DECOMPOSITION OF BESOV AND TRIEBEL-LIZORKIN
SPACES ON THE SPHERE

F. NARCOWICH, P. PETRUSHEV, AND J. WARD

ABSTRACT. A discrete system of almost exponentially localized elements (needlets)
on the n-dimensional unit sphere S™ is constructed. It shown that the needlet
system can be used for decomposition of Besov and Triebel-Lizorkin spaces on
the sphere. As an application of Besov spaces on S", a Jackson estimate for
nonlinear m-term approximation from the needlet system is obtained.

1. INTRODUCTION

A basic principle in Harmonic analysis is to represent functions or distributions
by simple elements (building blocks). The ¢-transform of Frazier and Jawerth
[3, 4] and Meyer’s wavelets [7] provide such building blocks on R™. The almost
exponential localization and simple structure on the frequency side of the frame
elements of Frazier-Jawerth and Meyer’s wavelets makes them a universal tool for
decomposition of spaces of functions and distributions on R".

Our primary goal in this article is to develop similar building blocks on the unit
sphere S™ in R"*! (n > 2). The structure of the function spaces on S™ is different
and more complicated than on R™ due to the fact that there is no dilation operator
on S™ and the rotation group on S™ is much more complicated then the shifts in R™.

The spherical harmonics provide a basic vehicle for representation and analysis
of functions on S™. However, they can be effectively used for decomposition of func-
tions only in L?(S™). If P, is an appropriately normalized Gegenbauer polynomial
of degree v, then P, (£ - n) is the kernel of the orthogonal projector onto the space
‘H, of all spherical harmonics of degree v on S"™. Consequently,

m

Kn(&-m) =Y _Py(¢-n)

v=0

is the kernel of the orthogonal projector onto the space of all spherical polynomials
of degree m. The poor localization of K,,(§ - n) is a major obstacle in using the
spherical harmonics for decomposition of function spaces other than L2,

A key fact [10] is that any kernel of the form

(1.1) An(-m) = ia(%)m(em,

v=0
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where @ is a compactly supported C* function with supp @ C (0, 00) has nearly
exponential localization, namely, for any k > 0 there is a constant ¢, > 0 such that

Ck N™
(12) ANE )| € e
Here d(&,n) is the geodesic distance between &, 1 € S™.

The role of the kernels Ay (¢ - n) is two-fold. First, these kernels enable one to
properly define the Besov spaces Bg? (B-spaces) and the Triebel-Lizorkin spaces
Fy,, (F-spaces) on the sphere (in analogy to Peetre’s approach [11] to spaces on R™).

Second, they give us a tool for constructing extremely well localized elements
(building blocks) on the sphere. The almost exponential localization of our building
blocks prompted us to call them needlets. The construction of the needlets is based
on a Calderén type reproducing formula. Another important ingredient for the
construction of a discrete system of needlets on S™ is the cubature formula from
[8, 10]. If we denote the analysis and synthesis needlets by ¢, and 1, (see §3),
where 7 belongs to a countable set X of points on the sphere (also an index set),
then every distribution f on S” (f € S’(S™)) has the representation

F=> {f0n)tn

nex

&nest.

The needlets enjoy the following properties which make them a handy tool on the
sphere:

(a) Each needlet is a zonal polynomial, i.e. a function of the form g(£-7n), where
g is a univariate algebraic polynomial.

(b) Each needlet is “compactly supported and infinitely smooth* on the fre-
quency side, namely, it is of the form (1.1) with @ a compactly supported C*°
function.

(c) Each needlet ¢, or 9, is localized around a certain point (center) n € X and
is rapidly decaying away from this point (with rate as in (1.2)).

(d) The needlets are semi-orthogonal, namely, every two of them which are from
levels at least two levels apart are orthogonal.

Although the needlets do not form a basis, they behave like a basis. In [10],
among other things, it is shown that when ¢, = 9, the needlet system {1, },cx is
a tight frame for L?(S™).

In this article we show that the needlet system can be applied to obtain norm
characterizations of function spaces covered by the Littlewood-Paley theory on S™,
in general, Besov and Triebel-Lizorkin spaces. These include the LP(S™) spaces,
1 < p < o0, the Hardy spaces HP(S™) spaces, 0 < p < 1, and the Riesz potential
spaces. We have the following characterization of the Triebel-Lizorkin space Fj*
on S", where a e Rand 0 < p < 00,0 < g < o0:

A llge =~ || (32 [IGal=/ ™21 1 0n)l16, ()] )
nex

1/q
‘ , feF).

Lpr

Here G, is a spherical cap on S™ centered at n € X of geodesic radius ¢277" if
n € &; the jth level in X (X = (J;5( ;) (84). For the Besov space By? on S",
where o € R and 0 < p,q < oo, we have

TS (i [pitensa=nin (3 i, %>|p>1/”r)”q7 f e Bo,

7=0 ’I’]GX]‘
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where {¢; }necx; are the needlets of level j (§5). These results are analogous to the
fundamental results of Frazier and Jawerth [3, 4] (see also [5]).

Atomic and molecular decompositions of Besov and Triebel-Lizorkin spaces on
the sphere can be developed similarly as on R™, where the approach of Frazier-
Jawerth [3, 4] can be utilized. These can be used in showing that the Besov and
Triebel-Lizorkin spaces on the sphere used in this paper are the same as the ones
induced by the more general definition of Besov and Triebel-Lizorkin spaces on
manifolds given in e.g. [19]. We do not go in this direction since the sole purpose of
this paper is to develop the needlet system. An important motivation for this work
is the application of Besov spaces on the sphere to nonlinear m-term approximation
from needlets; we prove a Jackson estimate for approximation in L,, 0 < p < oo
(56).

The organization of the paper is as follows. Section 2 contains some preliminaries,
including localized kernels on the sphere, cubature formulae, maximal inequalities
and basics of distributions on the sphere. In §3, we introduce the needlet system
and give some of its basic properties. In §4, we show that the needlets can be used
for characterization of the Triebel-Lizorkin spaces on the sphere. In §5, we show
that the Besov spaces on the sphere can be characterized via the needlet system.
In §6, we apply Besov spaces to nonlinear m-term approximation from needlets.
Section 7 is an appendix, where we place the proofs of some lemmas from previous
sections.

Throughout the article, we use the following notation: II,, denotes the set of
all univariate algebraic polynomials of degree < m and II,,(S™) denotes the set
of all spherical polynomials of degree < m. For any set £ C S", 1p denotes
the characteristic function of E and |E| denotes the Lebesgue measure of E. The
geodesic distance on S™ is denoted by d(§,n), i.e. d(&,n) := arccos £ - i, where
¢ - n denotes the inner product of £, € S*. We use the notation B, (r) := {{ €
S™: d(&,m) < r}. Positive constants are denoted by ¢, c1,c*,... (they may vary at
every occurrence), A ~ B means ¢c;A < B < ¢3B, and A := B stands for “A is by
definition equal to B”.

2. PRELIMINARIES

2.1. Localized polynomial kernels on the sphere. Let P, be the orthogonal
projector onto the subspace H, of all spherical harmonics of order v on S™. As is
well known the kernel of P, is given by

(2.1) P m = AR e ), A= "

Aoy, Y

where w,, denotes the hypersurface area of S*. Here P, is the Gegenbauer polyno-
mial of degree v normalized with P} (1) = (’”2”)‘71) [17, p. 81, (4.7.1)]. We refer
the reader to [9, 15] for the basics of spherical harmonics.

Consider now a kernel (polynomial) of the form

(2.2) An(z) = ia (%) P, (z)

v=0

with “smoothing function” @ obeying the following definition:

Definition 2.1. A function @ is said to be admissible if a € C*°[0,00) and a
satisfies one of the following two conditions:
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(a) suppa C [0,2], a(t) =1 on [0,1], and 0 <a(t) <1 on [1,2]; or
(b) suppa C [1/2,2].

