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In this note we present two proofs of the Fundamental Theorem of Algebra. The
first one uses Cauchy’s integral form and seems not to have been observed before
in the literature. The second one, which uses only results from advanced calculus,
is the real variable version of the complex analysis proof. This proof was motivated
by the proof of [1], where the same ideas were used to prove a more general result
(the non-emptiness of the spectrum of an element in a complex Banach algebra).

Theorem (Fundamental Theorem of Algebra). Every polynomial of degree n > 1
with complez coefficients has a zero in C.

Proof. Let p(z) = 2" + an_12""* + -+ + a1z + ag be a polynomial of degree n > 1
and assume that p(z) # 0 for all z € C.
First Proof: By Cauchy’s integral theorem we have
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where the circle is traversed counter clockwise. On the other hand |p(z)| = |2|"|(1+
U ... 4 28] — o0 as |z| — oo implies that
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as |z| — oo, which is a contradiction.

Second Proof Define g : [0, 00) x [0, 27] — C by g(r,0) = ﬁ Then the function
g is continuous on [0,00) x [0, 27] and has continuous partials on (0, 00) x (0, 2),
given by
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Define now F : [0,00) — C by F(r) = f027r g(r,0)df. Then F is continuous on
[0,00) by the uniform continuity of g on [0, M] x [0,27] and by Leibniz’s rule for
differentiation under the integral sign we have for all » > 0
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so that by the fundamental theorem of calculus
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riF’'(r) = /0 D (re®) df = ; %(r,é) df = g(r,2m) — g(r,0) = 0.
Hence F’'(r) = 0 for all » > 0. This implies that F is constant on [0,00) with
F(r) = F(0) = % # 0. On the other hand |p(z)| — oo as |z| — oo implies that
g(r,0) — 0 as r — oo uniformly in ¢. Therefore F(r) — 0 as r — oo, which is a
contradiction. O
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