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Abstract

We investigate the efficiency of approximation by linear combinations of ridge func-
tions in the metric of Ly(B?) with B¢ the unit ball in R%. If X, is an n-dimensional
linear space of univariate functions in Ly([), I = [—1,1], and Q is a subset of the unit
sphere 891 in R? of cardinality m, then the space Y;, := span{r(x-£) : r € X,,,w € Q}
is a linear space of ridge functions of dimension < mn. We show that if X,, provides
order of approximation O(n™") for univariate functions with r derivatives in La([),
and Q are properly chosen sets of cardinality O(n?~!), then Y;, will provide approx-
imation of order O(n~""%2*1/2) for every function f € Lo(B%) with smoothness of
order 7 4 d/2 — 1/2 in Ly(B%). Thus, the theorems we obtain show that this form of
ridge approximation has the same efficiency of approximation as other more traditional
methods of multivariate approximation such as polynomials, splines, or wavelets. The
theorems we obtain can be applied to show that a feed-forward neural network with
one hidden layer of computational nodes given by certain sigmoidal function o will also
have this approximation efficiency. Minimal requirements are made of the sigmoidal

functions and in particular our results hold for the unit-impulse function o = X[0,00)"

1 Introduction

A ridge function is a multivariate function of the form r(x - w), where r is a univariate
function, w is a fixed vector in RY, the variable x € R? and x - w is the inner product of x
and w. These functions appear naturally in harmonic analysis, special function theory, and
in several applications such as tomography and neural networks. In most applications, we
are interested in representing or approximating a general function f on a domain Q C R by
linear combinations of ridge functions. It is surprising therefore that the most fundamental
questions concerning the efficiency of approximation by ridge functions are unanswered.

In this paper, we shall consider approximating functions in Ly(B%), B the unit ball in
R?, d > 2, by linear combinations of ridge functions. Using extension theorems, the set B¢
can be replaced by more general sets Q C R%.

Let X,, be a linear space of univariate functions in Lo(1), I := [—1,1] and let ©,, C S¢*
be a finite subset of the unit sphere S in R¢. Then,

Y, :=span{r(x-w):r € X,, w € Q,} (1.1)
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is a space of multivariate ridge functions of dimension < n#€),,, where #¢2,, is the cardinality
of €2,,. We shall relate the approximation efficiency of Y,, to that of X,, and the distribution
of the vectors of €2,, in S L.

Let W#(Ls(I)) denote the univariate Sobolev spaces. We say that a sequence of spaces
Xp,n=1,2,..., dim(X,) = n, provides approzimation of order s if

E(g, Xn) oy < c(8)n |lgllwszaay, 9 € WH(La(1)), (1.2)

where
E(g, Xn) oy = ik |lg =7l

is the error in approximating the univariate function ¢ in the Ly(7) norm by the elements
of X,. We denote similarly the multivariate Sobolev space W*(Ly(B%)) on B? and the
approximation error

E(f, Yn)Lg(Bd)) = P}g ||f - RHLz(Bd)

for any f € Lo(B%). Our main result, given in §8, shows that for any sequence of spaces
Xn,n=1,2,..., which provide approximation of order s, and for appropriately chosen sets
Q, with #Q,, = O(n?1), the sequence of spaces Y,,,n = 1,2,..., given in (1.1), provide the
following approximation: for A := s+ (d —1)/2,

E(f, V) 1,ma) < c O fllwaamay, | € WHLo(BY)). (1.3)

Note that there is in a certain sense an unexpected gain in the multivariate approximation
order s+ (d — 1)/2 over the univariate order s. This gain will be explained later (see §9).
One can generate the space Y,, appearing in (1.3) by using very general univariate spaces
X, such as splines or wavelets. In particular, our results apply to feed-forward neural
networks using a very general activation function o. A complete discussion of the application
to neural networks is given in §9. In this introduction, we wish to illustrate the typical result
by considering the following simple example. Let o = X[0.00) and define X,, as the univariate

space spanned by o(z — k/n), 0 < k < n. Then, defining Y, for this X,, as described
above, we obtain a space of dimension O(n?) of certain piecewise constant functions. The
space Y, can be realized computationally by a feed-forward neural network with O(n?!)
computational nodes. In this case (see §9 for details), (1.3) provides the approximation
order 1 + %. One might expect the estimate (1.3) to be 1 since we are using piecewise
constants in the approximation. As noted in (1.3), the gain of d% in the approximation rate
persists in general (see also Theorem 8.2).

There is a standard method in approximation theory (see [DL, Chapter 7]) which derives

from (1.3) the estimate
E(f, Yn)rymay < ¢ (ol f,n ) pyma) + I fla@an™),  f € La(BY) (1.4)

with w, the r-th order modulus of smoothness of f. In the case that Y,, contains all polyno-
mials of total degree < r (in d variables), the last term on the right can be eliminated.

Since Y,, is a linear space of dimension O(n?) then it follows from the general theory of
n-widths that for all m > 0,

sup E(f,Y,) > cn™™" (1.5)
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with ¢g > 0 a constant depending only on m and d. In this sense, the estimates (1.3) cannot
be improved.

We also note that (1.3) shows that, in general, linear spaces of ridge functions are at least
as efficient as other methods of multivariate approximation such as polynomials, wavelets,
and splines.

This paper is an extension of the results from [DOP], where we considered the case d = 2.
Throughout the paper we assume that d > 2, although most of the statements hold when
d=2.

The results of this paper differ from other work in this field in the following respects.
We are able to begin with a very general class of univariate spaces X,,. Other authors
(most notably Micchelli and Mhaskar [MM], [MM1] and Mhaskar [M]) have also considered
approximation problems of the type treated here. The work of Micchelli and Mhaskar does
not give the best order of approximation. Mhaskar [M] has given best possible results but
only in the case that X, is generated using a rather restrictive class of sigmoidal functions.

Our results are, for the present, limited to approximation in Lo, and it remains an
important open question in ridge approximation to understand to what extent results such
as those presented in this paper are valid in L,, p # 2.

It is also an interesting question to understand which sets €, C S9! when used in
defining the spaces Y,,, will provide the approximation order of (1.3). In the case d = 2,
as was shown in [DOP], n equally spaced points on S!' are the most natural choice. There
is no direct analogy of equally spaced points in S9!, d > 2. It will become clear from §4
that any set §2,, which permits a cubature formula that is exact for spherical polynomials of
degree < n and with good localization properties will provide spaces Y,, which satisfy (1.3).
Since we could not find in the literature examples of such sets €2,, we construct some in
§4. There should be more elegant and more natural constructions than ours. In some sense,
one might expect that a natural quadrature formula might provide the analogue of equally
spaced points in S9!, d > 2.

We prove (1.3) by first understanding well the structure of ridge polynomials. Our
main vehicle (given in §3) is a fundamental orthogonal decomposition of a general function
f € Ly(B%) into ridge polynomials. This decomposition uses the univariate Gegenbauer
polynomials.

An outline of this paper is the following. The properties we need about Gegenbauer
polynomials are given in §2. In §3, we give the fundamental orthogonal decomposition of
functions in Ly(B9) in terms of ridge polynomials. In §4, we give our construction of cubature
(quadrature) formulas. In §§5-6, we introduce smoothness spaces (the Sobolev spaces) and
recall their characterization by polynomial approximation. In §7, we prove the main theorem
about approximation by ridge functions. In §8, we discuss how to improve the theorem of
§7 to be more amenable to applications. In §9, we give some applications of our results, in
particular to feed forward neural networks.

Throughout the paper, the constants are denoted by ¢, ¢, ... and they may vary at every
occurrence. The constants usually depend on some parameters (like the dimension d) that
will be sometimes indicated explicitly.



2 The Gegenbauer (ultraspherical) polynomials

Special functions appear naturally when we represent a general function in terms of ridge
polynomials as will be done in the next section. In particular, the Gegenbauer polynomials
will play an important role in this paper. In this section, we shall present the essential
properties of Gegenbauer polynomials and bring out their role in the Radon transform. We
refer the reader to [E] and [Sz] as general references for this section.

The Gegenbauer polynomials are usually defined by the following generating function

(1 -2tz +2%)" = Z C) ()™,
m=0

where |2| < 1, |[t| < 1, and A > 0. The coefficients C) (t) are algebraic polynomials of
degree m which are called the Gegenbauer polynomials associated with A\. The family of
polynomials {C}}%_, is a complete orthogonal system for the weighted space Lo(I,w),

[:=[=1,1], w(t) := wx(t) := (1 — £2)*~2 and we have
/I C ()M (w(t) dt { 2; o 2 it iy o= ””iffiﬁﬂi/ 2 )
where we use here and later the standard notation
(a)o:=0, (a)p:=ala+1)...(a+n—1)=T(a+n)/I'(a).
Also, we have
CM—t) = (=1)"CMt), CX1) = (273)", and Cp(t) = 1. (2.2)

The Gegenbauer polynomials can also be defined by the following identity (called Ro-
drigues’ formula):

(2A)n

d\" !
CMt) = (=1)"apa(1 — 12 s (= 1 — )2 A = . 2.3
n(t) = (=1)"ama( ) I ) O 2\ + 1), (2.3)
There is an identity that relates Gegenbauer polynomials with different weights:
d m
(E) CMt) = 2™ (N), O (t), m=1,2,...,n. (2.4)

Special cases of the Gegenbauer polynomials are the Legendre polynomials P, and the
Chebyshev polynomials of second kind U,, which correspond to A = 1/2 and A = 1, respec-
tively. Namely,

o = SR (5) a-er-cro,

2nn!
sin(n + 1) arccost

T CL(1).
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The Chebyshev polynomials of the first kind 7},(¢) := cosn arccost can be considered as the
Gegenbauer polynomials C? associated with the weight wo(t) = (1 — ¢2)~1/2.