Our development in this article heavily relies on the fundamental fact that every
polynomial Ay as above has nearly exponential localization around zero.

Theorem 2.2. [10] Let @ be admissible. Then for every k > 0 and r > 0 there
exists a constant ¢, > 0 depending only on k, r, n and @ such that
dr Nn+2r

. < Chr o
(2.3) dxrAN(COSH) < ¢y, 15 No)y

0 € [0, ].

The dependence of ci, on @ is of the form cy = c(k,r, \) maxo<,<k [|a™] po .

This estimate is proved in [10]. It also follows from the general result in [6] on the
spectral properties of elliptic operators. It was simultaneously extended for Jacobi
polynomials in [1] and [13]. For reader’s convenience we next state the result for
Jacobi polynomials. Denote

(24)  Ly(z) = ia(i) @j+at B+ DIG+a+F+1) pas

= \N L(j+p+1) J

where ¢® :=T(8+1)/T(a+3+2) and Pj(a’ﬁ) (x) are the classical Jacobi polynomials
[17, Chapter IV].

Theorem 2.3. [1, 13] Let @ be admissible and assume that o > 8 > —1/2. Then
for every k > 0 and r > 0 there exists a constant cx, > 0 depending only on k, r, «,
B, and @ such that

T N2a+2r+2

L 0) < T, ANTONE

dor Ln(cosO)| < enr g
Since [17, (4.7.1), p. 81]

P(A—1/2) T(v+2)) PO-1/22-1/2) ()
rex) T+a+1/2) " ’

then with & = 3 = A —1/2 we have Ay = w,, ! Ly. Consequently, (2.5) yields (2.3).

(2.5) 0 € [0,7].

P (x) =

Reproducing kernels. Assuming that a is admissible of type (a), we define

(2.6) K ;:ia(%)m, N=1,2....

v=0

We next give some basic properties of the kernels Ky (£ - n). We begin with two
definitions.

Nonstandard convolution on S™: For functions ® € L>°[—1,1] and f € L*(S"),
we write

(2.7) Bx f(€) = / B(E0)f(0) (o).

Best polynomial approximation on S™: We let E,,(f), denote the best ap-
proximation of f € LP from IL,,(S"), i.e.

2.8 Em = inf - p.
(2.8) (Fp geﬁ&sﬂ)”f 9llz
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Lemma 2.4. (a) Ky is a polynomial of degree < 2N and Ky defines a reproducing
kernel for IIn(S™), that is, Kn x g = g for g € IIN(S™).
(b) For every k > 0 and r > 0 there exists a constant cx, > 0 such that
dr Ckern+2r
on(€om)| £ et
da (I1+Nd(&-n))
(¢) For any f € LP(S™), 1 < p < o0, we have Ky * f € Ian(S™),
(2.10) 1N fllze < cllfllee, and |[f = Kn * fllee < cEn(f)p-

Proof. Part (a) of the lemma is obvious since a(;) = 1 for 0 < v < N. Estimate
(2.9) follows by (2.3). The first estimate in (2.10) is immediate from (2.9) when
p =1 and p = oo; the general case follows by interpolation. The second estimate
in (2.10) is a consequence of the first one and (a). O

An easy consequence of the above lemma is the following classical inequality

(Nikolski inequality).

(2.9) &nesSt.

Proposition 2.5. For 0 < ¢ <p < oo and g € lIx(S"),
(2.11) lgllzr < eN"/TVP)|g] o
For future use we next give one more property of ICp.

Lemma 2.6. Suppose w,n,&1,& € S™ and d(€j,m) < ¢*N~1, j =1,2. Then for
any k > 0 there exists a constant cj, such that
d(&, &) N

(2.12) IKn(w-&1) = Kn(w- &) Sckm-

Proof. Let G* := {¢£ € S" : d(£,n) < ¢*N~1}. Evidently,

(213)  |Knlw &) - Kn(w &) < swp |2 Kn(w- 6w &1 - ol
gegx 1axr

From Lemma 2.4, (b) with k replaced by k + 1, we have

’—IC ‘ Cry11 N2
dx ~ (14 Nd(w,&))k+1
and hence
cN (n+2)
2.14 ’
( ) gseucg)* = (1+ Nd(w n))k—&-l

To estimate |w - & — w - &, we let 01 := d(w,fl) and 6 := d(w,&2). Then
lw-& —w-&| = |cosb — cosby]

2|sin(0y — 02)/2|| sin(61 + 02)/2]

(1/2)|61 = 60261 + 0|

(1/2)ld(w, &) — d(w, &)|(d(w, &) + d(w, &)

IN

and hence

|w . 51 —w- §2| < d(€17 £2) max{d(w, 51)7 d(wa 62)} < Cd(gla 52)[d(w’ 77) + N_l]'
Substituting this and (2.14) in (2.13), we obtain
cd(&1,&)[d(w,n) + NN cd(&,&)N™
N (8 0EX ) N (S )
which completes the proof. O
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2.2. Cubature formula on S™. For the construction of our discrete systems of
building blocks (needlets) we will need a cubature formula on S™ exact for all
spherical polynomials of degree N. One of the main difficulties in constructing
cubature formulae on the sphere is the lack of uniformly distributed points on
S™. We will use as a substitute sets of almost equally distributed points which we
describe in the following.

Lemma 2.7. For any 0 < € < 27 there exists a partition R. of S™ consisting
of spherical simplices and a set X. C S™ (consisting of their “centers”) with the
properties:
(i) 8" = Uger, R and the sets in R. do not overlap (RY N R3 = 0 if Ry # Ra).
(ii) For each R € R, there is a unique n € X. such that By,(c*e) C R C By(e),
where By (r) :={{ € S™:d(&,n) <r}.
(iil) #X. = #R. < e ™.
Here ¢* and c¢** are constants depending only on n.

For the proof of this simple lemma, see [10].

Definition. A set X. C S™ which along with an associated partition R. of S™ has
the properties of the sets X. and R. of Lemma 2.7 will be called a set of almost
uniformly e-distributed points on S™.

Theorem 2.8. There exists a constant ¢ > 0 (depending only on n) such that
for any N > 1 and a set X. of almost uniformly e-distributed points on S™ with
€ :=c®/N, there exist positive coefficients {c,}necx. such that the cubature formula

F&)du(&) ~ Y enf(n)

s neXe

is exact for all spherical polynomials of degree < N. In addition, ¢, = N™" with
constants of equivalence depending only on n.

This theorem is given in [10] and is a slightly improved version of the result
from [8].

For the construction of our needlets (§3), we will use the following result which
is an immediate consequence of Lemma 2.7 and Theorem 2.8.

Corollary 2.9. There exists a sequence {Xj}}?io of sets of almost uniformly €;-
distributed points on S™ (X; := X.,) with e := ¢°27772 and there exist nonnegative
coefficients {c, }nex, such that the cubature

(2.15) [ 1@ du(©) ~ 3 eof ()
nEX;

is exact for all spherical polynomials of degree < 2772, Moreover, ¢, ~ 279" and
#X; ~ 29m with constants depending only on n.
Furthermore, there exists a constant ¢y = c1(n) such that if we denote

(2.16) G, = B,(c1277) ={€ €S":d(¢,n) <277}, ne X,

then ™ C U, cx, Gy and only finitely many (< c(n)) sets {Gylnex, may intersect
at a time.
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Also, we denote
(2.17) x=Ja,
§=0

and we will assume that X consists of distinct points (X will be used as an index
set).

