1˚The Diameter of Domination k-Critical GraphsbyOdile Favaron1LRIUniversit� Paris-SudOrsay cedex, FranceDavid P. SumnerDepartment of MathematicsUniversity of South CarolinaColumbia, SC 29208Ewa WojcickaDepartment of MathematicsCollege of CharlestonCharleston, SC 29424

1 Research partially supported by PRC Math. Info.

2The Diameter of Domination k-Critical GraphsAbstractA graph is k-domination-critical if g(G)=k, and for any edge e not in G, g(G+e)˚=˚k-1.In this paper we show that the diameter of a domination k-critical graph with k‡2 is at most2k-2. We also show that for every k‡2, there is a k-domination-critical graph havingdiameter

32k1-ØºŒ øßœ

. We also show that the diameter of a 4-domination-critical graph is atmost 5.I IntroductionSeveral authors have studied the concepts of graphs that are critical with respect to variousoperations on graphs. See in particular Bauer, Harary, Nieminen and Suffel [1] whichdeals with the behavior of the domination number with respect to edge deletion, andBrigham, Chinn and Dutton [2] which deals with the effect upon the domination number ofdeleting vertices. Sumner-Blitch [4] introduced the concept of a k-domination-critical graph in the sense ofedge addition. Wojcicka [6] showed that any connected 3-domination-critical graph onmore than 7 vertices is traceable. In Sumner-Blitch [4], the diameter of a connected,3-domination-critical graph was shown to be at most three. In this paper we investigate the problem of the maximum possible diameter of ak-domination-critical graph for k˚‡˚4. We will show that the diameter of a connected,4-domination-critical graph is at most 5, and that for k‡5, the diameter of a connected,k-domination-critical graph is at most 2k-2. We show that for each k‡2, there is aconnected, k-domination-critical graph having diameter .

3II Preliminaries All our graphs will be simple having no loops nor multiple edges. The distance betweenthe vertices v and u will be denoted by d(v,u). We will denote the diameter of the graph Gby diam(G). We will let N(v)={u: u is adjacent to v} denote the neighborhood of v andN[v]˚=˚N(v) ˚¨˚{v} denote the closed neighborhood of v. Suppose that A and B are sets of vertices in the graph G. Then we say that A dominatesB iff every vertex of B-A is adjacent to some vertex of A. If A dominates V(G), then wesay that A is a dominating set for G. The cardinality of a smallest dominating set in G iscalled the domination number of G, and is denoted by g(G). When no confusion is possible, we will not distinguish between a set A of vertices of agraph G, and the subgraph induced by A. In particular, if A is a subset of V(G), then wewill write just g(A) for the domination number of the subgraph induced by A. A graph G is k-domination-critical if g(G) = k, and for every non-adjacent pair ofvertices v and u, g(G+vu) =k-1; thus a domination-critical graph is one for which thedomination number drops whenever a new edge is added. For simplicity, we willhenceforth write just k-critical instead of k-domination-critical.The Arrow NotationThe following notation will be used throughout this paper. If v and u are non-adjacent vertices in a k-critical graph G, then there must exist a set Sof cardinality k-2 such that either S˚¨˚{v} dominates all of G-u, or S˚¨˚{u} dominatesall of G-v. In the first case we write [v, S]fi u , and in the second we write [u, S]fi v.In particular, when we write [v, S]fi u it is understood that u is

not dominated byS˚¨˚{v}. We will write v˚fi ˚u to indicate that a such a set S exists with[v, S]fi u .