We shall also need the Gegenbauer polynomials C?* when A\ < 0 and, in particular, when
A= —1,-2,... Note that oy, » = 0 when A = —1,-2,... and n > 2v. Therefore, we cannot
use (2.3) to define C,;” when v = 1,2, ... However, we can define (see [Sz, Chapter IV ])

d n
CMt) = a1 — £2) Mz (%) (1—)"*"2 A<0, (2.5)
where « is any constant independent of ¢. To our goals the normalization of C? (X < 0) is

not essential. Identity (2.4) remains valid except for a constant factor (see [Sz, Chapter IV
|): for any A, we have

(%) CMt) = cCM™(t), m=1,2,...,n, (2.6)
where ¢ is independent of t.

The Gegenbauer polynomials play a fundamental role in inverting the Radon transform.
We shall show in Lemma 2.1 that follows that the Gegenbauer polynomials C? for A = k and
A =k +1/2 (k an integer) are eigenfunctions for certain differential operators that occur
in the Radon transform inversion formula. These operators will play an important role in
defining an equivalent norm for the weighted Sobolev spaces W*(Lqo(I,w)) (see §8).

We begin with a brief discussion of the Hilbert transform H on R and its analogue H for
the interval I := [—1,1]. For any g € L;(I) we define

g(t), tel,

0, t € (—o0,00)\/, (2.7)

Hg = Hg° with g°(t) == {

where Hg° is the Hilbert transform of ¢°. It follows that

Hy(t) = lp.v./R 9°(5) s — lp.v./l 96) g

T 1t— s T t—s

The analogue of the Hilbert transform on the circle T is the conjugate operator (see [Z,
Chapter II]). If g € L1(T), we denote its conjugate function by

0
do.

g(1) = %p.v. /Tg(e) cot T

For any (nonnegative) weight function w, let LY(I,w) be the space of all g € Ly(I,w)
with weighted mean value zero: [, g(t)w(t)dt = 0. The following proposition gives some
properties of H which we shall use.

Proposition 2.1. If g € Li(I), we define T'g(0) := sgnfg(cos@)sinf for 6 € [—m,m). The
Hilbert transform H satisfies:
(a) If g € Li(I) then

Tg(t) a.e. on (0,7). (2.8)

Hg(cosT) = s



(b) We have, on (—1,1), Hw;* =0,

H[w, Ty = ~U, and Huw U, =T, forn=01,..., (2.9)
and hence
d
HE [w1Uy,] = (n+ 1)U,. (2.10)

(¢) The functions V,, := wi'T,, n = 0,1,... (in analogy to {U,}>2,) form a complete
orthogonal system for Lo(I,wy).
(d) H is a one-to-one mapping of L3(I,wy) onto Lo(I,wy) with

1
H'h = ——H(wh) forhec Ly(I,w)
wq

and
||HgHL2(I,w1) = HgHLQ(I,wl) fOTg € Lg(val) (211)

(e) The operators H and % commute: for any polynomial P, we have

d d
H(—(uwP)) =— HwP)).
(0P = 5 (i)
Proof. (a) We apply the substitution s = cos to the integral that defines Hg and replace
t by cosT, 0 < 7 < 7 and obtain

1

Hg(cosT) = —p.v./ T9(0) do
0

T cosT — cosf

1 T T
™

2 _cosT —cosf

since the integrand is even. Note that p.v. fI ...ds = p.v. foﬂ ...df# above since the substi-
tuting function and its inverse are smooth enough. Now, we use the identity

1 1 T—0 T+0
= —— cot + cot
cosT — cosf 2sinT 2 2
to obtain
1 1 T T—0 1 T T+0
H =— —p.V. Tg(0) cot df + —p.v. Tq(0) cot dg| .
gteost) = ~5 o [ op [ Ta@)co T3 a0+ Sy [ gt6con ™

After substituting § = —6’ in the second integral above and using that T'g is even, we see

that the two integrals are equal and therefore, we obtain (a).

(b) For any function g € Ly (I, w;"), we have T[w; 'g](f) = g(cos ). Since the conjugate
function of cosnf is sinnf, n = 0,1,..., the first two statements in (b) follow from (a).
Similar calculations give the last two statements.

(c) This is trivial.

(d) This follows from (b) by using the two bases for Ly(I,w) given in (c).
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(e) This follows from (2.10). O

We shall next show that the Gegenbauer polynomials are eigenfunctions of certain dif-
ferential operators that arise in inverting the Radon transform. For functions ¢g defined on
B, we introduce the following differential operators:

Ag = (%)d_l [way29] , (2.12)

and
D:=A, dodd, D:=HA, deven. (2.13)

Lemma 2.1. Let d > 2 and define U,, := 2 form=20,1,.... Then, we have

DUy = ()T plhy, =01, (2.14)
and
AU, = (-1, n=0,1,..., (2.15)
where
= (n+1)g_1 =n®t, n=0,1,.... (2.16)

Proof. We first consider (2.14) in the case when d is odd, d = 2k + 1. From (2.3) and (2.4),
we find

2k n+2k
DU, — DOF/2 — (i) [w%kck—i—l/g] . (£> + w%n—&—Qk
" " dt " dt

d k
- (£> Cifk = C2C§H/2 = colhy,.

By examining the coefficients of t" we obtain that ¢, = (—1)*u, Thus (2.14) is proved in
this case.

Assume now that d is even, d =: 2k. Then, again using (2.3), (2.4), and (2.10) (recall
that C} = U,) and the commutativity of 4 and H, we obtain

k d 2wt 2k—1 vk d 2wt d " 2n+2k—1
DU, = DCF = - H [wi*'Cl] =c - H{—) o

A\ (AN AN
) (2 i

d k-1
= C2 (E) 0711+k—1 = 0305 = 6303/2 = csU,.

We can calculate cz as follows. Let C*(t) =: c,t" + ... and U,(t) =: a,t" + ... with
r:=mn+ 2k — 2. We find

(%) H [0 10M0)] — e (%) H [y () (—1)" 122 4 )]



— (e (4 ) 000 4.

a, dt dt
c d 2k—2

= (-D)*'e,(n+2k—1) (%)M (2 )

= (=D 0+ Dapren (0" +..) = (=) (0 + Daea G (8),

where we used identities (2.3), (2.4), and (2.10). Thus (2.14) is proved in this case as well.
Finally, we consider (2.15). From (2.3) and (2.5), respectively, we have

d n+d—1
AU, = ACff/2 =c (E) [(1 — t?)n+d/271/2}
d n+d—1
= a1 - ) Yo i

Hence, applying A once again and using (2.6) gives

d\"" -
NU, = NC? = ¢y (%) O = e0Cl? = e,

By calculating the coefficients of t*, we find ¢y = (—1)4"112 and we arrive at (2.15). [J

3 An orthogonal decomposition of L;(BY) in terms of
ridge polynomials

Since we are interested in approximating functions f € Lo(B?) by elements from spaces of
ridge functions, it is natural to find a decomposition of f in terms of fundamental building
blocks of ridge functions. We shall show in this section that we can take as the building
blocks certain ridge polynomials. We begin by describing this decomposition.

If f,g € Ly(B%), we define the inner product

(f,9) = " f(x)g(x) dx. (3.1)

This inner product induces the norm

1/2
1 fllzo@e) = (/B |f(x)|2dx> ,

We also define, for f, g € Ly(S%1), the inner product

(f,9) = f(&)g(§) d§ (3.2)

Sd—1
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and the norm

1/2
s = ([ Ir@Pas)

where d¢ stands for the area (volume) element on S%! the unit sphere in R?.
The Gegenbauer polynomials CY? are the building blocks for our decomposition. Let

—-1/2

Uy = (hpap) "CH2 n=0,1,..., (3.3)

where hy, q/5 is from (2.1). Then ||U,,|| £,(10) = 1 and hence {U,,}22 is a complete orthonormal
system for the weighted space La(1, w), w(t) 1= wq/a(t) = (1 — tQ)%. Of course, U,, depends
on the space dimension d but we are suppressing this dependence in our notation. The reader
should think of the space dimension d as arbitrary but fixed throughout.

Let P, denote the set of all algebraic polynomials of total degree n in d real variables.

That is, each P € P, is a linear combination of monomials x™ := z]" ...z}¢ with x :=
(x1,...,24), mis a d-tuple (my, ..., mgy) of nonnegative integers, and |m| := my+...+my <
n.

The polynomials U, (¢ - x), & € S41, are in P, and U, (¢ - x) are orthogonal to P,_; in
Ly(B9) (proved in the appendix):

/ U, (£ -x)P(x)dx =0 for £ € ST tand P e P,_;. (3.4)
Bd

This is why the ridge polynomials U, (£ - x) occur in our decomposition of Ly(B9).

Theorem 3.1. Each function f € Ly(B?) can be represented uniquely as

F23°Qu), (3.5)
n=0
where
Q)= v, [ AU (36)
with
(1.8 = [ F( ) dy. (3.7
Bd
e (4 Das () (m+2) - (n+d—1)
_(n i1 (n n - (n —
T 9nydt 2(2r)d-1 ' (38)
Moreover, the operators Q,, n = 0,1,..., are the orthogonal projectors from Ly(B?) onto

P, © Pn_1 and the following Parseval identity holds

117 sy = 2 1Qu(H 7 sty = Y vall AnllFgsa-1y. (3.9)
n=0

n=0



We make next a few remarks which will help explain the nature of this decomposition.