2.3. Maximal inequality. We denote by G the set of all spherical caps on S™, i.e.

G € G if G is of the form: G :={£ € S": d(&,n) < p} with n € S” and p > 0.
Let M be the maximal operator, defined by

1/s
218)  M.J(E) = sup (|c1:| i If(w)sdu(w)> . cesn

Geg:¢eG

We will need the Fefferman-Stein vector-valued maximal inequality (see [14]): If
0<p<oo,0<g<oo,and 0 < s < min{p, ¢}, then for any sequence of functions
fl,fg,. ..onS"

(2.19) [(Emesor)™

where ¢ = ¢(p, ¢, s,n).
For later use, we record the following estimate of Ml¢, (§). For s > 0 and
n e X; (j >0), we have

Ly

L= (Sumor)”]

1
(1 +27d(g,m)"/*’

with constants of equivalence depending only on s, n, and ¢; (from (2.16)). This
equivalence follows by straightforward calculations.

(2.20) Mg, (§) = £es”,

2.4. Distributions on S™. We will use the standard notation:

D% = 8‘“'/8?1 ~--8Z‘r{1, where o= (aq,...,an41), |a]:=a;+ -+ apy1.
For a function ¢ defined on S”, we denote by E¢ its extension to R"*1\ {(}} defined
by E¢(z) := ¢(x/|z|) and then

D i= D*(E¢)[gn.

Let § := C*°(S™) be the set of all test functions on the sphere. The topology on &
is defined by the semi-norms

(2.21) Pr(¢) = > [ID*lls, 7=0,1,....

|a|=r
It is well-known that the spherical harmonics of degree v are eigenfunctions of the
Laplace-Beltrami operator Agn (Agn f := AEflgn, A :=0?/0x3 4 -+ +0%/022% )
with eigenvalues —v(v + n — 1). The topology in S can be equivalently defined by
the semi-norms

(2.22) P (¢) = |ALndlle, T=0,1,....

The space &’ := S’(S™) of all distributions on S™ is defined as the space of all
continuous linear functionals on S (S’ is the dual of §). The pairing of f € &’ and

¢ € S will be denoted by (f, @) := f(¢), which is consistent with the inner product
(f,9) = [gu fgdp in L*(S™).
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We now extend the nonstandard convolution defined in (2.7):
Definition. If f € &’ and ® is a univariate function such that ®(£ - ) belongs to
S as a function of 5 (or &), we define ® x f by the identity

(2.23) P f(&) = ([, B(E - °)),
where on the right f acts on ®(£ - ) as a function of 7.
Lemma 2.10. (a) If f €S and D(§-e) €S, then D * f € S.
(D) IffeS, @& -0)€S, and ¢ €S, then (P x f,¢) = (f,® * ).
() IffeS and P(E-0),T(-0) €S, then
(2.24) T f(€) = (U(E-®),B(o- o)) 5 .
(d) If f € S and ® € I, then ® x f € I1,,(S"), and moreover, if ® €
span{ P, 1, ..., Py}, then ® % f € I, (S™) & TI(S™).

This lemma follows by standard arguments and the proof will be omitted.

As was mentioned above, Py from (2.1) defines the kernel of the orthogonal
projector onto Hy, and, therefore, f =Y 7 Py * f for f € L3(S").

It is well known that ¢ € C*°(S") if and only if

P, * @l <en(v+1)"% v=0,1,..., forallk.
Consequently, the topology in S can be equivalently defined by the norms

o0

(2.25) Prr(¢):=> (w+1)|IPy*gllr2, 7=0,1,....
v=0

2.5. Semi-discrete decomposition of S’. Define

(2.26) By = Py and @ := Za(m—_l)m, i=1,2,...,
where @ satisfies the conditions:

. a € 00 supp @ C
(2.27) ae€ C>[0,00), suppaC[1/2,2],
(2.28) at)| >c>0 ifte[3/55/3,
(2.29) ) +a@2t) =1 ifte(1/21].
Hence
(2.30) doa@e ™) =1, tell, o).

v=0

It is easy to construct a function @ satisfying (2.27)-(2.29). Indeed, it is well-
known that there is a function g € C*°(R) such that supp g C [1/2,2] and g(t) > 0
on (1/2,2). Then the function

~ g(t)
a(t) := ,
0= 5@+ 90) + 9072)
where 0/0 := 0, satisfies (2.27)-(2.29).
By Theorem 2.2, ®; has the following localization:
Cijn
(1+27d(&n)*’

teR,

(2.31) (¢ )] < E£nes, V.
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Lemma 2.11. (a) If f € &', then
(oo}
(2.32) f=Y ®xf in&.
§=0
(b) If f € LP(S™), 1 < p < o0, then (2.32) holds in LP.
Proof. By (2.30) it follows that if ¢ € S, then ¢ = Z?io ®; x ¢ in S. Using this
(2.32) follows readily.
For the proof of part (b), we observe that Zﬁ:o D% = Ky * ¢ with p :=
Zf‘:o ®;, where Ky is a kernel with properties similar to the properties of Ky in
Lemma 2.4, because of (3.4). Consequently, Zf:o Q;xf— finLP, 1 <p<oo. O

3. NEEDLETS: DEFINITION AND PROPERTIES

Let @, b satisfy the conditions:

(3.1) @,b e C™(R), supp a,suppb C [1/2,2],

(3.2) [a(t)), [b(t)] > ¢>0 ifte(3/55/3],

(3.3) a(t) b(t) +a(2t) b(2t) =1 ift € [1/2,1].

Consequently,

(3.4) imﬁ(z—”t) =1, tell,oo).
v=0

Lemma 3.1. (a) Ifa satisfies (3.1)—(3.2), then there exists b satisfying (3.1)—(3.2)
such that (3.3) holds true.
(b) There exists a function @ > 0 satisfying (3.1) — (3.2) such that

(3.5) ai(t) +a%(2t) =1, te1/2,1],

and hence

(3.6) d a2 =1, tell,).
v=0

This is an easy and well known lemma. There is a clear connection between the
a’s, b’s and wavelet masks. In particular, one can use Daubechies wavelet masks to
construct a variety of @’s and b’s that have interesting properties (see [10]).

Assuming that @, b satisfy (3.1)-(3.3), we define

oo R v ]

(3.7) Byg:=Py and @, = Za(F) P, j=12...,
v=0

and
% v ’

(3.8) To:=Py and U, ::Zb(y_—_l)m, j=1,2,...,
v=0

Further, for n € &;, we set
(3.9) ©n(&) = /&y ®;(§ - m) and ¥y (§) == /ey V(€ - m).
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Here &} is the set of the nodes and the ¢,’s are the coefficients of the cubature
formula from (2.15). Note that ¢, ~ 277", Recall that X := [J;Z, &}, which will
be used as an index set (see (2.17)).

The functions ®; and V¥, inherit all properties of the ®;’s defined in (2.26).
In particular (see (2.31) and also Theorem 2.2),

Cijn

(3.10) |D;(E-n)], [V;(§-n)| < m, &neSt,  VEk,
and hence

Cijn/Q n
(3.11) lon ()]s [ (E)] < my §es", Vk.

Recall that d(&,n) is the geodesic distance between £ and 7.

The tremendous localization of ¢, and 1, is the reason for calling them needlets.
Moreover, according to their further roles, we will call {¢,} analysis needlets and
{1y} synthesis needlets.

We will need estimates for the norms of the needlets. We have for 0 < p < oo,
(3.12)

10 (o - m)lle = 11 (o - 1)1z ~ 27071/ and [Jpy 1 ~ [l e 2771/271/0),

Moreover, there exist constants ¢, c§ > 0 such that

(3.13) lnllzoe (B, (co2-9)) 19l (B, es2-1y) > €527™72.

See the proof in the appendix.
The following proposition provides a discrete decomposition of &’ and LP(S™)
via needlets.