4Note: v˚fi˚u means that there exists a (k-1)- element set S that contains v and dominatesall of G-u.ThenexttwotheoremsarefromSumner-Blitch[4].Generally,theremovalofavertexfromagraphmaycausethedominationnumbertogrowdramatically.Thiscannothappenin k-critical graphs as Theorem 1 shows.Theorem 1. If G is a k-critical graph, then for any vertex v of G, g(G-v)˚ £ ˚k.Theorem 2. The diameter of a connected, 3-critical graph is at most 3. The set G* ˚ = ˚ { v ˛ V ( G ) ˚ : ˚ g(G-v)˚=˚k} of vertices whose removal does not alter thedomination number of G has numerous useful properties. We refer to G* as the nucleusof˚G. The darkened vertices in the graphs of Figure 1 represent the nucleus of each graph.The next theorems are proven in Sumner-Wojcicka [5].Theorem 3. If v is a cut-vertex of the connected, k-critical graph G, then v˛G*.Theorem 4. For any connected, k-critical graph G, if G* is non-empty, then G* iscomplete.III. The Diameter of a Connected, k-Domination-Critical GraphLemma 1. If x˚fi˚y for some vertices x and y of the connected, k-critical graph G, theny can not be a cut-vertex of G.Proof: If x˚fi˚y , then g(G-y)˚=˚k-1. So y ˇ ˚ G * , and hence by Theorem 3, y can notbeacut-vertexofG.¤

5 Let G be a connected, k-critical graph having diameter n, and let a be the terminal vertexof some longest path of G. Then the family

WV,V,V0 1 n= { }L

, whereVi = {x: d(a,x) = i} is called the level-decomposition of G with respect to a. In particular,V0={a}.IfAandBaretwolevelsofthislevel-decomposition,thenwesayAislessthanB (and write A < B) if A=Vi and B=Vj for i < j.IfvbelongstosomeViwith0<i<nandvdominatesallof

VVi 1 i i 1- +¨¨

, then we saythat v is a level-dominant vertex. Also if Vi for 0<i<n contains a level-dominant vertex,then we refer to Vi as a dominant level.Lemma 2. If v is a level dominant vertex of the connected, k-critical graph G, then vbelongs to G*.Proof: Suppose that

vVį

is level dominant, and that v does not belong to G*. Theng(G-v)=k-1, and so there exists a (k-1)-element dominating set S of G-v. Now S can notdominate v, so it must be that no element of S belongs to

Vi 1 i i 1- +¨¨

. Thus no vertexof S can dominate any vertex of Vi-{v} and so we have Vi = {v}. Hence, v is a cut vertexofG,andsobyTheorem3wehaveacontradiction.¤Since G* is complete, the next result follows at once.Corollary 1. There are at most two dominant levels in any level-decomposition of aconnected, k-critical graph G, and furthermore any two dominant levels must beconsecutive.Lemma 3. Suppose that G is a k-critical graph, and is alevel-decomposition of G with respect to the vertex a. Let T be any set of t vertices none ofwhich are level-dominant. Then T can dominate at most 2t levels of W.

6Proof: Clearly this is true if t=1. We argue by induction.Suppose that the result holds for values less than some t > 1, and let T˚

={ }x , x , , x1 2 tL

be a set of t vertices. Suppose that T dominates the 2t+1 levels

A,A,A1 2 2t 1L +

(so each Aiis some Vj). Assume that the Ai’’s are ordered so that if Ai=Vj and Ar = Vs with j < s, theni < r. Also assume that the xi’s are ordered so that for i<j, d(a,xi) £ d(a,xj). We first observe that x1 belongs to A2. For suppose that x1 does not belong to A2. TheninordertodominatetheverticesofA1,itmustbethatx1 cannotdominateA3.Butthen,the t-1 elements of T˚-˚{x1} would dominate the 2t-1 levels

A,A,A2t 13 4L +

contrary toour inductive assumption. By a similar argument we observe that xibelongstoA2iforeachi=1, 2,... , t. In fact, suppose that xj does not belong to A2j and j˚>˚1 is the first index forwhichthishappens.ThenxjeitherbelongstoalevellessthanA2jortotoalevelgreaterthan A2j. If xj belongs to a level less than A2j , then the t-j vertices xj+1, xj+2,... xt mustdominate all of the 2(t-j)+1 levels A2j+1, A2j+2, ..., A2t+1. On the other hand, if xjbelongs to a level greater than A2j, then the j-1 vertices x1, x2,... xj-1mustdominateallof the 2(j-1)+1 levels A1, A2, ..., A2j-1. It also follows from this observation that each ximust dominate all of the vertices in A2i(andx1mustdominateA1aswell.)Alsoitfollowsthat the Ai’s are consecutive levels, i.e., d(a,Ai+1) = d(a,Ai)+1.Nowx1 is not adjacent to x2,andsothereexistsasetSofk-2verticessuchthateither

