Math 546
Final Exam Review

Definitions
Be ableto ddine and u® thefollowing erms.

group identity inverse
subgroup normal subgroup | Kernd of ahonmomorphism
semigroup Well Ordering

Principle I'(A)!where A is asubst of thegroup G,

and! isahonomorphism.

subgroup Abdian group cyclic group
homomorphism homomorphic iIsomorphism

image
automorphism, AB wheeAandB | [G:H], theindex of H in G.
Aut(G) are subsets of the

groupG.
left cosets patition G/H

automorphismand | center ofagroup | centraizer of an element of a group
inng automorphism

and Aut(G) and

Inn(G).

equivalence relation | Euler Phi-fundion | ThegroupsU(n),!Z 'S, !A ,/GL(2,R)
!'(n)

idempotent relatively prime inng automorphism, Inn(G)

congruance greatest common | countable

x! ymodn divisor

Important Theorems

Undestand, beable to sate, and beable to gply thefollowing results
You $hould beable to prove thos satements tha are followed by a (##)O

Theorem. Every finite semigroup ha an idempotent.

Theorem. The greatest common divisor of postive integersn and mis the least
postive dementintheset A={an+bm: ab! Z} (##)

Theorem (Cantor). For any =t S there does notexist afunction f :S! " (S)tha is
onto. Here ! (S) denotes the power set of S



Theorem If H isanormal subgroup of hegroupG then G/ H isagroup undethe
opeation (aH)(bH) = abH .

Theorem (Cauchy). If G isafinite Abdian group o orde is divisible by a prime
p, then G has an dement of orde p.

Theorem (LaGrange). If H is asubgroupof thefinite groupG, then the order of H
divides the orcer of G. S, |G|=|H |[G:H] , Where [G:H] =]|WG|| istheindex of H in G.

Corollary If g is an element of the finite group G, then o(g) divides |G|. (##)
Corollary If the groupG has orde n, thenfor any gin G, g" =e. (##)

Theorem (Euler) If aisapostiveinteger that isrdatively prime to the postive
integer n, then @™ " 1modn .

Theorem (Fermat) If ais apostiveinteger tha is notdivisible by the prime p, then
a’'" 1modp.

Theorem. If I :G" H isahomomorphism from G onto H, andif K =ker! , then
% = H . Moreover, the mapping ! :% " H ddined by y(aK) =¢(a) isan
isomorphism. (##)

Theorem. A groupH is ahomomorphic image of the groupG if and only if H is
isomorphic to G/K for some normal subgroupK of G.

Theorem. Let G beagroup,Z the center of G, and Inn(G) the st of dl inner
automorphisms of G. Then % I'Inn(G) .

Theorem (Cayley) Every group Gisisomorphic to asubgroup ofS; .

Theorem If H isanysubgroup ofG, thentherdation a! bmodH " a”b$H isan

equivalence relation. (##)

Thisrelation dso has the property that for any dementgin G,

(). a! bmodH " ga! gbmodH (i.e., Orltiplicationd ontteleft preserves
ongruaces. (##)

(i). If Hisanormal subgroup, hen a! bmodH " ag! bgmodH . (##)

Theorem. For afinite groupG, the Orltiplication bled ofs isalLain Squae.



Theorem. Let H bea subgroup of he graup G. Then each of the following condtions
is equivalent to H bang anormal subgrop.

(i). Forevery h! H,!lg! G, ghg''" H (thiswas our ddinition ofnormal).

(i1). Forany gin G, gH = Hg (i.e, theleft and right cosets are exactly the same.)
(iii). Forany ginG, gHg'* = H .

(iv). H isthe kernd of some homomorphism with dorrein G.

Theorem. If H is afinite subset of agroy G, then H isasubgroup ff it is dosed.

Theorem. If G andH areany cyclic groysof orde n, then G isisomorphic to H.
Consquently, every cyclic group om elementsisisomorphic to Z,.

Theorem. The only infinite cyclic group (p o isomorphism) is the integers under
addition.

Theorem. Every subgroup ofa cyclic graup is cyclic. (##)
Theorem. If k! Z isrdatively pimeto n, thenk generates (Z,,+).

Theorem. Let a and b be e ements of the Abdian groupG with o(a) = n,!o(b) = m.
If nandm are rdatively prime, then o(ab) = o(a)o(b).

Fundamental Properties of homomorphisms.
TheoremLet ! :G" H beahomomorphism. Then

(@). ! (ab) =! (a)! (b)for dl a,b! G - thaOsheddinition of ahamomorphism.

(b)- (&) = &,

(c). ker(!) isanormal subgroup ofG. (##)

(d). ! is1-1iff ker(f)={e;} (##)

(e). If Aisan Abdian subgroup ofG, then !/ (A) is Abdian as well.

(f). For anyxin G, ! (x ) =[/ (0] "

(@) If I isontbH and A isa(normel) subgroup ofG, then ! (A) isa(normdl)
subgroup ofH.

(h) H isanormal subgroup ofG if and only if H =ker(!) for some
honomorphism / .

@.!:G" % defined by !/ (g) = gH isahonmomorphsm of G onto H and the
kend of / isH.