Proposition 3.2. (a) If f € &', then

(3.14) f:illlj *®;x f inS'
j=0

and

(3.15) F= (frony inS.
nex

(b) If f € LP(S™), 1 < p < oo, then (3.14) — (3.15) hold in LP. Moreover, if
1 < p < o0, then the convergence in (3.14) — (3.15) is unconditional.

Proof. (a) By the definition of ®; and ¥, it follows that ¥( * &y = Py and

U5 B (w - €) = ia(%”_l)z(y”_l)m(w.g), j>1.

Now, as in the proof of Lemma 2.11, (3.4) yields (3.14).
To establish (3.15), we note that ¥;(§ - n)®;(w-n) is a polynomial of degree
< 271 in 5 and applying the cubature formula from Corollary 2.9, we obtain

VB8 = [ B nBe )
> W€ MW n) = Y dy()en(w).

neXx; neX;
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Consequently,
\Z; *6]' * f = Z <fa§0n>¢na
neEX;
which along with (3.14) implies (3.15).
(b) The proof of (3.14) in L? is similar to the proof of (2.32) in LP. Then (3.15)
in LP follows as above. The unconditional convergence in LP, 1 < p < oo, follows
by Proposition 4.3 and Theorem 4.5 below. O

Remark 3.3. Suppose that in the above constructiond = @ and @ > 0. So, @ is as in
Lemma 3.1. Then ®; = V; and ¢ = . Now (3.15) becomes f =3, c 5 (f, thn)ty.

It is easily seen [10] that this representation holds in L* and

(3.16) e = (S 1rw?) ", Fer

nex

This shows that {1, : 1 € X} is a tight frame for L>(S™). For more details, see [10].

4. TRIEBEL-LIZORKIN SPACES ON S™

In analogy to the classical case on R™ (see [4, 5, 18, 19]) the Triebel-Lizorkin
spaces on S™ can be introduced by using Littlewood-Paley decompositions via the
kernels ®; defined in (2.26). We assume that @ satisfies (2.27)-(2.28).

Definition 4.1. The Triebel-Lizorkin space F;'1 := F;‘q(S"), where a € R, 0 <
p <00, 0<q< oo, is defined as the set of all f € 8" such that

< 00.
Lr

(4.1) e = || (@10, = 0007) "
§=0

Here the ¢9-norm is replaced by the sup norm when q = co.

Remark. As will be shown in Theorem 4.5, the above definition of Triebel-Lizorkin
spaces is independent of the specific selection of @ satisfying (2.27)-(2.28) in the
definition of ®; in (2.26).

Proposition 4.2. The Triebel-Lizorkin space 9 is a quasi-Banach space which
is continuously embedded in S’ (F5? — S').

Proof. We will only prove that F* — S’. Then the completeness of F2 follows
by a standard argument using in addition Fatou’s lemma and (2.32).

We only prove the embedding F*? — S’ whenever the functions {®;} in Defi-
nition 4.1 are defined by a function @ which satisfies (2.29), in addition to (2.27)-
(2.28). In Theorem 4.5 below it will be shown that the definition of F*¢ is inde-
pendent of the specific selection of a.

Let f € F?. By Lemma 2.10, ®; % f € Ily; (S") ©1l3-2(S") and hence for ¢ € S

27
[ @p©) X P ©dute)
y=27—2
2Ny flle 3 1Py * Glle < 27l P (6),

y=27-2

(@ % f, )]

IN
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ifr > n/p—s+1. Here P *(¢) is the norm from (2.25) and we used Proposition 2.5.
From the above it follows that

[N <3 1@ % f,0)] < cll flleea PE* (),
j=0

which gives the desired embedding. O

We next show that the Triebel-Lizorkin spaces on S™ can be viewed as a gen-
eralization of potential spaces (generalized Sobolev spaces) on S™, in particular, the
LP(S™) spaces, 1 < p < 0.

The potential space H? := H2(S™), a > 0, 1 < p < o0, is defined as the set of
all f € 8’ such that

(4:2) £l = || S0+ 0P, 5
v=0

< o0,
Lp

where P, is from (2.1).

Proposition 4.3. We have the following identification:

(4.3) F? ~HP, a€R, 1<p<oo,
with equivalent norms, and in particular,
(4.4) F? ~HY ~LP, 1<p<oo.

We give the short proof of (4.3) in the appendix.
The following identification of the Hardy spaces HP(S™), 0 < p < 1, on the
sphere can be proved in a standard way:

(4.5) FEP~HP, 0<p<l,

with equivalent norms.

The proof of (4.5), however, is much longer and will be omitted. It uses atomic
and molecular decompositions of Hardy spaces on S™ (see [2]) and the boundedness
of Calderén-Zygmund operators. It follows along the lines of the proof of the
corresponding theorem for wavelets in [7].

Needlet decomposition of Triebel-Lizorkin spaces. Let {X;}32, be a fixed
sequence of sets of almost uniformly e;-distributed points on S" (&; := &.,) with
g; :=c®27972 as in Corollary 2.9.

Definition 4.4. The Triebel-Lizorkin sequence space fg‘q 1s defined as the set of all
sequences of complex numbers s = {s,}ncx such that

(4.6) Hs||f[§xq = H(Z [|Gn|_0¢/n—1/2‘8n|1Gn(~)}q)l/q‘
nex

Here the G,,’s are the spherical caps introduced in (2.16).

< Q.
Lpr

Assuming that {¢,} and {¢,} are two sequences of analysis and synthesis
needlets associated with {X;}52, (see (3.7)-(3.9)), we introduce the operators:

Analysis operator: S, : f — {{f, on) Inex,

Synthesis operator: Ty : {sy}tnex — 30, cx Sn¥n-

We next give our main result about Triebel-Lizorkin spaces on the sphere. It is
an analogue of the fundamental result of Frazier and Jawerth from [4].
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Theorem 4.5. Ifa € R and 0 < p < o0, 0 < q < oo, then the operators S, :
Ft — £77 and Ty, : £79 — F are bounded and T, o S, = Id. Consequently,
assuming that f € §', we have f € F'? if and only if {(f, py,)} € £59 and

A7) e ~ 1 o Hlgee ~ H(fjwq DORIF2 wn>wn(~)lq)l/q\
j=0

e
neX;

Also, the definition of Fg* is independent of the specific selection of @ satisfying
(2.27) — (2.28).

For the proof of this theorem we need several lemmas whose proofs are given in
the appendix.

Definition. For any collection of complex numbers numbers {s, },cx;, we define

So

(4.8) Sy = Uz;(j (1—1—2|Jd(|0,77))k’ n e &j,

where k£ > 0 is sufficiently large and will be determined later on.

Lemma 4.6. Suppose g € II5;(S™) and let a,, == SUP¢eq, lg(&)| and
by = max{ inf [9(6)] @ € X4, GGy £ 0}, € X,

Then there exists r > 1, depending only on k and n, such that

(4.9) af, & b;, n € Xj,

with constants of equivalence independent of g, j, and 0.

Lemma 4.7. Suppose s >0 and k > nmax{1,1/s}. Let {b,}uex;, j >0, be a set
of complex numbers. Then for n € &

(4.10) byl (€) < eMo( D bulla, ) (©), ¢es,
UJEX]'

with ¢ = ¢(k, s,n).
Lemma 4.8. If k >n+1, then for ,n € S™

1 c27In
(4.11) én 1+ 2jd(§,0'))k(1 4 2jd(7770-))k d,u(O') < m

and

1 C
(4.12) > (L4 2d(, 0P (1L 1 Ddlw, o)) = (L1 Ddln, o))

oex;
with ¢ = ¢(n, k).
Lemma 4.9. Ifk > n/s, s >0, and n € X;, then
c2in/2

vy <5

(413)  Mty(&) ~ M (G 16, ) (€)

with ¢ = e(k, s,n).
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Proof of Theorem 4.5. Suppose ¢ < co. The proof in the case ¢ = oo is easier
and will be omitted. Fix 0 < s < min{p, ¢} and k¥ > nmax{1,1/s}.