(i) For each n = 0,1,..., the function @,(f) is an algebraic polynomial (in d variables)
of degree n. Indeed, each of the U, (£ - x) is a ridge polynomial of degree n and Q,(f) is a
linear combination of these.

(i) For each n = 0,1,..., the function A,(f,&), £ € S?71, is a spherical polynomial of
degree n. This follows from the fact that each of the U, (¢ - x), z € BY, is of this type.

(iii) The constants v,, n = 0,1,..., are eigenvalues which occur in the Radon inversion
formula (see (3.26)).

(iv) Among other reasons, the polynomials U, occur in this formula because for each
¢ € S the weight wyo(t) = (1 — t2)1D/2 is a constant multiple of the d — 1 dimensional
volume of the intersection of B? with the hyperplane x - £ = t.

(v) The orthogonality of the functions @, (f) occurs because for each ¢ € S the
polynomial U,(x - €) is orthogonal to all algebraic polynomials of degree < n on B? (see
(3.4)).

(vi) One can imagine that the integral representation of @, (f) can be rewritten as a
discrete sum by using some sort of quadrature formula on S?~! and thereby obtain a discrete
decomposition of f in terms of ridge polynomials. In the case d = 2, one can simply take the
canonical quadrature formula for integrating spherical polynomials (i.e. trigonometric poly-
nomials) which uses equally spaced points on the unit circle. This then gives the orthonormal
system {U,(w-x)}, w € Q,, n=0,1,..., where ,, := {(coskn/n,sinkr/n)}7_,. This was
used in [DOP] as the vehicle for proving approximation results for ridge functions in two
variables. In the case d > 3, we know no analogous quadrature formula. This necessitates
a substantial effort (executed in the following section) to derive (less elegant) quadrature
formulas which can be used to discretize the integral representation of @, (f).

(vii) The decomposition of Theorem 3.1 is in essence known (see, e.g., [RK]). However,
we could find no reference which gives it in the above form.

There are several ways in which the decomposition of Theorem 3.1 can be derived. One
approach is to derive it from the theory of spherical harmonics. A second approach is Radon
transforms and in particular (3.5) is a rewriting of the Radon inversion formula (see [RK]).
We shall briefly explain this at the end of this section.

We shall give a simple and direct proof of this decomposition using fundamental identities
for the ridge polynomials U, (¢ - x), £ € S¢~1. To keep our exposition more fluid, we shall
state these identities without proof and relegate the proofs to the appendix.

We start with the following two fundamental identities (proved in the appendix): for
each £,n € S9!, we have

/Bdun(g-x)un(n-x) dx = %, (3.10)
and, for each n € S*!, we have
[t ounten e =) (.1)

Proof of Theorem 3.1. Let f € Ly(B%), d > 2. From Remark (i) and (3.4), it follows
that Q,(f) is in P, © P,_1. From identities (3.10) and (3.11), we have @,,(g) = g whenever

10



g(x) =U,(n-x), n € S4L. Therefore Q? = @, and hence Q,, is a projector onto a subspace
Y, of P, ©P,_1. Thus, to prove (3.5), it remains only to show that

dim (Y;,) = dim (P, © P,,_1) = dim (P"), (3.12)

where P denotes the space of all homogeneous polynomials of degree n.

To prove (3.12), we recall a few well-known facts about spherical harmonics which can
be found in Stein and Weiss [SW], Chapter 4, see also [Se]. Let H,, denote the space of
spherical harmonics of degree n, i.e. H,, is the set of those functions on S4~! which are the
restriction to S of a function from P" which is harmonic in B%. The spherical harmonics
of degree n are orthogonal to those of dimension m # n with respect to the inner product
(3.2). We have

: _ [ n+d-1 n+d—3
dim (H,) = N(d,n) := ( n ) — < n_9 > (3.13)
and
dim (P") = dim (H,, @ Hp 2 @ - - - © H.), (3.14)
where e = 0 if n is even and e = 1 if n is odd.
Write N(d
Ko(t) : (d,n) (7£d72)/2(t>7

N |Sd-1 ’Cglﬂ)/?(l)

where [S*1] = [(, , 1d¢ = ﬁzrd—‘i//;) is the surface area of S, The function K, (£ - n) is the

reproducing kernel for H,,, i.e.

S(E)Kn(&-n)dE = S(n), S € Ha. (3.15)

gd—1

Moreover, a simple identity for Gegenbauer polynomials (see the appendix (A3)) gives that

Cff/z v, U,
K,+K,_ o K= = . 3.16
+ 2+ + SeT| U,(1) ( )
Hence, the right side of (3.16) is the reproducing kernel for H,, ® H, o ® --- ® H,, i.e.
/ SO (€ - m)de = S(n), S EHy ®Hyr® - ®H.. (3.17)
gd—1 U, (1)

Note that A,(f,€) is a spherical polynomial of degree n since U, (£ - y) is a spherical
polynomial of degree n in £&. We have U, (—t) = (—1)"U,(t) (see (2.2)) and hence A, (f, —&) =
(=1)"A,(f,§). Therefore, A, (f) € Hn ® Hy—2 @ - - - ® Hc. Thus, @, can be considered as a
linear operator mapping H,, ®H,, 2P - - - B H, into Y,,. On the other hand, after multiplying
both sides of (3.6) by U, (n - x) and integrating over B? we obtain

e = [ a0 (n [ sl xax) ds

gd—1

= [ At e = A1)
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where we used (3.10) and (3.17). Hence, A,, is an operator mapping Y,, onto H,&H,,_o®- - &
H. and it is the inverse operator of @),,. Therefore, dim (Y,,) = dim (H,, ® H,—2® --- & H,)
which together with (3.14) implies (3.12).

Since Q,(f) is in P,, © P,,_1, it is orthogonal to Q;(f), j # n, and therefore we have the
first equality in (3.9). For the proof of the second equality in (3.9), we use (3.10) to write

BdQn(faX)2dX = /Sdl/sdl/Bd (f, ) An(f, U (€ - x)Un(n - x) dx d€ dn
- /sm/sdl (£, ©)An(fin) u(g(l)n)dfd

Since A, (f) € Hy, @ Hp2 @ - -+ ® H,, then we can use (3.17) to complete the integral with
respect to n above. We get

Qulf, %) dx = v, / An(f,€)? d.
Bd Sd—l

This completes the proof of (3.9) and the theorem. [J
In the same way that we have proved (3.9) of Theorem 3.1 we obtain the following
formulas for calculating inner products:

=S [ A1 0A 0.6 e (3.15)

We next consider the decomposition (3.5) for ridge functions. Let r be a univariate
function in Ly(I,w), w := wq/. Then

r(t) = S Fn)Ua(t),  #(n) = / P (6 U (D (t) dt. (3.19)
n=0 1
It follows that for any p € S%1, the ridge function R(x) := r(p - x) has the representation

= (n)Un(p-x). (3.20)

n=0

Using (3.10) and (3.4), we see that

Un(p -£)

An(R.€) = F(n) =5 F (3.21)

Moreover, if R; and Ry are two such ridge functions corresponding to ri, p; and ro, po,
respectively, then from (3.4), (3.11) and (3.18), we have
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There is another approach to deducing the decomposition of Theorem 3.1 which we want
to mention since it brings out the connections between this paper and Radon transforms.
For each f € L;(B?) the Radon transform is defined by

R(s&t)= [ ity (32
LN B
where £ € 8971t € [-1,1], and ¢+ := {y € R?: y - £ = 0}. So, the integration is over the
intersection of the hyperplane y - ¢ = ¢t and B<.

We can recover f from its Radon transform by using the Radon transform inversion
formula. The Radon transform inversion formula uses the operator (see e.g [L])

1\ 2 d—
S B (4) gty for d odd

Kg(t) == K,g(t) := d -
_1\5-1 d—
é(;fzﬁH (%) ' g(t) for d even,

where H is the Hilbert transform (see (2.7)). The following relation is the Radon inversion

formula for functions defined on B?: for every sufficiently smooth function f supported on
Bd
F00 = [ hex-€d with A1) = KiR(fi0). (3.25)
gd—1
Lemma 2.1 gives that the functions U, are eigenfunction for the operator K (we):
K(wly,) = v ldy,. (3.26)

We now show the idea of using the Radon inversion formula to derive a representation
of f in terms of the ridge polynomials {U,(x - §)}. Since {U,}3°, is a complete orthonormal
system for Lo(I,w), we can expand R(f; ¢, ®)/w in terms of the {U,}°, to obtain

% _ i A (E) U, (3.27)
with
e = [RUsEOUO @ = [ Uty -€) dy. (3.23)

After multiplying both sides of (3.27) by the weight w and applying the operator K := K;
we get

KR(f;€,0) =Y Au()K [wlhs] = D v0An(€) Un,

where we used (3.26). Finally, we insert the above in (3.25) and find

Sd—1

P00 = [ KR(sEx de =D [ A x-€) de

which is the decomposition from Theorem 3.1. We leave the details of verifying this approach
to the reader.
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4 Discrete representation of functions and norms

In this section we shall deduce from Theorem 3.1 a discrete representation of functions by
ridge polynomials. To this end we shall use a cubature formula for integration on S,
d > 2. We need a cubature formula that is exact for all spherical polynomials of degree n. In
the case d = 2 we used in [DOP] a quadrature formula with equally spaced nodes on the unit
circle. Unfortunately, we do not know any ”equally spaced points” on S?!, d > 2. Also,
we do not know effectively any cubature formula with near equally spaced nodes on S .
For this reason we shall use a cubature formula, determined by using spherical coordinates
on S? 1. The results of this section are somewhat technical and the reader may just wish to
read them roughly at first and proceed to §5.
The spherical coordinates (0, ¢) := (01,0, ...,04_2,¢) on S¥1 are defined as usual by

& =cosby, & =sinficosby, ..., g9 =sinb;sinby .. .sinfy_3cosby o,
€qg—1 =sinfsinby...sinf6; 3sinfy o cosp, & =sinfysinb,...sinfy 3sinfy o sin ¢,

0<0;<m j=12,...,d—2; 0 < ¢ < 2m. We shall denote these identities in vector form
briefly by € := £(6, ¢). In these coordinates, the surface element d¢ of S¥~! becomes

d¢ = (sin6,) 2 (sin 0y)3 .. .sinby_o dfy dOy . .. dOy_odd =: J(6) d6 dp. (4.1)

We have the following identity for integration in spherical coordinates

[ s@ac= [T [ [ o ons b (1.2

where J(0) is the Jacobian given by (4.1). We shall use this to define our cubature.

