Math 575 Practice Exam 3.

1. (d). TheRamsey number r(n,m)isthesmallest integer N such tha every graph G

onN vertices containsa ora
Solution: complete subgraph on n vertices or an independent set of mvertices.

(b). If G isagraphon 36 verticeswith /(G) =5, then G must contain an
independent set of size at least
(answer should be an integer and as large as possible) .

Solution: 8

(c). Draw the Grstsch graph. Solution: See your notes.

2. Suppoetha Gisagraphtha hasnoindued K, ,and ! (G) = 4. Findthe
smallest nunmber N such tha you can verify tha ! (G)" N . Judify your answer.

Solution: Let N=17. Suppo®tha itisnottruethat ! (G)" 17. Then thereisa

vertex vin G tha has degree at least 18. Let H denote the subgraph induced by the
neghboihoad, N(v), of thevertex v.

Then since r(4,4) =18, either thereis an independent set of 4 verticesin H which
together with vwould give an indueed K, , in G, or thereisacomplete set of 4
verticesin H which togeher with v would give aK, in G Bwhichisimposble
snee! (G)=4.

3. UsetheChromatic Lower Boundto deermine an exanmple tha shows tha
r(Cs, P,)! 11. Hint: /(C,)= 3. Verify tha your example works.
Solution: Let G bethegraph congsting of two digoint copies of K. . Then Fj is
notasubgreph of G, and since the complement of G isK ., a bipartite graph, the
complement cannotcontain C,whose chromatic number is 3.

4. P,(t)=t! 5t* +10t°! ??2t* + 3tisthechromatic polynomia of some graph G.

(a). Wha isthe missing coefficient of t?
Solution: Since P; (1) = 0, themissing coefficientis 9.

(b). How many edges does G have?
Solution: 5

(c). Showtha G isabipartite graph.
Solution: P;(2)=2>0andsoit ispossible to color G with two colors.



5. (a). Findthechromatic pdynomial of the graph G bdow and use it to determine
the number of ways to color this graph with 3 colors.

souton Ry = BIROU2)
30! 18

312

P,(3) = = 90. So there are 90 ways to color G with 3 colors.

(b). How many ways are there to color the 5-whesl W, (shown beow) with 4 colors?

Solution: 4! P, (3)=4! 30=120.

(c). Forthegraphbdow, list an ordering of the vertices so tha a greedy coloring
with respect to tha ordering will require 4 colors.
b .

a d

A ¢

Solution: b cedfa(amongothers).

6. Prove every red-bluecoloring of theedges of K,, containstwo digoint red

4-cycles or two digoint blue 4-cycles.
Solution: Suppo® tha we consder any red-bluecoloring of theedges of K, . Then

snce r(C,,C,) = 6, there mug bea monodromatic 4-cyclein this coloring. WLOG we
will suppogtha itisared C,. Now consde theremaining 10 verticesof K, . Agan,
there mug beamonodiromatic C, in thecoloring of the edges amongthese 10 vertices.
If itisared C,, then we are finished. So, suppo® tha it isablue C,. Now there are 6

remaining vertices not part of either of the monodromatic triangles we have aready
congructed. Thereisamonodiromatic C, in thecoloring of the edges of these 6-

verices which together with the appropriate oneof the previoustwo C, & gives usthe
desired graph.



7. Showtha r(P,!P,)=5.
Solution: First weshowtha r(P,,!P,)! 5. Consder an arbitrary red-blue
coloring of theedges of K. We mug show tha thereis either ared P, or ablue
P, . Now suppo®tha visavertex in K., then withoutloss of generality, vis

incddent with at least two red edges Dsay vu and wv are red. Let x andy bethe
remaining two vertices. Then eithe oneof xu, xw, yu, yw isred and we have ared
P, or they areal blueand we have ablue P, .

Thegraph K, !' K, showsr(P,,C,)>4.

8. Prove If Gisconnested but notregular, then x(G) < A(G).

Solution: We may assume tha G has at |east two vertices.
Since G isnotregular, thereis a vertex w such tha deg(w) <! .

Now since G is connected on at least two vertices, G mug have anoncut-vertex,
v, I w(why?. Nowlet G, =G! v,. Then G,isconneted and if it isnotjug {w},
then it mus contain anoncut-vertex v, ! w.Let G, =G, ! v, and continuethis
way to generate a sequence of vertices v,,!v,,'E v, ,!E ,v_, ,,!wsuch tha for each
1! k! nb1,each v, isadjacent to some vertex to the right of it in the sequence.

So if we now color the vertices of G according to this permutation we never need
to use moretha ! colors. For suppo® tha we have colored the vertices

VI, E v . ThensinceK = {v,,!Iv ,,,E ,!w} is connected, v, ,, mug be adjacent
to at least onevertex in K and hence there are at most ! " 1colors used for the
neghbossof v ,, tha have thusfar been colored. So there mug bea color free for
v.,, . Findly, when we get to w, we know that there will bea color available for w

because it is adjacent to fewer than ! vertices of G.

9. Suppo®tha thenumbes{l, 2, 3, 4, E , 16} are colored red, blue, and green and
tha we color the edges of the complete graphon K ={0,!1,!2,'/E ,!21} asin the
proof of Schur@ Theorem.

Suppo® too tha the nunbers 4, 11, and 19 form the vertices of abluetrianglein
this coloring of the edges of K. Determine a blue equaion of theforma + b =c.

Solution: 7+ 8=15isablueequdion.



