Proof of Claim 1: Note that (ii) is equivalent to z; f; =0 in S. If 0 # z; f; € (fx),
then (i) is obtained by comparing the exponents of each variable for z;f; and f.

The fact that Nj; = Ni; — 1 is due to the assumption that f does not divide f;.
For the last statement, assume that there are two indeces 7; and is such that

Nji, = Niiy —1
Nji > Ny, forevery [#14;

and

Nji, = Niip — 1

Nji > Ny, forevery [#i
then, Ny, —1 = Nj;, > Ni;, which is a contradiction.

Claim 2: If conclusion B holds but A does not hold, then we have the following:
(i) each set S; has cardinality at least 2;
(ii) for every k € S; we have = € (fi) s (fi,...,fn), and zx ¢ f; s
(f1,..., fn) for all j # .
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Proof of Claim 2: Assume that there exist indeces ¢ and k such that S; = {zp}.
Since zy f; = 0 for all j # 4, it follows that case (A) holds, as

ﬁ S fz 'S (.fl;---y,fn)-

T
For (ii), let k € S;. Assume that zx € f; :s (f1,..., fn) for some j # i. Then
0# xifi € (fj). As we may assume (i), there exists an [ € S; such that [ # k. By
Claim 1, we have Ny > Nj;. As 1 ¢ S;, we have z;f; = 0, and thus N;; = 4, — 1.
This contradicts the fact that N; < A; — 1.

The proof of the theorem goes by induction on the number of variables d, the
case d = 1 being obvious. Assume that the theorem holds for d — 1 variables. We
now induct on the number n of polynomials. Assume that the theorem holds in the
case of n — 1 polynomials.

Claim 3: If there exists k € {1,...,u} such that zxf; = 0 for all i € {1,...,n},
then we are done by induction on the number of variables. In particular, whenever

conclusion B holds for a subset of { f1, ..., fn} with respect to a subset {z1,..., 2}
of {x1,...,2,}, we may assume that the sets S1,Ss,..., asserted in Conclusion B
form a partition of {1,...,s}.

Indeed, we can write f; = x?"_l !, with f! € k[z1,..., %%, ..., 24). Assump-

tions (1), (2), (3) hold for {f1,..., f}} viewed as monomials in d — 1 variables. If
conclusion (A) holds for {f1,..., f,}, then it also holds for {f1,..., f,}. Similarly,
if conclusion (B) holds for {fi,..., f.}, then it also holds for {fi,..., fn} (with the
same choice of the sets .S;).

Claim 4: Assume that conclusion B holds for {f1,..., fn—1} with respect to a set
of variables {z1,...,xs}, with s < u. Let S1,...,5,_1 C {1,...,s} be the sets
asserted in conclusion B. Let k € {1,...,s}, and let ¢ € {1,...,n— 1} be such that
ke S

Then we have either a € f; 15 (f1,..., fn), or Zk € fn:s (f1,-.., fn). Among
the k’s for which the first situation occurs, we can have xy f, # 0 for at most one
such k.
Proof of Claim 4: By Claim 2 (ii), we cannot have zp € f; s (f1,..., fa-1)
for any ¢ # j < n — 1. Thus, we have either z € f; :s (f1,...,fn), OF T €
fn s (fi,..-, fn). For the last part of the claim, assume that zx, f, € (fi), and
Thy fr € (fip), with ky € S}, and ko € Sj,. We need to show that one of xy, fp
or Ty, fn is zero. If i; = io, this follows from Claim 1. Assume that iy # i2 and
Ty fn # 0. Then Npp, = Nyg, — 1, Ny = Ny for all [ # k;. In particular,
Nnky = Niyg,. Since ka2 ¢ S , we have xy, f;, = 0, and thus z, f, = 0.
Claim 5: If

(1,...,24) C Zfz s (frsoos fn)
I£i

for some ¢ € {1,...,n}, then conclusion A holds.
Proof of Claim 5: Assume that (z1,...,2,) € S0 fi :s (fi,--+, fn). The as-
sumptions (1),(2),and (3) in the theorem are satisfied for {f1,..., fn—1} with re-
spect to the variables {1, ..., 2}, and by the induction hypothesis either A of B
holds. If (A) holds for {fi,..., fn—1} then it also holds for {fi,..., fn}, and we are
done.

Assume that (B) holds for {f1,..., fn—1}. Let {1,...,u} =S1U...US!_; be
the partition asserted in conclusion (B). By Claim 4, for each k € {1,...,u} we
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have either zy € f; 15 fn or xx € fn :s fi, where i € {1,...,n — 1} is such that
ke S;.