We wish to construct a cubature that is exact for all spherical polynomials of degree 2n.
Every spherical polynomial of degree 2n can obviously be represented in spherical coordinates
as a linear combination of terms

d—2
(cos ¢)Fa-1(sin ¢)fa-1 H(cos 0;)" (sin ;)% (4.3)

j=1
where k;,¢; > 0, and max{k; +¢; : j=1,2,...,d— 1} <2(d — 1)n. Also, the Jacobian J is
represented in the same terms (see (4.1)). So, we need quadrature formulae for integration
over [0, 2] and [0, 7] that are exact for trigonometric polynomial of degree 2(d —1)n+d — 2.
We shall use the following quadrature formula for integration on [0, 27] with respect to ¢

Qusle) =Y o) ~ /0 " 9(6) do, (4.4)

where v; == %5 + ;CLJZI and p; := 21311' The quadrature (4.4) is exact for all trigonometric

polynomials of degree k (see [Z], Chapter X).

Since 0 < §; < 7, we need a quadrature for integration over [0, 7] that is exact for
all trigonometric polynomials of degree k. In addition to this, the quadrature should have
good localization properties. We also need to control (asymptotically) the nodes and the
coefficients of the quadrature. Since we do not know any quadrature like this, we shall
construct one in the following lemma.
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Lemma 4.1. For any k = 1,2, ... there exists a quadrature

2k ™
Quile) = S No6) ~ [ a0)d0 (4.5)

with the following properties:
(a) Qox(g) is exact for all trigonometric polynomials of degree k;
(b) 0< By <Py <...<fBy <m,

Bj— B <mk7', j=0,1,...,2k+1; (4.6)

(c)
0<X <c(Bpy—0;21), 7=0,1,...2k (4.7)

where _) := 0, B4y := 7 and c is an absolute constant.
The exact values of the nodes 3; and the coefficients \; of the quadrature (4.5) are given
in Remark 4.1 below.

Proof. For symmetry reasons we shall prove the lemma with the interval of integration
[0, 7] replaced by [—m/2,7/2]. We shall build a quadrature

o) = > No®) ~ [ go)a (43)

with symmetric nodes 6; and coefficients \; (0_; = 60;, 6y := 0, and A_; = ;). Then Q(9)
will be automatically exact for odd polynomials. Therefore, it is enough to construct Q(g)
exact only for all even trigonometric polynomials of degree k. To this end it is sufficient to
have

Qr(P(cosh)) := Z A;jP(cosb;) = /Tr/2 P(cosf)df = 2/07r/2 P(cos ) db (4.9)

for each algebraic polynomial P of degree k. We shall apply the substitution 6 :=0(«) :=

arccos (0052 %) to the last integral in (4.9). Simple calculations show that

d cos 5
Ala) = —0(a) = ——2— 410
(@) do (a) 1+ cos? § (4.10)

and hence 6(«) is increasing on [0, 7] and maps [0, 7] on [0, 7/2]. We obtain

/me P(cos ) df = /OWP <0082 %) Ala)da = %/W P <COS2 %) A(a) da, (4.11)

-7

where we used that the integrand is even. We now extend A(«a) 2m-periodically by A(a) :=

|cos 2] /\/T+ cos? 2 .
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We shall use the Dirichlet kernel Dy (u) := % to interpolate the trigonomet-

ric polynomial of degree m: P (COS2 %) =P (HC%) at the points a; :=
0,£1,...,+k. We have (see [Z, Chapter X]

27 s
g1 J

k
20 _ 2 < 2%) ~ o
P <cos 2) b ka cos” - Dy(a — ay).

j==

This and (4.11) imply

w/2
/ P(cos @) dov
0

™

! . ikP<COSQ%>/ A(a)Dy(a — a;) do

—T

= Z n; P ((3082 %) (4.12)

= noP <cos —) 2277] <cos —>,

where . -
h= g /_ﬂ A(a)Dy(a — ) da (4.13)
and we used that n_; = 7, since A is even and a_; = —q;.

We now define the nodes and the coefficients of our quadrature. Set
0; := arccos (cos 5 ) for j = ...,kand 0; := —0_; for j = -1,-2,...,—k.
Also, set
Aji=2n; for 7=0,1,...,k and Xj:=A_; for j=-1,-2,...,—k.

We obtain by (4.9), (4.12) and the symmetry that quadrature (4.8) with the above defined
nodes and coefficients is exact for all trigonometric polynomials of degree m. It remains to
prove that the nodes and the coefficients of the quadrature satisfy the required properties.

We have 60; —0;_1 = 0'((;)(a; — aj—1) = A(¢)(a; — aj—1) for some ¢ € (aj_1,q; )
and hence, by (4.10),

1 ; 2 2
E(COS%) 2kj—1§9j_0j_1§<008&> 2k:j—1<2 i=12... k. (4.14)

Therefore, the proof will be completed if we show that

0<17j§ck:_1cos%, i=12,... k. (4.15)
By (4.13) it follows that
nj =m(2k +1)7'Sp(A)(ey), where Sp(A)(e) =1 [T A(B)Dy(B — ) dp
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is the kth partial Fourier sum of A. In order to simplify our further calculations we shift A

by 7 and obtain
sin%’/,/l—ksirﬂ% .

The function ¢ is even and, therefore, its Fourier coefficients associated with sin va are all
equal to zero. Let

ola) =Ala+m) =

1 [% 1

2m
ap := — e(a)da and a, = —/ p(a)cosvada, v=1,2,...
2m Jo T Jo

be the Fourier coefficients of ¢ associated with cosva. Obviously, ag > 0. Let v = 1,2, ...
Then using integration by parts (twice) we get

2m
1 , )
a, = —— ¢ (a) sinva do
7

1 1

2w
- |, -\ _ (0t "
= 2 [¢'(2m7) — ¢/ (07)] —WUQ/O ¢" () cosva da

1 2

- "(a)(1 — da.
i) ©"(a)(1 = cosva) da

Therefore )
2 Y
@ =—3 i ¢” (a) sin? ? da. (4.16)

Simple calculations show that

, 1 « Lo\3/2 "
¢(a):§cos§ <1+sm§> and ¢"(a) <0 for 0 < a < 27.

This and (4.16) imply that a, < 0 and

ol < 25 [ let@ldo =2 [T @ = -2 [er) - g0 = 5
e, w2 Jo T2 ez
Thus, we have
2
——<a, <0, =1,2,.... 4.17
S <a,<0, v (4.17)
Therefore p(a) = ag + Y., a, cosva, where ap > 0 and a, <0, v =1,2,..., and hence

k k
Se(p)(a) = ag+ Zay cosva > ag + Zal, = Sik(¥)(0)

v=1 v=1

= Si(P)0) —p(0) == ) a,>0.

v=k+1

Thus Sk(p)(a) > 0 for a € [—m, ) and hence Sp(A)(a) > 0 for a € [—m, ) which implies
the lower bound in (4.15).
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The inequalities (4.17) imply
1A = Sk(A)lle = llp = Sk(e)lle < k™.
Using this, we obtain

mil < ckTHSk(A)(ay)] < ek (|Aay)| + A = Sk(A)le)

< k7t <cos % + k_l) < ck™1 (cos % + cos %) < ¢k~ cos %,

where we used that cos(ay/2) = cos (7k/(2k + 1)) > ck~'. Thus the upper estimate in (4.15)
is proved. Lemma 4.1 is proved. [

Remark 4.1. The ezact values of the nodes 3; and the coefficients A; of the quadrature (4.5)
from Lemma 4.1 are the following:

T o (k—Jj)m .
B; = 5 — arccos (cos Ul ), 7=0,1,...,k,

and B; =7 — Bop—j, j=k+1L,k+2,...,2k

2 ™ o a\ —1/2 27T(]€—j) .
)\j:2k+1/_ﬂcos§(1+cos2§> Dk(&—%—H do, j=0,1,....k

and \j = Xog—j, J=k+1,k+2,...,2k, where Dy, is the Dirichlet kernel of degree k.

We are now in a position to construct our cubature formula for integration over S¢-!
(d > 2). We shall use (4.2), (4.3) and the quadratures from (4.4) and (4.5).

