Solutions Homework 9

(1) Pg. 93: 17 Solution:

a. Note first that f,(y) = anXpn+1)(¥) — GnXnt1nt2)(y) for n <z < n +1 and
f2(y) = 0 for all other z. Hence f, is integrable and obviously [ f.(y)dy =0
for all z. Hence [ ([ f.(y)dy) dz = 0. On the other hand f¥(z) = agx[o,1)()
for 0 <y < 1, while f¥(z) = —an-1Xjn-1,n) () + @G Xnns1)(x) for n <y <n+ 1.
This shows that for all y the slice fY is integrable.

b. From part (1) it follows that

/fy(:v) dz = agx(o,1)(y) + Z(an — A1) X[nnt1)(Y)-

Hence y — [ fY(z) dx is measurable and as ag+ Y | @y — @y = lima, = s <
oo we have that y — [ fY(x)dz is integrable and [ (f fy )dz) dy = s # 0.

c. Since |f(z,y)| = ano anx[nm-i-l) [n7n+1)(x y) + An X[n,n+1)x [n+17n+2)($»y)7 it is
clear that |f| is a measurable function of (z,y). Form the above and Fubini’s
theorem it follows now that f can’t be integrable. Using Tonelli’s Theorem we
can see that [[ fdxdy =237, a, and this sum diverges to oo as the the terms
do not converge to 0.

(2) Pg. 93:19 Solution Let B = {(z,y) € R? >< R 0 <y < |f(x)]}. Then as in
Corollary 3.8 the set B is measurable and m(B) = [m(B,)dz = [|f(z)|dz. On
the other hand [m(BY)dy = [ m({z : |f(z )| y}) dy from which the conclusion
follows via Tonelli’s theorem.

(3) Pg. 93: 24

a. Assume |g| < M. let € > 0. Then there exists § > 0 such that |h| < § implies
|f — fallh < 57 (from the previous hw). Let now |z; — x| < §. Then

/ {fe1 —y) — fa2 — y)}g(y) dy
< M/|f(x1—y>—f<x2—y)\dy

[(f * g)(z1) = (f x g)(x2)| =

=M/|f(x1—xz+t)—f(t)!dt
- M”fm—wl - f”l < €.

b. If g is also integrable, then by a theorem proved in class, we know that f * ¢ is
integrable. By a. we know f x ¢ is also uniformly continuous. this implies, the
same way as the case d = 1 (which was done in a previous hw) that (fxg)(z) — 0
as |x| — oc.

(4) By Tonelli (or Fubini) m(E) = fol m(E,)dx < 5. Now by Tonelli again

m({y € [0,1] : m(EY) = 1}) < / m(EY) dy = m(E) <

(5) Let g(t) = 5=X[—nn. Then g € L and [|g||; = 1. Now observe

z+h
on(x) = %/_h ft)dt =g f(x).
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Now shown in class if f,g € L', then g« f € L' and ||g * f|l1 < |lgll1]|f|l1-