[x,S]x1 2fi

or

[x,S]x2 1fi

. Suppose first that

. Then since x1mustdominateallofA1andA2,itcannotalsodominatealltheverticesofA3.ThusthereissomevertexwinA3thatisnotadjacentto x1. Now there must exist a vertex z in S that dominates w. Also, since z can not beadjacenttox2,itmustliein

A2 3¨

. However,

x,x1 2{ }

dominates all vertices in

A1 2 3 4¨ ¨¨

, and so the set

S{z}x,x1 2-( ) ¨ { }

is a k-1 element set that dominatesall of G. This is impossible. So it must be that there exists a set S with cardinality k-2 and

. Now byLemma 1, x1 can not be a cut-vertex and so there must be some vertex w in A2˚-˚{x1}.

7There must be some vertex z in S that dominates w, and z must not be adjacent to x1.Thismeans that z lies in A3. But, as before, we now see that

S{z}x,x1 2-( ) ¨ { }

is a(k-1)-element dominating set for G. With this contradiction, the lemma follows. ¤Theorem 5. For k‡2, the diameter of a connected, k-critical graph is at most 2k-2.Proof. Since the result is known for k<4, we will assume that k˚‡˚4. Let G be ak-critical graph having diameter n. Let a and b be vertices of G such that d(a,b)˚=˚n.Withoutlossofgenerality,wemayassumethereexistsasetSofk-2verticessuchthat

[a,S]bfi

. Let

WV,V,V0 1 n= { }L

be a level-decomposition for G with respect to a. Nowsuppose that there are no dominant levels with respect to W. Then

Sä{ }

is a set of k-1vertices that dominates all of the levels of W except ˚possibly for Vn.Henceitfollowsfrom Lemma 3 that n˚£˚2(k-1). Now suppose that there is exactly one dominant level Vi in W. Let x˚

˛

˚Vi-1 andy ˚

˛

˚Vi+1. Then x is not adjacent to y, so there exists a set R of k-2 elements such that(withoutlossofgenerality)

[x,R]yfi

. But then, R˚¨˚{x} is a (k-1)-element set - noelements of which are level-dominant (since y is not dominated) - that dominates all levelsof W except for Vi+1 . Hence we have n˚£˚2k-2.˚ Finally, suppose that W contains two dominant levels, say ViandVi+1. Let x be a vertexinVi-1andyavertexinVi+2.Thenwithoutlossofgenerality,thereexistsasetTofcardinalityk-2suchthat

[x,T]yfi

. Now if T has no level dominant vertices, we arguejust as before. So suppose that T does contain a level-dominant vertex z (of course we mayassume there is just one level dominant vertex in T as the argument is even simplerotherwise). Then since z can not be adjacent to y, z must belong to Vi. But now, the k-3

8elements of T-{z} must account for all n+1 levels of W except possibly Vi-2,Vi-1,Vi,Vi+1and Vi+2 (n-4 levels in all). Hence we have 2(k-3) ‡ n-4 or n £ 2k-2. ¤IV. A Class of k-critical Graphs Having Large Diameter.We next give a simple construction that frequently makes it possible to extend a k-criticalgraph to a larger one. Let G be a graph, v ˛ V(G), v’ ˇ V(G). Then <G,v,v’> will denotethe graph with V(<G,v,v’>)=V(G) ¨ {v’}, and E(<G,v,v’>)=E(G) ¨ { v’u : u ˛ N[v]}.Thus <G,v,v’> is obtained from G by adding a new vertex v’ that has the same closedneighborhood as v. We will call <G,v,v’> the expansion of G via v (by v’). If theexpansion of the k-critical graph G via v is also k-critical then v will be called expandable.Figure 2 illustrates this construction.The next lemma is proven in Sumner-Wojcicka [5]Theorem 6. If v is a vertex of G such that v˚fi˚u for every vertex u