Definition of cubature Q,,. Given n = 1,2,... we select k := 2(d—1)n+d—2. Let J, be
the set of all indices j := (j1,...,j4-1) such that 0 < j, < 2k, ie. J, :={0,1,...,2k}%" L
Note that the cardinality of J, is #J, = (2k + 1)*! < n?t Set Bi == (81, Bjus)s
%= Viaro wi = €5 ), and Ay = J(8)ej,, [Ty=) As, where 75, 05, 55, and ); are the
nodes and the coefficients of quadratures (4.4) and (4.5), respectively, and J is from (4.1).
We define

Q)= Nflwy) ~ [ FE)de. (4.18)

i€Tn

When it is possible we shall write this cubature with the following simpler indices. Let €2,
be the set of all nodes w = wj, and A, := A,; := XA;, j € J,. Then cubature (4.18) can be
rewritten in the form

Qu(f) =Y Mflw) ~ (&) de. (4.19)

d—
WEQTL S !

Observe that #€,, < n® 1.
As we mentioned in the beginning of this section, every spherical polynomial of degree 2n
can be represented in spherical coordinates as a linear combination of terms like those in (4.3)
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and the Jacobian J is represented in a similar way (see (4.1)). On the other hand, quadratures
(4.4) and (4.5) are exact for trigonometric polynomials of degree k := 2(d — 1)n +d — 2.
Therefore (see (4.2)), cubature (4.18) (or (4.19)) is exact for all spherical polynomials of
degree 2n, i.e. for every spherical polynomial S of degree < 2n we have

QuS)i= 3 Ausw) = [ S(de (4.20)
WEQn Sd-1
Note that A, > 0 and, since (4.20) holds for S = 1, then
> A :/ 1de =: [S%7Y. (4.21)
weNy Sd—1

Identity (4.20) implies discrete representations of the projection Q,,(f) of any f € Lo(B?)
onto P, © Pr—1 and || A (f) || £,sa-1y (see (3.6) and (3.7) from Theorem 3.1). Namely, since
A (f, U (x - €) and A2 (f,€), for m < n, are spherical polynomials of degree < 2m < 2n,
then

Qm(f,x) = Vm/ An(f, )Um(x - §) dE = vy, Z AoAnm (f, 0)Un (% - w) (4.22)

Sd71 UJEQn
and
Al ssoen = [ V(£ 0P = 3 Aldn(f0)F (.23
wEQn

Since quadratures (4.4) and (4.5) have good localization properties, then cubature (4.18)
(or (4.19)) has such properties. We shall use them to prove the following lemma.

Lemma 4.2. Letn=1,2,...,m=1,2,..., and let, for v € (0, 7],
Kon(cosy) := comin{m?=t ma=1/(m~)¢} with co > 0 a constant. Then, we have

Q. (Kn(® 1) < c[L+ (m/n)™"] forne S, (4.24)
where Q,, is the cubature from (4.19) and ¢ depends only on d and cy.

Proof. In what follows, we shall assume that n > ng, where ng is sufficiently large and
depends only on the dimension d. Estimate (4.24) obviously holds for n < ngy by (4.21).
We first construct a tiling of S¥* which is determined by the nodes of cubature (4.18). We
associate with each node wj the spherical box (tile) T} consisting of all points & € S¢! for
which £ = £(0, ¢) with

(97 ¢) S [ajwajﬁ-l) X... X [a/jd—27ajd72+1> X [bjd—17 bjdfl"!‘l)?

where a; := £ (8;+3;_1) and b; := $(v;+7;-1) with §; from (4.5) and ~; from (4.4). Observe
that w; € Tj is the (spherical) center of Tj. Obviously T;(Ti = 0, j # 1, and the tiles T}
cover S9! excluding small regions around the poles. The most important property of our
cubature is that

0< )< c/ 1d¢ =: ¢|T;| for j € J,. (4.25)

7
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This property follows readily by (4.7), the definition of 7; from (4.4), and the definition of
our cubature (see (4.18)).

The second important property of our tiling is that the diameter of each tile T} is < cn™!.
We let p(€,m) := arccosé -, &,n € 841 denote the angular distance on S~ (the angle
between vectors & and 7). It is easily seen that p(&,n) satisfies the axioms for a distance on
S4=1. Since 8; — Bj—1 < en” !, by (4.6), and v; — ;-1 < cn™!, by the definition of ~;, then

sup{p(&,m) : &, € Ti} < emn™, (4.26)

where ¢; depends only on d.

Suppose that n € ST is fixed. We select a new coordinate system such that n = e/ :=
(1,0,...,0) is its first coordinate vector. This can be done by a suitable rotation of the old
coordinate system. For ¢ € S we shall denote by 6 := (0},...,0, ,) and ¢ the new
spherical coordinates of €.

We define, for v =1,2,...,n,

(v

= < peen <

{§€Sd_1: —
n
., m(v—=1) TV

Z, =

n

N——

and

n

Z2 = {§€ Sd_l:max{w, —7'('} <6y §min{m/+cl, ﬂ}},
n

where ¢; is from (4.26). Obviously |J_, Z, = S
Let 7, be the set of all tiles T} with centers wj € Z,.. It follows by (4.26) that (J;., T C
Z and hence

ngyz;w;:/ 1d§§c/ 1dé =:c|2,|, v=12...,n. (4.27)
TeT, 2 v

We are now ready to estimate Q,(IC,,(e - 77)). If v = 1, then we obtain, using (4.25),
(4.27), and the assumptions of the lemma,

Z A (wj - €]) < emax{/C,,(cosby) : 0 < 0] < 7w/n} Z |T|

wj €2z, TeT

w/n
< em?H 2| < cmd_l/ sin?™2 0 do} < c(m/n)*".
0

If v > 2, then
D NKn(w; - €)) < cmax{K,,(cost}) s w(v — 1)/n < 6 < wv/n} > |T)
wjez,, TeT,

< ck,, (cos M) |1ZY < Ky <cos E) 1Z,| < c/ K (& - €)) dE,
n n Z,
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where we used that /C,, (cos @) < ck,, (cos %), v > 2, which follows by the definition

of KC;n(cos ) from the assumptions of the lemma. Therefore

> Ay 1) < clm/my e [ K€ eh)de, (4.28)

JE€ETn Z

where Z :=J_, Z,. We obtain, using again the definition of I, (cos~),
/ Kn(&-€e))de = \Sd2\/ Ko (cos 8)) sin®2 0} db;
z w/n
< c/ min{m*, m*! /(m#))?}(0))""?db < ¢ < .
0

The above estimates and (4.28) imply (4.24). O

We shall deal with discrete sums of spherical polynomial values. For this, we need a
rapidly decaying reproducing kernel for the space of spherical polynomials of degree m. The
following well-known proposition gives us such a kernel.

Proposition 4.1. There exists a constant mo = mo(d) such that for every m > mq there
exists an algebraic polynomial W,, of degree dm with the properties:

(a)
S(n) = Wia(n-€)S(€)de, nes,

Sd-1
for each spherical polynomial S of degree < m,

(b)

[Win(cos )| < comin{m?, m**/(mr)?} for 0<71<m, (4.29)
and hence
()
/ Wo(n-€)|de < ¢ < 00, €S-, (4.30)
gd—1
where ¢y and ¢ are independent of m and 7.

Since we do not have a good reference for Proposition 4.1, we shall show how it can be
deduced from the following results of E. Kogbetliantz and E. Stein (see also [P]):

Proposition 4.2. [K] Let S,,(t) :== Y7 (v + N)C)(t), A >0, m =0,1,..., and let o) be
the Cesaro means of order § of Sy, i.e.

m

oD (t) = (A2) AL (v NN with A = D (4.31)

m "~ m—v G+ (+1)
Then, for —1 < <2\ +1,

|69 (cosy)| < ¢min {(m + D2 (m 1) /(sin %)Hl} , 0<~y<m, (4.32)
with ¢ depending only on .
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Proposition 4.3. [St] For each positive integer r and for m = 0,1,..., there exist r + 1
parameters a1(m), ..., a.11(m) (depending only on m and r) which are uniformly bounded:
la, (m)] < A, A independent of m, and there exists a fized integer N, so that the following
holds:

If Y702 s a, is a series of real numbers and if aﬁf{), m=0,1,..., are the Cesaro means of
order r of the partial sums S,,, m =0,1,..., of this series (see (4.31)), then

) = an(mio L+ as(miofos .+ sl

can be represented in the form

(r+1)m

T,Sf)ziaﬂr > Ba, ifm>N,
v=0

v=m+1
where 3, are constants depending on m and r.
Proof of Proposition 4.1. We have already mentioned in (3.15) that
N(d7 m) (d—2)/2 (t)
|Sd_1‘07(#_2)/2(1) m

gives the reproducing kernel K,,(§ - n) for H,,. Therefore, Y~ K, (£ - n) is a reproducing
kernel for all spherical polynomials of degree < m. Simple calculations show that

Ko(t) =2 [IST(d—2)] " (m+ NCA(t) with A:= (d —2)/2.

K, (t) .=

Therefore, 2 [[S*!|(d — 2)] - S o (v + A)Co(t) gives a reproducing kernel for the spherical
polynomials of degree < m.

We now apply Proposition 4.2 with A\ := (d —2)/2 and 6 :== 2A+1 = d — 1. Then we
apply Proposition 4.3 to the resulting Cesaro means {ai’")} with r := 0 = d — 1 to conclude
that W, := 2 [|S9!|(d — 2)] LA satisfies (4.29) (by (4.32) and since «,(m) are uniformly
bounded) and W,,(§ -n) is a reproducing kernel for the spherical polynomials of degree < m
(by Proposition 4.3). O

Lemma 4.2 and Proposition 4.1 allow us to estimate discrete [,(€2,) norms of spherical
polynomials by their L,(S?!) norms. In this part we use ideas from [O].