We first observe that since M, (1) & M, (|G| ~'/?1¢,) (Lemma 4.9), then the
right-hand-side equivalence in (4.7) is immediate by applying the maximal inequal-
ity (2.19).

Let {®;} be from the definition of Triebel-Lizorkin spaces, defined in (2.26) via
a function a satisfying (2.27)-(2.28) (the same as (3.1)-(3.2)). Then by Lemma 3.1,
(a) there is a function b satisfying (3.1)-(3.2) such that (3.3) holds true as well.
Define {0} using b as in (3.8) and let {¢n} and {1, } be the corresponding needlets
defined as in (3.9). Assume also that {®,}, {¥,}, {&n}, {Jn} is another needlet
system, defined as in (3.7)-(3.9).

We will first prove the boundedness of the operator T$ £ — F, where

Tgs = Z snwn.
nex

Let s = {s,}ncx be a finitely supported sequence and set f := T@S. The semi-
orthogonality of the needlets yields

j+1
S s,
p=j—1weX,

Then for n € X;_1 U X; U X441, we have, using (3.10) and (4.11),

B0 0O = V| [ Bl @),(6- o) duto)

jn/2 1

2 / U+ D, )1+ Dd(E o) )
c2in/2

S @ 2dEnF

Let X(n) :== {0 € Xj_1 UX; UXj11: G, NG, # 0}, where X_; := (). From above
we obtain, for £ € Gy,

(4.14)

IA

Jj+1
iy < 2jn/2 ‘Sw|
=j—1lwed,
/ J+1 |S |
n/2 w
< @ > ) A mde o)
p=j—loeX(n)NX, wEX,
< e X 1GT s (IGel w2,

geX(n)

where s% is defined in (4.8). Hence

/
£l < e (3 [l 2spl16,00]") | = ellisp g

neEX

Applying now Lemma 4.7 and the maximal inequality (2.19), we obtain

@15) [ flege <o (3 Mo (1€ 1sgl16,0) ") | < el
nex
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We now turn to an arbitrary sequence s € f39. Estimate (4.15) holds with an
arbitrary @ (in the definition of {®;}) satisfying (2.27)-(2.28). So, assume for an
instant that @ satisfies (2.29) as well. Then we can use Proposition 4.2 which
was proved with such a@’s. Therefore, by (4.15), Proposition 4.2, and the fact that
finitely supported sequence are dense in f'7 it follows that Tﬁs = Zne Py sn{pv,, is
well defined in &’. Finally, by a limiting argument it follows that (4.15) holds for
all sequences s € £77. Thus the operator T$ £ — F79 is bounded.

We next prove the boundedness of the operator S, : Fi'9 — £, Let f € F*.
For n € &}, let

A, = sup |®; % f(&)| and By, := max{ inf |®; * f(&)|:w € Xj1r, Gu, UG, # 0}.
€ea, €€

By Lemma 2.10, ®; x f € II5;(S") and applying Lemma 4.6, we can select 7 > 1
(r = r(k,n)) so that Ay < ¢By, n € X;. Then

[(Fron)l < Gyl 215 % f(n)] < |Gyl /24,
< oGy|'? A < oGy B;,
and hence
> /
et < o (Do27( Y Ayto >q)1 I
7=0 neX;
< (S ),
7=0 nex;
> 1/q
< of(Tevm.( ¥ Bae,)")
7=0 nex; Ly
> 1/q
< ¢ (ZQan( Z B ]lg,,) ) =

7=0 nex;

where we used Lemma 4.7 and the maximal inequality (2.19).
Let

My 1= glggd ‘6J * f(§)|, o c Xj+r~

For n € &;, we denote X, (1) = {w € X1, : GuNG,, # 0}. Note that #X;,,(n) <
¢(r,n). Since r depends only on k and n, then for n € &; and w € X;,(n), we have

Mg
B, = a < . = * =
! Ae%ﬁ?m)m—cggi 1+ 2+ d(w,o)k e © e(r,n),

Jj+r

and hence

Bylg, <c Y,  milg,, E€S
WEXj 4+ (1)
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We use the above and again Lemma 4.7 and the maximal inequality (2.19) to obtain

e ) . a\ 1/4q
1ol < e (2( 3 myne,)’)
3=0 NEXj4r
e} ) q\ 1/q
< Sml 5 mia)) ],
j=0 NEXj4r
o0 o q\ 1/q
< (2 X ma)) |,
j=0 NEXjtr
e - 1/q
< ¢ (ZQ ]q|‘1>j*f|q> HLp:C”f”F;”a

Il
=)

j
where we also used that
Y myle,(§) < B« fE), £€ X
NEXj+r
Hence the operator S, : F;*9 — £ is bounded.

The identity Ty o S, = Id is immediate from Theorem 3.2.

It remains to show that the definition of the Triebel-Lizorkin spaces is indepen-
dent of the specific selection of @ satisfying (2.27)-(2.28). Assume that {®,} and
{®,} are two sequences of functions defined as in (3.8) by two different functions
a satisfying (2.27)-(2.28). Using Lemma 3.1 as above, there exist two associated

needlet systems, say, {®;}, {¥;}, {¢n}, {¥} and {<T>j}, {\T/j}, {&n} {1;77} Let us
denote for a moment by | f||pea(e) and ||fHF;4q(@) the F-norms defined by using

{®;} and {CT)J-}, respectively. Then by the above proof it follows that
£l mge (@) < ell{{f, @n)bllggs < cllfll poa -

Consequently, the definition of F*? is independent of the specific selection of @
satisfying (2.27)-(2.28) in the definition of the functions {®;}. O

5. BESOV SPACES ON S™

In our treatment of Besov spaces on the sphere, we will use the approach of
Frazier and Jawerth [3] (see also [5]). We refer to [11, 18] as general references for
Besov spaces.

Definition 5.1. The Besov space By? := By4(S"), where « € R, 0 < p,q < 00, is
defined as the set of all f € 8" such that

ad . a\1/q
(5.1) 1lsge = (3 (2270955 ls) ) < oc,

§=0
where the £2-norm is replaced by the sup-norm if ¢ = co. Here the kernels {®;} are
defined in (2.26) with a satisfying (2.27) — (2.28).

It follows by Theorem 5.5 that the above definition of Besov spaces is independent
of the specific selection of a. Further, the Besov space B¢ is a quasi-Banach space
which is continuously embedded in §’. The proof of this is similar to the one for
Triebel-Lizorkin spaces and will be omitted.
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We need the following embedding result.

Proposition 5.2. If a >0 and 0 < p,q < oo, then By is continuously embedded
in LP, i.e. each f € By can be identified as a function in LP and

(5:2) Iflle < el fllpga.

The proof of this proposition is standard and easy and will be omitted.

Characterization of Besov spaces via polynomial approximation. We now
want to make the connection between our treatment of Besov on the sphere and
LP-polynomial approximation on the sphere. Recall that E,,(f), denotes the best
approximation of f € LP from II,,(S™) (see (2.8)).

Proposition 5.3. Ifa>0,1<p<o0, and 0 < g < oo, then f € By? if and only

if
A L = a]E a
(5.3) 1£1ge = Ifller + (Y@ Ex (£),)7) < oo.
7=0
Moreover,
(5.4) 115z =~ [1fll 5o

Proof. Suppose that the polynomials {®;} are defined by (2.26) with @ satisfying
(2.27)-(2.29). Let f € By?. Then f € LP (Theorem 5.2) and by Lemma 2.11
f=32720®;* fin LP. Since ®; * f € IIy;, we have

oo

(5.5) Epn(f)p < Y %)% fllee, m>0.

j=m+1

A standard argument employing (5.5) and Theorem 5.2 leads to the estimate
£l 320 < cllfll e

In the other direction it is simpler. For g € Ily—2 (§j > 2), we have using
Lemma 2.4, ®; f = ®; % (f — g) and hence again by the same lemma, ||®;* f|/1» <
cllf = gllz». Consequently,

1) % fllr < cEzi-2(f)p, § 22, and || fllLe < ¢l fl|Lr.