ˇ

N[v], then v isexpandable.Definition: A graph G with g(G)=k is said to be k-domination-symmetric if for everytwo non-adjacent vertices x,y of G, both ˚x fi˚y and y˚fi˚x.We obtain the next result as an easy consequence of Theorem 6.Lemma 4. If G is k-domination-symmetric, then every vertex of G is expandable.Now for purposes of this paper, we will refer to a graph G as being k-good if it satisfies:1. G is k-domination-symmetric.2. There exist two vertices a, b of G with

9i. d(a) = d(b) = 2.ii. N(a) and N(b) are both independent.iii. d(a, b) = diam(G).We will refer to any such vertices a and b as diametric vertices of G.Note that the graph G2 in Figure 3 is 2-good, and the graph G3 in Figure 3 is 3-good.Definition: Let G1 be a k1-good graph and G2 a k2-good graph with a1 , b1 diametricvertices of G1 and a2 , b2 diametric vertices of G2. Let H1˚=˚<G1,b1,b1’> andH2 = <G2,a2,a2’> . Form the graph G by taking disjoint copies of H1 and H2 and addingthe edges b1a2 and b1’a2’. We refer to the graph G as the symmetric sum of G1 and G2.ThisconstructionisillustratedinFigure4.Lemma 5. Let k‡2, and let G be a k-good graph having a diametric vertex b. Then for anyv in G, there exists a minimum dominating set for G that contains both v and b.Proof. If v is not adjacent to b then let S be any set such that

[v,S]bfi

then S˚¨˚{v, b}is a minimum dominating set that contains both v and b. Thus we need only consider thecase where v is adjacent to b. But d(b)=2, so let u be the other vertex of G that is adjacentto b. Then v and u are not adjacent, so there exists a k-1 element set S containing v thatdominates all of G-u. But then

S{b}¨

is a k-element dominating set for G that containsboth v and b.¤Lemma 6. Let G1 be a k1 -good graph and G2 a k2 -good graph with both k1 , ˚ k 2 ˚ ‡ ˚2.Then the symmetric sum, G, of G1 and G2 is a (k1 + k2 )- good graph havingdiam(G) = diam(G1) + diam(G2) + 1.

10Proof. Let a1 and b1 be diametric vertices of G1 and a2 and b2 be diametric vertices of G2.Form the symmetric sum, G, of G1 and G2 by expanding b1 in G1 and a2 in G2. LetG 1 ’ = < G 1 , b 1 , b 1 ’> and G2 ’ = < G 2 , a 2 , a 2 ’> (see Figure 4 ). Now clearly diam(G) = diam(G1) + diam(G2) + 1, and a1 and b2 satisfy the conditionstobediametricverticesofG.Thus,weneedonlyverifythatGisk-dominationsymmetricwhere k = k1 + k2.Notethat:(i). By Lemma 4, G1’ and G2’ are both domination-critical graphs.(ii) If v and u are non-adjacent vertices of G1 ’ - { b 1 , b1 ’}, then both v ˚fi ˚u and u˚fi ˚v inG1’. (a similar assertion holds with respect to G2.)(iii). If v˛ G1, then there exists a set S˚

˝

˚G1 of cardinality k1-1 such that S dominates allof G1 - {v}.(iv). G1 ’ - b1 @ G1 is also k1 - g o o d . First we will show that g(G)=k. Let S1 be a minimum dominating set for G1’ and S2 aminimum dominating set for G2’. Then Clearly

S1 2¨

is a k-element set that dominates Gand so, g(G) £ k. Now suppose that g (G)˚<˚k, and let S be a dominating set for G withfewerthankvertices.Thenwithoutlossofgenerality,wemayassumethat

SG'1˙

< k1 .Hence

can not dominate all of G1’. Now since S does dominate all of G,

must dominate all elements in G˚-˚{b1,˚b1’} and thus must be of size k1 - 1. Thus

SG'˙ 2

must dominate both b1 and˚b1’. But this means that both a2 and a2’ belong to

. Hence

SG'{a'}2 2˙ -

would be a k2-1 element set that dominates all of G2’.With this contradiction it follows that g(G)˚=˚k.Now let v and u be non-adjacent vertices of G. We must show that u˚fi˚v and v˚fi ˚u. Itisstraightforwardtocheckthatallpossiblecasesareequivalenttooneofthefollowingfive.