Lemma 4.3. Letn =1,2,..., and let m > myg, where myq is from Proposition 4.1. Then for
every spherical polynomial S of degree m and for 1 < p < co we have

S AIS@IP < clt+ (/w1 [ ISP (433
weNy Sd—1
where N, and ), are from (4.19), and c is independent of S, n and m.

Proof. By Proposition 4.1 we get S(w) = [gu 1 Win(w-£)S(€) d€, w € Q,. We obtain, using
Holder’s inequality,

[Sw)| < [Win(w - £)S(E) d€ = Wi (- )12 Wi (w - €)1V71S(€) | d€

Qd-1 Sd-1

(. -onae) ([ ot ensicpac)
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and hence
SEIP <47 [ Wl OISO ds. where A= for Wl O] de.

We now multiply both sides of the above inequality by A, and sum over w € §2,, to obtain

> AlSw)P < A/ (Z Aol Won (w ) |S(€)P dé

weNy

<7 max Qu(Wale- ) [ ISP ds

£€d1

It follows, by (4.29), that |[W,,(e-&)| < Kyu(e - &), where Ky, is defined in Lemma 4.2 with
¢o from Proposition 4.1. Then Proposition 4.1 and Lemma 4.2 imply

s Qul(Won(e- ) < max Qu(Kn(e-€)) < cll+ (m/n)*!) and A<c

which completes the proof of Lemma 4.3. [J

The following lemma relates the Lo(S%71) norms and discrete Io(€2,) norms of spherical
polynomials written in terms of vp,U,(§ - w)/Un(1), the reproducing kernel for the space
H & Hino @ -+ - & He (see (3.17)).

Lemma 4.4. Letn =1,2,..., and let c¢(w), w € Q,,, be real constants. Let m > mg, where
mg 1S from Proposition 4.1. Then, the spherical polynomial

ZAC i€

satisfies
15117, (s0-1) < el + (m/n)™"] Y~ Aule(w (4.34)

weQy,

Proof. Using (3.11) we get
ISW e = [, ISP
2
Um
=YY Aelw)eln) (um(l)) / d_lum@-w)um(s-n) it

wEN, NEN,
= D) Ahew) =Y Ae(n)S
wEQ, NEQ, Zl ( neQy,

IN

(s eor) (2 )“-

By Lemma 4.3, the last quantity above does not exceed ¢[1+ (m/n)?1]2 |52, (se-1). Finally,
dividing by [|S]|,(s¢-1) completes the proof of the lemma. [J
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5 Smoothness spaces in Ly(B?)

In this section, we shall recall results about approximation by algebraic polynomials. As
earlier, we let P, denote the space of algebraic polynomials in d-variables. For n > 1, let

En(f) := En(f)ryme) i= Plgn If — Pllr,ma

be the error in approximating f € Lo(B¢) by algebraic polynomials P of degree < n. By
Theorem 3.1 we have the following representation of the polynomial P, (f,x) of best Ly(B%)-

approximation to f:
P,(f,x) Z”m/ x - &) de, (5.1)

where

Q) = A9 1= [ FOUly &)y

Since A, (§)Upn(x - §) is a spherical polynomial of degree < 2m < 2n in &, we can use the
quadrature formula (4.19) to obtain

Z Aw Zym m( (x-w). (5.2)

weN,

From Theorem 3.1, we have

E (f? = If = PPy = Y vml An( NI, s0)

m>n

N P (53)

m>n

For a > 0, let W2(Ly(B?)) be the Sobolev space for the domain BY. When o = k is
an integer, then a function f € Ly(B?) is in W*(Ly(B%)) if and only if its distributional
derivatives D" f of order k are in Lo(B?), and

|f|wk (L2(B)) Z “DVfHLQ(Bd

lv|=k

gives the semi-norm for W#(Ly(B?)). The norm for W¥(L,(B?)) is obtained by adding
Il Lomay to [flwr(romay). For other values of a, we obtain W as the interpolation space

W*(Ly(B?) = (Lo(BY), W*(Lo(Bh))g2, 0 =a/k, 0 <a <k,

given by the real method of interpolation (see, e.g., Bennett and Sharpley [BS]).
A fundamental result in approximation known as the Jackson theorem states that

Eu(f) < C<k)n_k“f||W’“(L2(Bd))a (5.4)
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where the norm on the right can be replaced by the semi-norm if £ is an integer. This
theorem can be deduced easily from the results on univariate approximation in Chapter 7 of
[DL]. By interpolation (see, e.g., [DL, Chapter 7]), one obtains

S BN < @) | eramay @ >0, (55)

n=1

with ¢(«) depending at most on «. From (5.3) and (5.5), it is easy to deduce that

Zn2a+d HAL(S )HL2 Sd-1) (a)HfH%/VD‘(LQ(Bd))? a >0, (5.6)

with ¢(«) depending at most on «.

6 Approximation of functions in Ly(1,w)

We shall also need certain results about the approximation of univariate functions in Ly (7, w)
where [ := [—1,1] and w := wg/2. As we know by §2, the Gegenbauer polynomials {Up, }5_
form a complete orthonormal system for Lo(1,w) (see (3.3)). For any g € Lo(I,w) we have

g—Zg U, with g(m):= /Ig(s)um(s)w(s)ds. (6.1)

We shall use approximation of functions in Ly(I, w) as an intermediate tool in establishing
our results on ridge approximation. Let P,(I) denote the space of univariate algebraic
polynomials of degree < n. For a function g € Lo(I,w), we let

En(g)LQ(I,w) = I%lf “g p||L2 (Iw)

be the error in approximating g by the elements of P, (). The polynomial

m=0
is the best Ls(I,w) approximation to g by elements of P,(I), and we have
En(9) 7wy = 19 = PallTorwy = D la(m (6.3)
m>n

We introduce the univariate Sobolev spaces W*(Ly(I,w)), o € R, whose norms are
defined by

19 1Fva(zaruy = D_[(m +1)*g(m)]]*. (6.4)
m=0
It follows that for each g € W*(Lo(I, w)),
En(9)1a(1,w) < cla)n™ (| gllwe pa(rw))- (6.5)
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Moreover, similar to (5.5), we have

oo

S 0 B9t < )9 mairay @ > 0. (6.6)

n=1

There is also a Bernstein type inequality for polynomials in P, (1) with respect to Lo (I, w)
which follows trivially from the definition: for every p € P,(I) and a > 0,

[Pllwe(La(rwy < (0 + )Pl La(r,0)- (6.7)

It is well known (see [DL, Chapter 7]) that companion inequalities like (6.5) and (6.7)
imply a characterization of approximation spaces by interpolation spaces. In our context, the
approximation spaces are the Sobolev spaces W®(Ly(I,w)) defined by (6.4) and we therefore
obtain for each 0 < a < k,

W(Ly(I,w0)) = (Lo(I,w), W (Lo(I,w))g2, 0= a/k. (6.8)

Further properties of the spaces W*(Ly(I,w)) are given in §7.

7 Approximation by ridge functions

In this section, we assume that X, is a subspace of Ly(/, w), w = wgqy2, of dimension n with
the following property. There is a real number s > 0 such that, for each univariate function
g € W5(Ly(I,w)), there is a function r € X,, which provides the Jackson estimate

19 = 7l Loty < con” *llgllws(La(1,0))s (7.1)

with ¢y a constant independent of g and n.
We define Y,, to be the space of functions R in d variables of the form

R(x) = Z re(X-w), 1y, € Xy, weE,, (7.2)

UJEQn

where Q,, is the set of vectors in S®! from (4.19). Then, Y, is a linear space of dimension
< n#Q, < en. We prove the following theorem about approximation from Y,,.

Theorem 7.1. Let X,,, n = 1,2,..., satisfy inequality (7.1) for some s > 0. If [ is a
function from the space WS+%(L2(Bd)), then there is a function R in'Y,, such that
St
1f — RHLQ(Bd) <cn 2 HfHWS+(d—1)/2(L2(Bd)) (7.3)
with ¢ a constant depending only on s and d.

Remark 7.1. If s+ (d —1)/2 — 1 is an integer and the space Y, contains Psy(a—1y/2-1, then
| fllws+@-1/2(p,B2)) can be replaced by the semi-norm | f|y s+@-1/2(p,Ba)-

An important element of the proof of Theorem 7.1 is the idea to get rid of the "low fre-
quencies” when approximating. To this end we shall use the following geometric construction
which was proven for us by Boris Kashin.
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Lemma 7.1. Let H be a Hilbert space with norm ||-|| and let A, B C H be finite dimensional
linear subspaces of H with dim A < dim B. If there ezists §, 0 < 6 < 1/2, such that

sup inf ||z —y| <o, (7.4)
recA YyeB
el <1

then there is a constant ¢ depending only on § and a linear operator L : A — B such that
for every x € A
Lz —zf <c inf Jlz—yl, (7.5)
yeB

and
Lr—x 1 A (Lx— x is orthogonal to A).

Proof. See [DOP], Lemma 6. [J
Proof of Theorem 7.1. Estimate (7.3) trivially holds if n < mg, where my = my(d) is the
constant from Proposition 4.1.

Suppose that n > my. Let P = P, be the polynomial in P,, given by (5.1) (or (5.2)).
Since P is the best Ly(B?) approximation to f, it satisfies (see (5.4))

If = Pllymey < en™ D2 fllyperavz g, may (7.6)

with ¢ and all subsequent constants in this proof depending only on s and d. We shall
approximate P by an element R of Yy, N = kqn, where kg is a sufficiently large constant
depending only on s and d.