From this, we obtain at once || f||gss < c||fHBaq O

Needlet decomposition of Besov spaces. We again fix a sequence {&;}3%, of
sets of almost uniformly e;-distributed points on S™ (X; := X.,) with ¢; := ¢°27772
as in Corollary 2.9.

Definition 5.4. The Besov sequence space by?, where a € R, 0 < p,q < o0, is
defined as the set of all sequences of complex numbers s = {sy}nex such that

(5.6) Hs||b:q = (f: [Qj(a+n/2_n/p)( Z |Sn|p>1/p}q)1/q =

j=0 neX;
with obvious modifications when p = 0o or ¢ = oo

In the next theorem, we assume that {®;}, {¥;}, {¢,}, {¥,} is a needlet system
(see (3.7)-(3.9)). We also recall the analysis operator: S, : f — {(f,¥n)}nex, and
the synthesis operator: Ty : {sy}tnex — >, cx Sn¥n-



18 F. NARCOWICH, P. PETRUSHEV, AND J. WARD

Theorem 5.5. If « € R and 0 < p,q < oo, then the operators S, : By — by
and Ty : by? — Bp? are bounded and T, o S, = 1d. Consequently, assuming that
f€8', we have f € By? if and only if {(f,¢y)} € by? and

(5.7) \|f||Bgm||{<f,son>}||bgqz(Z[W(Z|| Frontal) ]

7=0

1/q

Furthermore, the definition of Bp? is mdependent of the choice of a satisfying
(2.27) — (2.28).

To prove Theorem 5.5, we need two additional lemmas.

Lemma 5.6. If {s,},cx, is a set of numbers (j > 0), 0 < p < oo, and k >
nmax{1/p, 1}, then

N D oA

with ¢ = ¢(n, k,p).

. 1/p
< 2*]”/27( § , p)
Ly — & |8 ]| Y

neEX;

This lemma is an immediate consequence of Lemma 4.7 and the maximal in-
equality (2.19).

Lemma 5.7. If g € T1;(S™) and 0 < p < oo, then

1/ .
(5.9) (3 sw lg@r) " <@g,

e, €€Cy
where the G, ’s are defined in (2.16) and ¢ = c(p,n).

The proof of this lemma is given in the appendix.

Proof of Theorem 5.5. We first note that the right-hand-side equivalence in
(5.7) follows immediately by (3.12).

We proceed further similarly as in the proof of Theorem 4.5. Suppose p, g < co.
In the other cases the proof is similar. Let {®;} be defined by (2.26) via a function @
satisfying (2.27)-(2.28). Then by Lemma 3.1 there is a function b satisfying (2.27)-
(2.28) such that (2.29) holds true as well. Define {¥;} using b as in (2.26) and let
{gpn} and {v¢,} be the corresponding needlets defined as in (3.9). Assume also that

(9,1, {U,}, {@,}, {’(/Jn} is another needlet system, defined as in (3.7)-(3.9).
We will first prove the boundedness of the operator T$ b7 — B, where

Tﬁs = Z snd)n.
nex

Let s = {sy }nex be finitely supported and denote f := Tﬁs. By the semi-orthogonality
of the needlets

j+1
VD D 3T T
p=j—1neX,

Then for n € X;_1 U X; U Xj41, we have exactly as in the proof Theorem 4.5
(see (4.14))

c2im/2

@ %y (€)] < (1+27d(¢,n))*
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Applying Lemma 5.6, we infer

J+l1
. y < jn/QH |s77| ‘
125 % fllze < €2 > Z 1+ 27d(-,m)F ll e
=j= 1776%
o 1/p
< 2i(n/2=n/p) Z ( 3 Isn\p)
p=j—1 nex,

Substituting this estimate in the definition of || - | gaa, We obtain

(5.10) £ llge < cll{sn}lbge-

Finally, as in the proof of Theorem 4.5, we use the continuous embedding By? — S’
and a limiting argument to conclude that T’ 85 € S’ and (5.10) hold for an arbitrary
sequence s € b7,

It remains to proof the boundedness of the operator S, : B9 — by9. Let
[ € By?. Using the definition of ®; and ¢,, we have

G g < o3 [ (5 ) )

7=0 nex;

By Lemma 2.10, ®; * f € II,; and then, using Lemma 5.7,

_ /p , _
(X 1@+ 1) " < 27|, « flluo.

neX;

This estimate coupled with (5.11) gives

(5.12) IH{{f: @) }Hlbae < cllfllaa.
Consequently, the operator S, : By9 — by? is bounded.
The identity Ty o S, = Id follows by Theorem 3.2.
Finally, one repeats the argument from the proof of Theorem 4.5 to show the

independence of the definition of Besov spaces of the specific selection of @ satisfying
(2.27)-(2.28). O

6. APPLICATION OF BESOV SPACES TO NONLINEAR APPROXIMATION ON S™

Our goal in this section is the development of nonlinear n-term approximation
from needlet systems on S™.
For simplicity, suppose that {¢,},cx is a needlet system with ¢, = 1, defined

as in (3.7)-(3.9) with b =@, @ > 0, and @ satisfying (3.5), i.e
a*(t)+a*(2t) =1, te[1/2,1].

Hence {t,} are real-valued.
We let 3,,, denote the nonlinear set consisting of all functions g of the form

9= Z an®n,
neA

where A C X, #A < m, and A is allowed to vary with g. We denote by o,,,(f),
the error of best LP-approximation to f € LP(S™) from X, (best m-term approxi-
mation):

o= inf If =gl
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Here and in the following, we use the abbreviated notation || - ||, := || - ||Lr(s»). The
approximation will take place in L?, 0 < p < oo.

In the following we will be assuming that 0 < p < oo, @ > 0, and 1/7 :=
a/n + 1/p. Denote briefly B® := B27. By Theorem 5.5 and (3.12) it follows that

(61) 715 ~ (I aiauinliy)

nex

The embedding of BY into LP will play a critical role in our development here.

Proposition 6.1. If f € BS, then f can be identified as a function f € LP and
(6:2) 171l < || 32 Kbl < el e

nex

We now state our main result in this section.

Theorem 6.2. [Jackson estimate] If f € B%, then

T

(6.3) om(f)p < em™"|f || e,
where ¢ depends only on «, p, and the parameters of the needlet system.

The proofs of Proposition 6.1 and Theorem 6.2 rest on the following lemma.

Lemma 6.3. Let 0 < p < oo. Suppose F' := Znes |aynty|, where E C X, #E <m
and ||apy|lp < A for alln € €. Then

(6.4) | F|l, < cAm*/P.

Proof. Let 1 < p < oo (the case p < 1 is trivial). Choose 0 < s < min{1,p}
and k > nmax{1,1/s}. By the hypothesis of the lemma, (3.12), and the fact that
|G| =279 if € X, it follows that

(6.5) |a,| < cA2m/P=12) < cA|G VYR g € ;.