11Case 1. v and u both belong to G1 ’ - {b1 , ˚ b 1 ’ } . Let S1 be a set of k1-2 vertices of G1’ such that

S{v}1¨

dominates all of G1 ’ except foru. Let S2 be any k2-element dominating set for G2’. Then

SS{v}1 2¨¨

dominates all of Gexcept for u. Thus v ˚fi˚u in G. Similarly, u˚fi˚v in G.Case 2. v

˛

G1 ’ - {b1 , ˚ b 1 ’}, and u

˛

G2 ’ - { a 2 , ˚ a 2 ’ } . Let S1 be a k1-1 element set in G1’ such that S1 dominates all of G’1 except for v. Let S2be any k2-element dominating set for G2’ that contains u. Then S1˚¨˚S2˚is a k-1 elementset containing u that dominates all of G except for v. Thus v ˚fi˚u in G. Similarly,u˚fi˚v in G.Case 3. v

˛

G1 ’ - {b1 , ˚ b 1 ’}, and u = a2 ’ . Let S1 be any k1-1 element subset of G1’ such that S1 dominates all of G1’ except for v.Let S2 be any k2-element dominating set for G2’ that contains a2’. Then

S1 2¨

is a k-1element set containing a2’ that dominates all of G except for v. Thus u˚fi˚v. As aconsequenceofLemma5wecanfindak1-elementdominatingsetS1forG1’thatcontainsb1andv.LetS2beanyk2-1elementsetthatdominatesallofG2’exceptfora2and a2’. Then

is a k-1 element set containing v that dominates all of G except fora2 ’ . T h u s , v ˚ fi ˚ u . C a s e 4 . v ˚ = ˚ b 1 , a n d u ˚ = ˚ a 2 ’ . Let S1 be any k1- element subset of G1’ containing b1 that dominates all of G1’. Let S2 beany k2-1 element subset of G2’ that dominates all of G2’ except for a2 and a2’. Then

is a k-1 element set containing v that dominates all G except for a2’. Thus v˚fi˚u.S i m i l a r l y , u ˚ fi ˚v.

12Case 5. v

˛

G1 ’ - {b1 , ˚ b 1 ’}, and u = b1 .It is straightforward to check that b1 fi v. We will show that v fi b1 .Let S2 be a k2-2 element set in G2’ such that [a2’,S2] fi b2. Let S1 be a k1-2 element set inG 1’ such that [v, S1] fi b1 in G1. Then S= S1 ¨ S2 ¨ {a2’, b2 } is a k-2 element setsuch that [v,S] fi b1 in G.ThusGisk-domination-symmetricandthetheoremfollows.¤Theorem 7. For every k‡2, there is a k-domination critical graph G having diameter

32k1-ØºŒ øßœ

. (Here [x] denotes the greatest integer less than or equal to x).Proof. For n˚£˚3, we have the graphs of Figure 3. For n˚‡˚4, we define Gn to be thesymmetric sum of Gn-2 and G2. Hence, for n˚‡˚4, diam(Gn ) ˚ = ˚ d i a m ( G n - 2 )˚+˚3. ThattheGn’ssatisfytheconditionoftheTheoremisnowaneasyinductionargument.¤V. The Diameter of 4-critical GraphsIn this section we show that the bound of 2k-2 is not sharp for k-critical graphs with k = 4by proving:Theorem 8. The diameter of a 4-critical graph is at most 5.For the remainder of this section, suppose that G is a 4-critical, connected graph withdiameter 6. Let W={V0,V1,..., V6} be a level-decomposition of G, where V0={a}. Also,whenever we refer to a set S such that

[x,S]yfi

for some vertices x and y, we willassume that S has cardinality 2.