We have A,, (P, &) = A, (f,€), m <n,and A,,(P,£) = 0, m > n. Since f € W*t@=D/2([,(BY)),

we know from (5.6) that

n

S (m 4 PP A )2 ey < ell F oo ooy (7.7)

m=0
From this, using (4.23), we obtain

n

Z(m + 1>28+2(d71) Z Aol (A (f,w))]? < C”fH%/Vr+<d71>/2(L2(Bd))- (7.8)

m=0 wEQn

We introduce the univariate polynomials

pu(t) == Z U Am (f, 0)Un (t) = Z U Am (P, w)Up(t),  w € . (7.9)

We have, by (4.22) and (7.9),

n

P(x) = Z U, Z Ao A (P, w)Up (% - w) = Z AP (X - w). (7.10)

m=0 WEN, wEN,
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According to (6.4), we have

n

NPl oty = D+ PV A An(f,0)?

m=0
= Y (m A )EIA A(f,w)

m=0

Hence, from (7.8),

n

Z A Pullfvs Loty < CZ(m+ 1)%e 21 Z Aol (A (f,w))[?

wey m=0 weN,
< c||f||124/s+(d71)/2(L2(Bd))' (7.11)

We shall approximate each polynomial p, by elements of Xy. We apply Lemma 7.1 in the
following setting. We take for H the Hilbert space Lo(I,w) and take A = P, (I) and B = Xy
with N > kon and ko a positive integer. We next show that if ky is large enough then the
assumption (7.4) is satisfied. We mentioned earlier in (6.7) that P, (I) satisfies the Bernstein
inequality
1llws oy < (04 1D [PlLaw), € Pall).

If p € P,(I) then, from this Bernstein inequality and from (7.1), there is an r € Xy such
that

1P = 7l Low)) < 0N *pllws Loz < N 2°0°|D)| Ly(10) < c02°Kg *||P]] Lo (20)-

Thus, if kg is large enough, condition (7.4) is satisfied. Therefore, for each w € €2, we can
find r, € Xy such that r, — p, L P,(I) with respect to the inner product in Lo(I,w) and,
by (7.1) and (7.5),

1P = el Loty < 0™ 1Pl (Logrw))-

Therefore -
o —Po= Y Fu(mlUn (7.12)
m=n+1
with
fulm) = [ ru(sltdn(s)u(s) ds
I

and -

Z |72w(m)|2 = ||pw — Tw”%Q(z,w) < Cn_QsprH%/VS(Lg(],w))' (7.13)

m=n-+1

We define

R(x) := Z AoTw(X - w)

wely,
which is an element of Yy. Then we have, by (7.10) and (7.12),

R(x) — P(x) = Z Z AT (M) U (w - X) = Z Z AT (M) U (w - X).

weN, m=n-+1 m=n-+1weN,
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We write

Ro(x) 1= ) Ao (m)U (x - w).

UJeQn

We have by Theorem 3.1 (see also (3.19) - (3.21))

Ro) = [ Ao U (€ )

where
AnFos§) = [ Rl €1y = 32 Autatm) [ sl ol -3)

_ o Un(€-w)
= w;;n AoTw(m) TR

We now use Theorem 3.1 and Lemma 4.4 to obtain

IRl ey = VinllAm (B, )17, 501y = v | ZQ Awfw(m)uZTl)Um(i-w)\\i2(Sd1)
wED
<l m/m) S Alium)? < en= ST A (m) 2,
weQy weQy

where we used that v, < m4! (see (3.8)). From this, (7.11), and (7.13), we find, using the
Parseval identity (3.9),

IR = Pli,ee = D IBRulfey <ecn™™ Y Y Aliu(m)f

m=n+1 m=n+1weN,
00

= oY A D) Jiu(m)?

wWEN, m=n-+1

< en NN N 200
Wy

< en Y IS a2 ey

Thus there is a function R € Yy, N = kon, such that (7.3) holds. Theorem 7.1 is now
proved. [J

Remark 7.2. As in [DOP], it is possible to prove Theorem 7.1 without using Lemma 7.1.
In place of this lemma one uses a slightly stronger assumption than estimate (7.1). The
corresponding proof would be more constructive than the present one. We do not provide the
details of this approach but instead refer the reader to [DOP].

8 Elimination of the weight w

The result of §7 (Theorem 7.1) gives sufficient conditions on a sequence of univariate spaces
Xn, n=1,2,..., in order that the spaces Y,, defined by (7.2) with €, from (4.19) provide
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approximation rates for functions in Sobolev spaces W(Lo(B?)) comparable to polynomials
and splines. However, the assumption (7.1) imposed on X, is inconvenient for direct appli-
cation because of the appearance of the weight w(t) := w2 (t) := (1 — ¢?){@~1V/2. We shall
show in this section how the weight factor w can be avoided so that the result of §7 applies
more directly. We shall consider approximation on the ball B¢ p=1{x¢€ RY : x| < 1/2}

rather than B?. Approximation on B? or other balls follows by a change of variables.

We begin by assuming that we have in hand n-dimensional linear spaces Z,, of univariate
functions defined on J := [—1/2,1/2] which satisfy a Jackson type estimate similar to (7.1)
but with weight = 1. Let W™(Ly(J)), m = 1,2,..., be the Sobolev space of functions
g € Ly(J) such that g™ is in Ly(J). The semi-norm and norm for W™ (Ly(J)) are defined
by

glwm oy = 19" a5 Nalwnaoy = 19" a0 + 19llzaw)
For 0 < s < m not an integer, we define W#(Ly(.J)) by interpolation:

W (Lo (J)) = (La(J), W™ (Lo(T))ga, 0 := s/m, (8.1)

with the norm the interpolation space norm. For a given value of s, different values of m > s
give equivalent norms (see [DL]).

Our assumption on Z, is that for a certain fixed value of s, we have that for each
g € W*(Ly(J)), there is a function ¢, € Z, such that

19— Call Loy < cls)n™ || gllws (o) (8.2)

with the constant ¢(s) depending only on s.
Let X,, be the space of univariate functions r such that for some p € P,(I) and some
¢ €,

r(t) = { ?8 A (8.3)

We shall show that under the assumption (8.2) on the Z,, the spaces X,,, n = 1,2,...,
satisfy the assumption (7.1). To prove this, we recall the definition (6.4) of the spaces
W*(Ly(I,w)) and the operator A of (2.12):

Ag = ( jt) el (3.4

According to (2.15), we have A*U,, = (—1)% 12U, . Since p, < n? ! (see (2.16)), it follows
that for each g € W™ Ly(I,w)), A =2(d — 1), m = 1,2, ..., we have

gl Loty =< A" Gl o1, (8.5)
with the constants of equivalency depending only on d.

Lemma 8.1. For each m = kX, with A\ :== 2(d — 1) and k a nonnegative integer, we have

gllwm Loy < cld,m)||gllwmpywy  for g € WT(La(I,w)) (8.6)

with the constant c(d, m) depending only on d and m.
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Proof. We first observe that the weight w is strictly positive on J and, therefore, w™! is

infinitely times differentiable on J. Then the following identity holds
0(d—1)—1
g(é(d_l)) = Z ujg(j) + W(d,l)Aeg, (=1,2,..., (8.7)

J=0

where u; are obtained from w™! and its derivatives. Indeed, (8.7) can be proved by induction
on {. For ¢ =1, (8.7) follows from Leibniz’ formula for differentiating the product g =
w~(wg). Suppose that (8.7) holds for some ¢ > 1. Then one writes Ag as w™! (wAZg) and
differentiates both sides of (8.7) d — 1 times to prove it for ¢ + 1.

It follows from (8.7), with £ = 2k and m = k), that

m—1

19" N Loy < € X N9 naer) + ellA gl L)- (8.8)

=0
We shall use next the following well-known inequality (see e.g. [BS])
||g(j)||L2(J) S C<6_j||g||L2(J) +5m_]||g(m)||L2(J)) 5 j = ]-727"'am7 (89)

where § > 0 is arbitrary and ¢ depends only on m. Combining (8.8) with (8.9) we get, for
0<o<1,

1™ Nty < €67 lglai) + 010" i) + € 1A a0, (8.10)

where ¢* > 1 is independent of §. We now select ¢ such that ¢*d = 1/2 and bring the second
term on the right in (8.10) to the left-hand-side. We obtain

C(HQHI@(J)*‘|P\k9H£2LU)
c(|lwgll Loy + lwA gl o))
cllgllwm (Lo (rwy)-

19 || oy

IAIA A

O

Theorem 8.1. If the sequence of spaces Z,,, n = 1,2, ..., satisfies (8.2), then the spaces X,
n =1,2,..., defined by (8.3) satisfy the Jackson estimates (7.1), i.e. for each univariate
function g € W*(Lo(I,w)), there is a function r € X,, which provides the Jackson estimate

19 = Tl 2rw) < en”Pllgllws (Lo (8.11)
with ¢ a constant independent of g and n.