By Lemma 4.9, [th,(£)| < cM(|Gy|~V/%1¢, ) (€). We use this, (6.5), and the maxi-
mal inequality (2.19) to obtain

1Fly < o 3o MillanliGal=216,)|| < ca|| 321G, 17716,|
neé P neé

Denote G = J, c¢ Gy and G(§) := min{|G,| : n € £,§ € Gy} (G(§) =0if £ ¢ G).
Evidently, if £ € G, for some w € £, then

p

> (Gul/IG )P <> 27 /P < o) < 0.
neg,feGn,lGanlel v=0
Hence
S UG YP16, (6) < aiG(e) VP, gesm.
ne&
Consequently,

£l

IN

cAlg©) 1, = ea( [ o aute)”

1 1/
CA( Z — | 1lg, d,u) . CAHE)VP < cAmM/P.
21 ] Jon 1
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Proof of Proposition 6.1 and Theorem 6.2. Denote briefly

NG = (I wunly) T and ay = ().

J=0

Assume N(f) > 0. Let {ay, 1y, }52, be a rearrangement of the sequence {a;,, },ecx
so that

llan, ¥y llp 2 lan¥n.llp = - -
Set Sy i= Y-, ay, Yy, We will show that

(6.6) If = Sl < em™/"N(f), m>1.
Case 1. 0 < p < 1. Since 7 < p, we have

| S tann, O] < (Slann ) < (S han,vn ) = 500
J J J

which yields Proposition 6.1 in this case.
To estimate || f — Sy, ||, we will use the following inequality: If 21 > 29 > --- >0
and 0 < 7 < p, then

© 1/p © 1/7
(6.7) ( Z x;;) < ml/P—l/T(Zm;)
j=m+1 j=1
For completeness the proof of this simple inequality is given in the appendix. Using
Proposition 6.1 and (6.7) with z; := [|a,; vy, ||, we obtain
1= Sulls < [ 32 Tan v O < (3 llanvnl2)
j=m—+1 P j=m+1

IA

o0 /T
V(S g, 7) = NG,
i=1

which proves (6.6) in Case 1.

Case 2. 1 < p < co. We first note that the argument that follows with m = 0
(So = 0) gives Proposition 6.1 in this case. So, we will use Proposition 6.1 in the
proof below.

Denote

Jy = A{j 1 27N (f) < llag; vy lp < 27" FIN()}.
Then
U Ju =17t llan; vy, llp > 27"N(f)}

v<p
and hence, by the definition of N(f),
(6.8) S#do<#( ) <2
v<p v<p
Consequently,

(6.9) # <> #I, <20

v<p
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Let m > 0 and denote M := > _  J,. By (6.8), M < 2™7. Let F, :=
> jes, lay,¥y,|. Using Lemma 6.3 and (6.9) we obtain

(o) o
||f_SMHp < || Z FHHPS Z ||FMHP
p=m-+1 p=m-+1
< ¢ Z 2_“N(f)(#Ju)1/p§cN(f) Z 9—n1(1=7/p)
p=m-+1 p=m-+1

< CN(f)Q—m(l—T/p) < C2—m7'o¢/nN(f)_

Consequently, ||f — Spmr|lp < c27™7/"N(f) for m > 0, which yields (6.6). O

The grand open problem here is whether the following Bernstein type estimate
holds:

(6.10) lgllBe < em®™|gll, for g € By, 1<p< oo

The validity of this estimate along with the Jackson estimate from Theorem 6.2
would enable one to obtain a complete characterization of the rates (approximation
spaces) of nonlinear m-term LP-approximation from the needlet system {¢,} via
Besov spaces and interpolation (see e.g. [12]).

Needlets as well as wavelets are not suitable for nonlinear m-term approximation
in L°°. Nonlinear approximation in BMO(S™) should be considered instead. It is
also appropriate to consider nonlinear m-term approximation from needlet systems
in the Hardy spaces HP (0 < p < 1) on the sphere. Jackson estimates for nonlinear
m-term approximation from needlets in BMO and H? similar to (6.3) can be proved.
We do not present such estimates here since we lack the corresponding Bernstein
estimates for a comprehensive theory.

7. APPENDIX
Proof of (3.12)-(3.13). By (3.7)-(3.8) it readily follows that
(7.1) 195 m)llze ~ (0 )] = 27772,

Fix n € S® and denote briefly F(¢) := ®;(¢-n). The estimate || F||p» < c2/n(1=1/P)
is immediate from (3.10).

In the other direction, consider first the case when 0 < p < 2. Since ||F||f2 =
29m/2 and || F|| g < ¢2/" from (3.10), then

2™ <||F||3. < |FIGLIIF|FE < 2P P8,
and hence
(7.2) ||| pe ~ 22m(=1/P),

If 2 < p < oo, then using Holder’s inequality and (7.2) with p < 2, we have
@ < [ B dn < PP, < 2™
S’IL

and (7.2) holds again. The other equivalences in (3.12) follow from above and (3.9).
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Form (3.10) we have ||¢, ||~ < ¢27"/2. From this and by (3.10) we obtain, for
O<p<m

ci2in
0<cz < lenlls < ol o, Bato)] + [ e du(€)

sm\B, (p) (1+27d(€,m)%*

2k > n,

cl/

(1 + ij)Qk—n ’

where ¢/, ¢’ > depend only on n, k, and ¢;. Choose p = 277 so that

< Ep"lenlliom, ) +

o Cs

P < —
(14 c§)%k—m 2

Then from above ||<p,7||2Loo(Bn(c<l>2,j)) > 2™ which yields (3.13). We estimate the

L®°-norm of 9 exactly in the same way. This completes the proof of (3.12)-(3.13).
O

Proof of Proposition 4.3. For a sequence € = {¢;},>0 with ¢; = 1, we define

me(t) =3 (tgfjlo)éaa(%)

Jj=1

and we let 9 := {1,1,...}. Evidently,
ZEijO‘CI)j * f= Zme(y)(u + )P, * f.
j=1 v=1

It is readily seen that for r =0,1,...

(7.3)  [t'm{ ()] e < e(r) < oo and [[t7(1/mey) ™ (8)|| Lo 1,00y < (1) < 00

By [16] this yields that m. (for any €) and 1/m., are LP-multipliers (1 < p < 00),
and consequently

(1.4 |2 g], = | S e,
= v=0
and
) H e, 7| < S (w4 1)°P, + 7,
= v=0

for any €; = £1. Then a routine argument using Khintchin’s inequality involving
Rademacher functions yields

(7.6) [(S i, « 112)
j=0

Le. [|fllree < cll fllaz-
To prove the estimate in the other direction, we denote

gu =D D0 f with Z] o= {40+ p: £=0,1,...}\ {0}, p=0,1,2,3.

JELL

1/2’

)
Lp

L= dSre]
v=0
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Let b(t) := a(t/2) +a(t) +a(2t). Evidently, b € C*, supp b C [1/4,4], and b(t) =
if t € [1/2,2]. Write m, ,(t) := Zjez+ £;b (575t ) - If we denote

Zeﬂffb*f—ZhP * f,

jezt
then
T.9, = ZEJZJC‘(D x f = Zmeu Vh, Py * f.
JETE
It is easy to see that Ht’”meﬂ( Nlze < ¢(r) < oo for r =0,1,... and hence m, ,

is an LP-multiplier (see [16]). Therefore, ||T.g,|z» < c|lgu|lzr. On the other hand,
from the definition of g, and T.g,, we have T2g, = g,. Therefore,

> e

JELY

1gullze < ellTegullLe = ¢

for any € = {¢;}, ¢; = £1. Now again the well-known argument using Khintchin’s
inequality gives

) 2\ 1/2
lgullze < e (30 @21+ 10%) | <ellfllnge, n=0,1.2,3.

Jezt

This along with (7.4) implies || fllmz < [Po * fllzs + X2 o llgullr < el fllpee. O

Proof of Lemma 4.6. For the proof of this lemma we need the following technical
lemma.

Lemma 7.1. Let g € I5(S™), j > 0 and let k > 0. Suppose &1,& € S™ and
d(&,,m) <c*279 (v =1,2) for somen € X;. Then

l9(w)|

(7.7) l9(60) — ()| < @618 3 G rgiai

weX);
where c is independent of g, 7, &1, &2, and 1.

