M ath 546
Final Exam Review Problems

Generally speaking, the best thingsto sudy for thefind exam are the old exams, prectice
exams, and exam review sheets.

However, to make youlife jus a bit easier, these review sheets containsthe material that
ismog relevant for the final exam.

Generic Problems: There will be several short problems of some of these types.
¥ Showtha agiven st H isasubgroup of groupG.
¥ Showtha agiven subgroupH isanormal subgroup ofG.
¥ Showtha agiven furction! :G" H isahomomorphism and ddermine its

kernd and ke able to determineif itis 1-1 and/or onb.

Find theinverse of a given element of agroup G, the orde of such an element or
theidentity of G and dher basic computationswithin agroup.

Express a peamutation as a produd of digoint cycles.

Express a pemutation as a produd of transpostions

Perform dementary computationsinvolving pemutations

Perform elementary computationsinvolving the elements of U(n), Z,and GL(2,R)

Determine the number of elements of S, tha have a paticular order.

Determine the cyclic subgroupsof agroup
Determine theleft cosets of asubgroup ofa group.
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Definitely not onthe Exam
There will notbeany remainder problems.
There will notbeany probems involvinginfinite cardinds or rational nunbers.

Specific Problems

Be ableto work probkems smilar to those bdow. At least four probems smilar to these
will appear on hefind exam. Mog of these have appeared already on aproblem set,
exam, or pratice exam.

1. Let f:G! H beahonmomorphsm of the groupG onto the groupH.
Given that G is Abdian, howtha H is abelian.
Indicate precisely where you ugd thefact that G is Abdian and where you ugd
tha f isahomomorphism.

2. Suppo® tha A and B are subgroupsof thegroupG and tha B isanornel
subgroup ofG.
(@. Showtha AB=BA. (b). $iowtha H = AB isanormal subgroup ofG.

3. Let f:G! H beahomomorphism. Showtha fis 1-1 if and only if
ker(f)={e.}.

4. Prove If G/Ziscyclic, then G is Abdian.



5. CayleyOsTheorem guarantees that any graup G isisomorphic to a
subgroup ofS; . Moreover, the proof of CayleyOsTheorem provides an explicit

isomorphism from G to S, . For thegroup G = Z,,, what element of
S correspondsto thedement 3 of G unde this isomorphism? Express your
answver as aprodud of dgoint cycles.

6. (a). If AandB are subgroupsof the groupG, then A! B isasubgroup ofG.

(b). If A and B are subgroupsof the groupG, and theordeasof AandB are
rdatively pime, then A! B={¢e}.

(c). If thedements a and b of the groupG have relatively prime order and
a“ = b for some integer k, then a“ =b* =e.

7. Suppo® tha G isan Abdian group ad that a and b are distinct elements of G
having orde 2. Showtha |G | is amultiple of 4.
Hint: What are the values of a(ab), b(ab), (ab)(ab)?

8. (a). If thedementain thegroupG has order k, and a™ =e, then k dividesm.
Hint: Let m=kqg+r, 0! r<d.

(b). If Gisagroup of orden anda is an element of G, then a" =e.
9. If Gisagroup ad x” =e for every x in G, then G is abdian.

10. Suppo= that G contains exactly one element a of orde 2. Show tha a belongsto
the center of G. Hint: for any xin G consder (xax’ l)2.

11.(a). Let H isanomal subgroup of he group G. Showthat if G/, has an dement
of ordek, then so does G.

(b). Suppo= tha H isahonmomorphc image of thegroupG. Show tha if H has
a dement of order k, then 0 does G.

12.1f Gisacyclic group, hen G is Abdian.

13.Let H beasubgroup of he groupG and cefine x ! ymodH " x™y $H .
Verify tha thisrdationis an equivalence relation. Explain dearly wherethe
propeties of H bang a subgroup a used.

14.Prove If Gisagroup of prme order, then G is cyclic.



15.(d). Prove Let ! :G" H beahomomorphismand K =ker! . Then K! G.
(b). Fove If K! G, then K =ker! for ome homomorphsm / :G" H.

16.Suppoetha A! Gand B! G and A! B={¢€}, whereeistheidentity of G.
Showthat for dl a! Alb! B, wehaveab=ba
Hint ab=ba! aba'h'=e.

17.How many generators of the cyclic group Z, are there?
Is this the same as the number of generators of any other cyclic group of orden?

18. Explain why the table below canna be completed to that of asemigroup.
x|a|b|c|d|e|f
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19. Thetable bdow is that of a patidly filled ssmigroup.
What is the value of ax b?

| a|blc|d
ala d
b
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20.Thetable bdow is the partialy filled table for acommutative group on
5 éements. HIl in themissing portons of the table.

x|a|b|ec|d|f
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21.Wha is the orde of U(5000)?

22.Notetha /' (5)=/(8)=/(10)=!(12) = 4. Arethegroups
U(5),!U(8),'U(10),'U(12) isomorphic to ore another?

23.Thebinay structure (R+ I {1, !) where x! y=x" fordl x,yinR, isa
group (you do noteed to verify this). What is the inverse of the number ¢*?



24.(a). Suppogtha ! :S;" G isahomomorphism. Explain why itisthat if we
knowthe vaue of / on each of (1,!2),!(3,!3), and (2,!3), then we know al
hevaluesof !/ .

(b). Suppoetha ! :Z" Hisahomomorphismand!(1)=h" H . Explain how
knowng jus this onevaueof / completely determines ! :Z" H.

25. (a). Suppoe tha H isasubgroup ofG and oH) = 12. Sippoetha Kisa
sibgroup ofG and oK) =18. Aso |[H ! K|" 4. Wha is the value of

IH ! K| (and why)?

(b). Suppo® tha G isagroup of orde20.Could the Centralizer of G contain
actly three dements? Explain.

(c). Suppo® tha G is afinite groupand H is a subgroup ofG andK is asubgroup
ofH. Showtha [G:K] =[G :H]![H :K].

26. Suppo® that n and m are relatively primeintegers and x andy are elements of the
groupG such tha x" =y" andx™ = y™. Showtha x =vy.
Hint: If n and m are relatively prime then there exist integersr and s such that
r+sm=1.

27.1f Gisagroup sich that for dl aandb in G, (ab)® = a’b®, then G is Abdian.

28.Let f:R! R' beddined by f(x) =€, givethe ddfinition ofan opeation * onR s0
that f will bean isomorphism from (Rx) to (R", +). What isthevalue of 0 0