If the first situation occurs for all k € {1,...,u}, then Claim 3 shows that
i fn = 0 for all values of k except one, say kg. Then conclusion A holds, with

In €(f1, -y fn)is (@1, 0, 24).

Ty
Assume that there exists a ko such that zy, fi;, € (fn) holds, where i is such
that ko € S; . Note that zy, fi, # 0, so we have Ny, > Ny for all I # ko. By Claim
2(i), we may assume that Sj has cardinality at least two. Let k' € S;,, k&' # k.
Since Npip < Nigrr < Ap — 1, it follows that xp f,, # 0 for all ko # k' € Sj,.
Also, by Claim 1, we cannot have zy f;, € (fn). The only remaining possibility
is that 0 # g/ fr, € (fi,), and therefore N,,; > N, for all I # k’. In particular,
xjfn =0 for all j ¢ S} . It follows that conclusion A holds, with
In

- €(f1, s fn)is (@1, 24).

Indeed, for ¥’ € S;,, k' # ko we have z fr, € (fiy), and Npg, = Nigk, + 1, from
which we see that F

.’L‘ko

0

T € (flo)

Claim 5 allows us to rename the variables so that we may assume that

(4.0.1) iy Ts & fris (f1yov) foo1, fn)

(402) Tsqly--e, Ty Efn 'S (fl,...,fnfl,fn)
We apply the induction hypothesis to {f1,..., fn—1} with respect to the variables
{z1,..., 25}
Assume that conclusion B holds for {f1, ..., fn—1} with respect to {z1,...,zs},
but A does not. Let {1,...,s} = S{U...US] _; be the partition asserted by B.
We claim that

(4.0.3) vfi=...xfpo1 =0, forall s+1<I<u.

Indeed, assume by way of contradiction that there exists anl € {s+1,...,u} and
an i < n— 1 such that z; f; # 0. Since x;f; € (f.), we must have N > Ny, Vk # L.
In particular, for k € S!, we have N;; < Ap — 1, and thus N, < A — 1, which
means that xyf, # 0. Since we may assume that S, has cardinality at least two,
Claim 4 shows that there exists a k € S; with xy f; € (fn). The fact that both z; f;
and xy f; are nonzero elements in (f,,) contradicts Claim 1.

Equation 4.0.1 and Claim 4 show that we have two possibilities:

(1) There exists a k € {1,...,s} with 0 # zxf, € (f;), where k € S/, and
2ifn = 0for all l € {1,...,s}, | # k. Then we also have z;f,, = 0 for all [ €
{s+1,...,u}, because N,; > N;, and Equation 4.0.3 shows that N;; = A; — 1. It
follows that conclusion A holds, as

In
— € (fl,...7fn) : (xl,...,xu).
T
(2) v fn=0forall ke {1,,...,s}. Hayf, #0foralll € {s+1,...,u}, then
conclusion B holds for {f1,..., fu}, {z1,..., 2.}, with S; = S} for i < n — 1, and
Sp={s+1,...,u}. Otherwise, assume that z;f,, = 0 for some [l € {s+1,...,u}.
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Use Equation 4.0.3 to see that z;f; = 0 for all ¢ € {1,...,n}, and thus we are done
by induction on the number of variables, by Claim 3.

Now assume that conclusion A holds for {fi,..., fn—1} with respect to the
variables {z1,...zs}. Without loss of generality, we may assume that

(4.0.4) i—ie (fis fas oo fno1) ts (T2, .oy Ts).

If

(4.0.5) xli—i € (fn), forevery s+1<I1<u,

then conclusion A would hold for {f1,..., fn}, {21,...,Zu}, and we would be done.

We know that x;f1 € (fy) for all s+ 1 <1 < u by equation 4.0.2. If x; f; = 0 for all
s+1 <1 <wu,orif N;; > N, then equation 4.0.5 holds. Without loss of generality
we may assume that

(406) Nll S an

and z;f1 # 0 for some s+ 1 <[ < u. By Claim 1, there exists just one value of [,
say I = s+ 1 such that x;f1 # 0 (since we have z;f1 € (f,) for alll > s+1). So we
may assume

(4.0.7) ZTsr1f1#0, Nig=Npiandaxf; =0, foralls+2<I<u
Claim 6: With the above assumptions, the following holds:
(408) J,'gfl =.. .J,'Sfl =0

If, say, z2f1 # 0, then

for some i < n — 1, which implies that N1; > N;; and Nigp1 = Nysp1. As, by
equation 4.0.2, zs11f; € (fn) then we obtain the following two possibilities:

(1) either x411 f; = 0, which implies zs41 f1 = 0, contradicting 4.0.7; or

(2) Nij1 > N,1, which implies N1; > N,1, contradicting 4.0.6.