13Lemma 7. Any vertex of level V5thatdominatesalloflevelV5alsodominatesV6.Proof. Let x be a vertex of V5 that dominates all of V5, and let y be any vertex of level V2.Suppose that x does not dominate all of V6. Now x is not adjacent to y, and so there mustexistSsuchthateither

[x,S]yfi

or

[y,S]xfi

. If

, then since x does notdominate all of V6,Smustcontainavertexof

V5 6¨

, and in order to dominate a, S mustalso contain vertex of

V0 1¨

. But then, no element of

S{x}¨

is available to dominate theelements of V3. So suppose that

. Then in order to dominate a, S must contain avertex of

and in order to dominate all of

V4 5 6¨¨

(except for x)S must alsocontain a vertex of V5.Butthenthisvertexwouldbeadjacenttoxwhichisimpossible.¤Lemma 8. No vertex of V3 dominates

V2 3¨

.Proof. Suppose that x is a vertex of V3 that dominates

. Then there must exist aset S such that either

[a,S]xfi

or

[x,S]afi

.If

, then some vertex z of S mustbelong to V1inordertodominateV2butnotx.Ontheotherhand,if

, thensome vertex z of S must belong to V2inordertodominateV1butnota.Ineithercase{a,x} dominates N[z], and so

(S{z}){x,a}-¨

would be a 3-element dominating set forG. Thus no such vertex x can exist.¤Now we can prove Theorem 8.Suppose that a, b are vertices of the connected k-critical graph G withdiam(G) = d(a,b) = 6.We may assume with no loss of generality that for some 2-element set S,

[a,S]bfi

. LetW={V0,V1,..., V6} be a level-decomposition of G with respect to a. Now in order for Sto dominate level V2,theremustbeexactlyonevertextofSin

. Now t mustdominate all of V5,andhencebyLemma7,t

ˇ

V5.

14Case 1. t

˛

V6.InthiscasetheothervertexofSmustdominateallofV2,V3andV4,whichisimpossiblebyLemma8.Case 2. t

˛

V4.Recall that t dominates V5 and note that in this case V6˚=˚{b}. Now there must exist a2-elementsetXsuchthateither

[a,X]tfi

or

[t,X]afi

.Case 2.1 Suppose first that

[a,X]tfi

. Then by Lemma 1, t can not be a cut-vertex of G,and so V4containsmorethanjusttitself.Nowinordertodominatebwithoutdominatingt,itmustbethatb

˛

X. The remaining vertex x of X must dominate

V2 3¨

, and hence byLemma 8, x must belong to V2.ButthenthereisnoelementofSthatcandominateV4- { t }.Case 2.2 So suppose that

. There is one vertex of X in

V5 6¨

, and so the othervertex x of X must dominate all of V1andV2.Sincexcannotbeadjacenttoa,wehave x

˛

V2.Nowxisnotadjacenttot,andsothereexistsasetYsuchthateither

[t,Y]xfi

or

[x,Y]tfi

.Suppose that

. Then x can not be a cut-vertex of G, and so V2 must not be just{x}.ButthensinceYmustcontainthevertexa(inordernottodominatex)andsomevertexofYmustbein

, there is no vertex of Y available to dominate the othervertices of V2. So finally, suppose that

. Then t is not a cut-vertex, so V4containsverticesotherthant.ThenYmustcontainavertexof

V0 1¨

, as well as the vertex b, and there is

15no vertex available to dominate the other vertices of V4.¤

16References1. D. Bauer, F. Harary, J. Nieminen and C. Suffel, "Domination alteration sets ingraphs", Discrete Math. 47 (1983) 153-161.2. R. C. Brigham, P. Chinn and R. D. Dutton, "Vertex domination critical graphs", Networks 18 (1988) 173-179.3. D. Sumner, "Critical concepts in domination", Discrete Math. 86 (1990) 33-46.4. D. Sumner, and P. Blitch, "Domination critical graphs", Journal of CombinatorialTheory, Series B (34) 1983, 65-76.5. D. Sumner and E. Wojcicka, "Cutpoints in domination critical graphs", Preprint.6. E. Wojcicka, "Hamiltonian properties of domination-critical graphs" , Journal of GraphTheory 14 (1990) 205-215.

17The darkened vertices represent the nucleus of the graph

(a)(b)3-criticalgraphsFigure 1.

18vv’vFigure 2

19 G2 G3Figure 3

20a1a1b1a’2b1a2a2b2b2b’1

Figure 4

21