Proof. Assuming that d > 0 is an admissible function of type (a) (see Defini-
tion 2.1), we define

(7.8) K; = ig(g)p,,, j>1.
v=0

Thus K, is actually Ky from (2.6) and Lemma 2.4 with N = 27 and hence K; has
the properties of Ky; from Lemmas 2.4 and 2.6. In particular, K; x g = g since
g € I15; (S™), and K;(w - ®)g € Iyi+2(S™). Therefore, using Corollary 2.9, we obtain

19 9O = [ K- 09O duw) = Y ckslw-Oole), €e5n

weX);
By Lemma 2.6, we have

cd(£1,£)20(+D

IKj(w-&1) = Kj(w-&)] < Zii;jgﬂg@;‘gjj*-
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Combining this with (7.9), we obtain

9(6) —9(&)] < Y clli(w-&) = Kj(w-&)llg(w)l

weX;

d(&1,6) Y m

wWEX.

IA

which completes the proof. O
We are now prepared to prove Lemma 4.6. Evidently, a,, < b, + d,, where
dyy = sup{|g(&1) — g(&2)] : &1.& € G5, d(€1,6) < 27777}
with G5 == {¢ € §" : d(&,n) < 1277 +2¢12777"}. Here ¢; is the constant from

.16). Note that G, C I we A4, an w N .
2.16). Note that G, C Gy if w € &; dG,NG, #0
Fix &1,62 € Gy with d(&1,62) < ¢12797". Then by Lemma 7.1,

and hence

. 9()|
< -_
D= D il )

From this and the definition of dj, (see (4.8)), we infer

S ! j9w)
IS (1+2id(o,n))k w;(. (1+2/d(w,0))*

oEX;

—r 1
c2 Z lg(w)] Z +2id(o,n))*(1 + 27d(w, o))k

weX;

IA

IN

— Ig(w)l o
P 2 Ty

weX;

where we used Lemma 4.8. Therefore, a; < by + ¢°27"a; with ¢® independent
of r. Selecting r sufficiently large, we obtain aj < cb;. The estimate in the other

direction is trivial. O

Proof of Lemma 4.7. Let n € X;. Define X, ¢ := {w € &; : 27d(w,n) < ¢1} and
Xym = {w € X : 1271 < 2d(w,n) < ¢12™}, m = 1,2,..., where ¢; is from
(2.16). Evidently, #4&,, ,, ~ 2™". Write

Gym :={£ €S :d(&n) <1 (2™ +1)277}.
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Clearly, Uwexy, Gy C Gy and Gy | = 2m=0nif m < ¢j. Set y := min{1,1/s}.

Then
Z j‘bdw| - S C27mk Z |bw‘ S C2fmk+mn(17'y)( Z |bw‘5)1/s
WEXy m (1+2d(w,m)) WEXy, m WEXy, m
<

wEXy m

< CQ—m(kfn(lJrl/S*W))Ms( Z |bw|]1(;w>(§)

wEX,,.m
< cpmmlbmnma DAL (3 b [16, ) (€), € € Gy,
wEX;
where for the first estimate we used Holder’s inequality if s > 1 and the s-triangle
inequality if s < 1. Summing over m = 0,1,... we obtain (4.10). O
Proof of Lemma 4.8. Let {,n € A; and £ # 1. We denote
S¢:={0eS":d(0,§) >d(&n)/2} and S, :={oce€S":d(o,n) >d(&n)/2}.
Evidently S" = S U S,). We have

/ du(o) < c / du(o)
5. O+ 2AE) A+ 2dn.a)f = A+TAE D) Js T+2d@.0)F
c2=In
< L i 1, L 7.
— (1 +27d(E )
We similarly estimate the integral over S, and then (4.11) follows.
To prove (4.12), we observe that G, := B, (c1277) and |G,| = 277", n € X; (see
(2.16)). Then

(1427d(&,n)) 7% < c(k,n) inf (1+27d(¢,0))7* for £ €S, e A;

ceGy
and hence
3 9—in - c/ du(o)
S (L+27d(8, o)1+ 2d(n, o))k ~ " Jsn (1+27d(E,0))¥(1 + 2d(n,0))*
Now, (4.12) follows by (4.11). O

Proof of Lemma 4.9. Note first that the right-hand-side equivalence in (4.13) is
immediate from (2.20). The estimate

jn/2
Mﬂ%(ﬁ) < 6»2 s § c S™.
(1+27d(g,m))"/*
follows easily by (3.11).
We next show that
2jn/2
(7.10) M (€) > c £esm

(1+27d(&,m)"/*’
By (3.13), [yl o< (B, (c32-1)) = ¢527"/2. Let w € By (c3277) be such that

(7.11) [W(W)| = (19|l (B, (co2-3)) > 522,

—mk+mn(1— mn/s 1 )
9~ mk-+mn(1—y)+mn/ M/Gn,m( Z |bw‘10w(€))

1/s
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We now claim that there exists a constant ¢ > 0 such that

(7.12) (€)= (/202702 if d(w,€) < @2,

Indeed, evidently
Z -;Sc/ Z—ndu(£)§c<oo.
& T+2dg )k = Jon T+ 2dE m)F

We apply Lemma 7.1 to ¢, € Il (S") using the above and that [|[¢),||= ~ 2"/2
(see (3.12)) to obtain

9 (&) — Py(n)| < 272D (g ), € esm

This and (7.11) readily imply (7.12) for sufficiently small ¢ > 0.
Using (7.12) and (2.20) we obtain

c2in/2 c2in/2
- > , )
(1+27d(&,w))"/s = (1 +27d(&,m))"/*

where we also used that d(w,n) < ¢5277. Thus (7.10) holds and this completes the
proof of the lemma. O

M, (§) > (03/2)2jn/2Ms]IBW(E2*J')(§) >

Proof of Lemma 5.7. Fix 0 < s < min{p,1} and k¥ > n/s. We introduce the
notation:

ay = sup [9(€)], my = inf g(€)], by = max{my : w € Xypr, G N Gy £ O},
£eGy £etGy

where r > 1 is from Lemma 4.6. We use Lemmas 4.6-4.7 and the maximal inequality
(2.19) (for a single function) to obtain

(2 swig@r)” < @ 3 ae,| <o Y,

nex; $€Gn neX; nEX;
jn/p
Mo( > bn]lgn>HLp < 2
neX;
Now, exactly as in the proof of Theorem 4.5, we have
bn]]'G'r] (5) S c Z m:]]'Gw (5);

WEXj1r(n)

where X1, (n) :={w € Xj4, : G, NG, # 0}. Note that #X;4,(n) < ¢(r,n). Using
this, Lemma 4.7, and (2.19), we infer

Lp

Z b"]lG"
neX;

c2in/p

IN

e

"
| Zotal, < o X mta], <m( ¥ mac)],
”]GXJ' WGXJ'+T WGX]‘+T
< o ¥ moaa, <clsle
Lr
WEXj 4
and the lemma follows. O

Proof of inequality (6.7). We shall use the obvious inequality
(7.13) a®t’"* < (a+0)°, f0<a<s and a,b>0,
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which is immediate from (a/b)* < (a/b+1)* < (a/b+1)*. Now, set o :=1/7—1/p,
s:=1/7>a,a:=mz],and b := Z;o:mH x7. Applying inequality (7.13), we find

) ) 1/p [eS) 1/p - [eS) 1/p
p—T T _ —7/p T
( > %‘) S(l’m > %‘) = Tm ( > xj)
j=m+1 j=m+1 j=m+1

1/7
_ mfocaabl/‘rfa < mfa(a + b)l/‘r < mia(ZZE;) )

j=1
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