This proves Claim 6.
Because of Claim 5, we may assume that there exists an index j, such that
1<j<sand

(409) Ijefl 'S (f?a"'afn)
We may assume that
(4.0.10) x1f1 #0, and therefore a1 f,, # 0(sinceNy; = Np1).

Otherwise, by 4.0.7 and 4.0.8, 2;f1 = 0 for all l € {1,...,s,s+2,...,u}, and it
follows that condition A holds:

fl S (fl,...,fn) : (:vl,...,xu).

Ts+1

The following cases finish the proof of the theorem.

(1) Assume j = 1. Since 21 f,, € (f1) and N1; = Ny, by 4.0.7, then 21 f, =0
contradicting 4.0.10.

(2) Assume j > 2. We may assume j = 2. By 4.0.7 and 4.0.8 we have z; f1 = 0
for all [ # 1,s+ 1. We may assume that z1 f1 # 0, by 4.0.10.
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(a) Assume that zof, # 0. We know 21 € f; :s (f1,..., fn) for some
ie{l,...,n—1}. As0# x2f, € (f1) and x1 f, # 0, by Claim (1) it
follows that 2 <i <n —1 (because N13 > N2 > N;2, s0 4 # 1). For
such an i, we claim that

fi ,
— € (fl,...,fn) . (Il,...,Iu>.
T
First notice that N;; = Np; +1 = Nyp + 1, since 0 # z1f, € (f3)
and by 4.0.6. Moreover, as xsf, # 0, by multiplying =1 f, by x2 we
obtain that 0 # zof; € (f1) (we have zaf; € (f1) by equation 4.0.9,
Z2 i
;;f € (f1),
since N;1 > Nip). If a;f; # 0 for some I ¢ {1,2,s+1}, then x;f1 # 0,
contradicting 4.0.6 and 4.0.7. As 1 € (fn) : (f1,..., fn), we obtain
xst1fi € (fn) and since N;;1 = Npp + 1 also a:sﬂg—i € (fn)-

(b) Assume that zof, = 0. If 25f; =0, for all i € {1,...,u} then we are
done by Claim 3. So we may assume that there is a t ¢ {1,n} such
that zof; # 0 and zoft € (f1). Therefore N1a = Nyo + 1. As z;fr €
(fn) for every s +1 <1 < w, if 2;f; # 0 then Ay — 1 = Npa < Ny
which contradicts xs f; # 0. Therefore we have that z;f; = 0 for all
s+1<t<u Also, as 0 # xaf; € (f1), we have Ny, > Ny, for all
k#2. Asx;fi =0 for alll
notin{l,s + 1}, it follows that z;f; = 0 for all [ ¢ {1,2}. If also
x1 ft = 0 then conclusion A holds as

ft

.’I,'_g S (fl;---;fn) 'S (xl,...,xu).

Assume that z1 f; # 0. Recall that 1 € f; :s (f1,..., fn) for some
7 <n—1. We claim that

fi ,

— € (fl,...,fn) 'S (xl,...,xu).

Z1
As 0 # z1fy € (fi), we have Ny < Ny for all I # 1. As zof; # 0 this
implies that zof; # 0. As xof; € (f1) by equation 4.0.9, and since
x1fi1 =0forl ¢ {1,s+1}, we obtain that x;f; =0 for [ ¢ {1,2,s+1}.
To prove the claim, it is therefore enough to prove that %332 € (f1)
and i‘.—i:ﬂs_l,_l € (fn) As0# x1f1 € (fi) we obtain Nj; = Ny; +1 =
Np1 + 1, where the last equality follows from 4.0.7. This, together
with the fact that aaf; € (f1) by equation 4.0.9, and zs41f; € (frn)
by equation 4.0.2 concludes the claim.

(4.0.11)

and we have xo f; # 0 because N2 < N,,2). Moreover,

O
Now we give the proof of Theorem 4.1

PROOF. We may apply Theorem 4.2 to {f1,..., fu}, {z1,...,za}-

Indeed, the assumption that R = S/0 :s (f1,..., fn) is almost Gorenstein
implies hypothesis (3) of Theorem 4.2 by Lemma 4.3 . We may assume without loss
of generality that (1) holds by choosing f1, ..., f, to be a minimal set of generators
for the ideal they generate. In order to establish hypothesis (2), note that R does
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not change if we replace S by S’ = k[z1, ... ,xd]/(xflﬂ, . ,xf”l), and f1,..., fn
by fi,...,f], where f! = (z1---zq)fi.

If (A) holds, then we may apply Theorem 1.4 to conclude that a copy of the
residue field k splits off the second syzygy of wg. Take K = (f1,..., fn) C S. From
conclusion (A) of Theorem 4.2, we have

fi

pplls (K :smg)\ (msK ;5 mg)

which, by Remark 1.5, implies J :g mg # mgJ :g mg, where J = 0 :¢ K, and now
Theorem 1.4 applies.

If (B) holds, we will check that k is a direct summand of the first syzygy of wg.
Let Sy,...,S, be the sets asserted in Conclusion (B). We have

(. xf ) is (fryees fo) = (o 2f) 4 (zj250 | 4,5 not in the same ;).

The relations on the generators fi,... fn of wg are z;f; = 0 for j ¢ S;, and

(Ijes, ZCJ - j€S, L5’ ) fi = 0. Note that the latter relations are killed by
the maximal ideal, thus each of them generates a copy of k which splits off the first

Syzygy-

O
LEMMA 4.3. Let S = k[z1,...,za)/(xi", ..., 25) and let fi,...,fn € S be
monomials such that S/0 :g (fl,.. yfn) s almost Gorenstein. Then we have

(xl,...,xd) g Elfz 'S (fl,...,fn).

PrROOF. We will use N, to denote the exponent of the variable xj in the
monomial f;.
By Lemma 1.2, the almost Gorenstein assumption implies

x; € f1is (fos- oo fu) + [f1:8 (fo, oo f)ll(f2y -5 o)) s f

foralli=1,...,d.

Without loss of generality, we will show that x1 € f; :s (f1,..., fn) for some
jed{1,...,n}.

If z1fi =0 for all ¢ = 1,...n then the conclusion follows. So there exist a j
such that x1f; # 0. Denote by S the set of indexes j such that z1f; # 0. There
are two cases: either z; f; = 0 for all k # 1 and for all j € S or there exists a k # 1
such that xj f; # 0 for some j € S,

In the first case we have that f; = a:fhl A=l .xfd_l

Assume that for a such that 21 f; # 0 one has azkfj =0 for all k£ # 1.

Choose a j (say j = 1) such that 1 f; # 0, and xx f; # 0 for some k # 1. If no
such j exists, it is easy to see that x1 € f1 :s (f2,..., fn) (where we assume that
LL‘lfl 75 0 and J,'gfl =...= fdfl = O)

Assume 21 ¢ f1:5 (f2,..., fn). Then there exists a j € {2,...,n}, say j = 2,
such that x1 f1 = asfo for some as € f1:5 (fo, ..., fn)-

Assume that xof; # 0.

We know that za2f1 ¢ (f2) by comparing the exponents of 1 (N1 = Naj for
k#1,and Ny; = Nog —1). So 22 € fo:s (f1,..., fn), thus there exists a j such
that za2fs = a;f; with a; € fo :5 (f1,..., fn). Note that j # 1, since zafz ¢ (f1)
(by comparing the exponents of x;, j > 2 -if there are more than 2 variables).

We may assume j = 3. We will use a;x to denote the exponent of the variable zy,
in the monomial a;. We have as € f1 :s (f2,..., fn), so in particular asf3 € (f1).
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This means that either asfs = 0, or, by comparing exponents in each variable,
ask + N3 = Nyg for all k.

We claim that as f3 cannot equal zero in S. If asf3 = 0, we must have as, +
N3 > Ay for some k. Since aop, = Ny — Noy for all k # 1, and since Nog > Nsi
for k # 2, we see that asy + N3 < Ny < Ag, for all k # 1,2. For k = 1, we
have as; = 0, so a1 + N3; = N3; < A;. For k = 2, we have Nog = N33 — 1, so
a22 + N32 = N12 — N32 + 1+ N32 = N12 + 1, which is less that AQ since we are
assuming xo f1 # 0. This concludes the proof of the claim.

Now we have asi, + N3, > Ny, for all k.

For k # 1, this means Nip — Nop + N3k = Nig, thus N3 > Nog. Since we
already knew the inequality in the other direction, it follows that N3, = Ny for
k # 1,2. Thus, we have agy = 0 for k # 1,2, and we also know that Ass = 0,
asy + N21 — Ngl, where N21 = N11 +1 and N31 2 Nll; so that as1 can be at
most one. It follows that a3 = x1, and by our assumption on a3 we now have
x1 € fa:5 (f1,..., fn) as desired. O
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