Proof. Consider the linear operator T' that associates with every function g € Lo(I, w) the
restriction of g on J. Since w is strictly positive on J, T is a bounded operator from Lo(I, w)
into Ly(J). By Lemma 8.1, T" is bounded from W™ (Ly(I,w)) into W™ (Ly(J)) for each m =
2k(d—1), k=1,2,.... This implies that, for each 0 < s < 2k(d—1) and 0 := s/(2k(d — 1)),
we have by interpolation (see (6.8) and (8.1)) that for each g € W*¥(Lo(1,w)),

lgllwsacy = gl (L2(), W=D (Lsy()), ,
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S CHgH(L2(I,’w),W2k(d_1)(Lz([,w)))e2 = ”g”WS(LQ(I,w))).
Now, given g € W*(Lqo(I,w)), we let ( € Z, satisty (8.2). Then, from (8.6),

19— Cllzary < en*llgllws oy < en”llgllws Loz w)-

Similarly, let p be the best approximation in Ly(I,w) to g from P,(I) . Then, from (6.5),

lg = pllara) < 077 llgllws(La(ray-
It follows that the function r € X,, defined by (8.3) for these ¢ and p satisfies (8.11).00

Theorem 8.2. If the sequence of spaces Z,,n = 1,2, ..., satisfy (8.2), then for any function
fe W8+(d_1)/2(L2(B‘f/2)), there are functions r,, € Z, such that

R(x)= Y ry(w-x) (8.12)

WEQH

satisfies
1f = Rll,ma,,) < Cnfsf(dflwHf”ws+<d—1>/2(L2(Bg/2)) (8.13)

1/2
with ¢ independent of f and n.

Proof. We first recall (see e.g. [A, Chapter IV]) that f can be extended to a function f,
defined on all of R? such that f vanishes outside of B4 /1 and

HfOHWSJF(d*U/?(Lg(Bd)) < CHfHWs+<d—1>/2(L2(Bgl/2))

with a constant ¢ depending only on s and d.
We define X, as in (8.3). From Theorem 8.1, we obtain that condition (7.1) is satisfied.
Therefore, from Theorem 7.1 there are functions r, € X,,, w € €1, such that the function

R(x) = Z (W - X)

wEN,
satisfies
Ifo= Rllryesy < en™ 2| follwrscaniagry may
< cn_r_(d_l)/z||fHWT*(d*l)/?(Lz(Bfm))‘ (8.14)

On the ball Bcll/Q, fo= fand r, is in Z, for each w € Q,. Therefore, (8.13) follows from
(8.14). O
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9 Examples and further remarks

In this section, we shall give some applications of the results of §8. Theorem 8.2 implies
that for any sequence of spaces Z,, n = 1,2,..., contained in Ls(J), J = [—1/2,1/2], that
satisfy (8.2) we have the estimate (8.13) for f € W*T(@=D/2([,(.J)). The condition (8.2)
is satisfied by all the standard spaces of approximation such as algebraic polynomials and
spline functions (discussed in more detail later in this section). We wish to single out, for
further elaboration, one particular example which appears frequently in wavelet theory, as
well as computer aided design.

Let ¢ be a univariate function with compact support on R. Let ¢ be the smallest integer
such that ¢ or one of its shifts ¢p(z — k), k € Z, is supported on [0, ¢]. If necessary, we can
redefine ¢ to be one of its integer shifts and thereby require that ¢ is supported on [0, ¢].
We denote by S := S(¢) the shift-invariant space which is the Ly(IR)-closure of finite linear
combinations of the shifts ¢(- — j), j € Z, of ¢. By dilation, we obtain the univariate spaces

St={S(2F):5¢S8}, keZ

The approximation properties of the family of spaces S* is well understood. In [BDR],
there is a complete characterization (in terms of the Fourier transform of ¢) of when the
spaces S* provide the Jackson estimates

dist(g, S*) o) < C27%(|gllws (. (m))- (9.1)
For an integer s, we say that ¢ satisfies the Strang-Fix conditions of order s if
$(0) £ 0, and DI¢p(2kn) =0, k€ Z, k#0, j=0,1,...,s— 1. (9.2)

If ¢ satisfies (9.2) and ¢ is piecewise continuous and of bounded variation then S* provides
the approximation estimate (9.1) (see e.g. [DL, Chapter 13]).

We denote by S*(J), k > 1, the restrictions of the spaces S* to the interval J :=
[—1/2,1/2]. The functions ¢(2%t — j), j = —€+ 1 —2F1 . 21 1 span S*(J). Each
function g in W*(Ly(J)) can be extended to R with

gllws o)y < cllgllwswa)-

It follows therefore that the spaces S¥(J) provide the approximation property (8.2) and
hence Theorem 8.2 applies with n = 2¥. The functions R appearing in Theorem 8.2 are of

the form
2k 1

Rx)= > 3 c(iw)o@x-w—j).

J=—b+1-2F—1 wEQ,k

There is another representation of the functions in S*(.J) related to sigmoidal functions.
Let

a(t) = o(t—j). (9.3)

5=0
Then the functions o (2%t —j), j = —(+1—2F"1 . 2811 also span S¥(.J). The function
o is 0 for ¢ sufficiently large negative and 1 for ¢ sufficiently large positive. However, it is

not necessarily monotone (without additional assumptions on ¢).
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Corollary 9.1. Let ¢ satisfy the Strang-Fix conditions (9.2) of order s. Then for each
function f € WSJr(d’l)/z(LQ(B‘f/Q)), there is a function

2k—1_1

R(x) = Z Z c(j,w)o(2Fx - w — )

J=—l4142k—1 WEQ,

such that

||f - R”L2(13t11/2) < C2_(S+(d_1)/2)k||f||ws+(d*1)/2(L2(Bd ) k=1,2,...,

1/2
with ¢ independent of f and k.

For certain choices of ¢ above, we obtain that o of (9.3) is a sigmoidal function in
the terminology of neural networks. We recall that a sigmoidal function is a nonnegative,
monotone, univariate function which has limits = 0 as ¢t — —oo and = 1 as t — oco. To
obtain examples of such sigmoidal functions, we can take ¢ to be a B-spline. Let ¢ := Ny,
where for each j € Z and s = 1,2,..., N;, := s~ ' M is the B-spline of order s (see [DL,
Chapter 5]) with breakpoints %, NN 32% The function

oi(t):= Y Njt), teR

Jj=—s+1

of (9.3) is a sigmoidal function, and, in the case s = 1, it is the unit impulse function X[0.00)"

The functions o4(t — ;—n), j=-n,...,n+s—1, form a basis for S, ; the space of all splines
of degree s — 1 defined on J with breakpoints belonging to the set {=pH =22 1n-ly

From Theorem 8.2, we obtain the following.

Corollary 9.2. For any f € W V2(Ly(BY ), there are constants c(k,w), w € Qy,
k=-n,...,n+s—1, such that

=YY dlho, (xow- o) (9.4)

weQy k=—n

satisfies

I\ f— R||L2(B‘f/2) < C”_S_(d_l)/2||f||W”<d’1’/2(L2(Bf/2))

with ¢ independent of f and n.

The functions R in (9.4) correspond to the outputs of a feed-forward neural network with
O(n%1) nodes of computation. Thus, the corollary shows that such neural networks have
computational efficiency comparable to standard methods of approximation like splines and
wavelets.

The special case s = 1 in Corollary 9.2 is also noteworthy. In this case the function
o is the unit-impulse function and the functions R are piecewise constant. The order of
approximation provided by Corollary 9.2 is somewhat surprising. One might expect that
such piecewise constants could only provide approximation order 1 while the corollary gives
approximation order (d + 1)/2.
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10 Appendix

A1l. Proof of (3.4). Since P, is invariant under rotations, it is sufficient to prove that
(P(x),Uy,(z1)) = 0 for each P € P, or that

(x™ Uy, (1)) ::/ XU, (z1)dx =0 when |m|<n-—1.
Bd

Write

B,, = {x' = (z9,...,7q) t 25 +... + 25 < 1 — 27},

(x™ Uy (1)) = /a:’lm (/ ry? .l dx’) Uy, (1) dy.
I B.,

Because of the symmetry it is obvious that the inner integral above is equal to zero if at
least one of my, ..., my is odd. Consider the case when all ma,..., my are even. We now
change the rectangular coordinates in the inner integral to spherical and find

We have

(1-af)'/?
/ xy? . aytdx = c/ Pt matd=2 g — (1 — mf)%(mﬁ“‘*md*d’l),
B., 0
where ¢ depends on d, mo, ..., mg. Therefore
(x™, Cp(21)) = C/@"T“(l — a?)pmetetmayy (11)(1 - 22)F day = 0
I

since the univariate polynomial U, is orthogonal to P,_1(I) in Ly(I,w) (see (3.3) and (2.1)).
O

A2. Proof of (3.10). We first show that for each g € Li(1, w(g-1)/2)

Rig(n-x);&,t) = |B©2(1 - 2)T /9(00890081/1 +usinfsing)(1 —u?) T du, (10.1)
1

where t =: cosf, t € I, ¢ € [0, ] is the angle between ¢ and 1 (cost) = & - 1), |B47?| is the
volume of the unit ball B2 in R*2 |B4 2| = (d_é’)’lf/%, and R is the Radon transform
defined in (3.23). Indeed, it is easily seen that

V112 s
R(g(n-x);&,t) =B / g(tcosy +vsiny)(1 — ¢ — %) 7 do.
VI

Substituting v = (1 — #2)*/2y in the above integral we get (10.1).
Our second step is to prove that

21-1T2(d /2)n!

R(GH(0x)58.8) = 1B = = (L= )5 GO CE ). (10.2)
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Indeed, the classical addition theorem for Legendre (Gegenbauer) polynomials can be written
as follows (see [E], p. 178):

C2(cos A cos1p + sin @ sin 1 cos )

W;) 2™(2\ + 2m — 1)(n — m)! @ [E)\1>;)1L]+m+1

X (sin@)™CM™ (cos 0) (sin 1) ™ CAT™ (cos ) OV (cos )
and hence, for A = d/2, and u := cos ¢, u € I, we have
C42(cos § cos 1) + usin O sin 1))

i 2™ (d 4 2m — 1)(n — )Y D]’

m=0 (d - 1)n+m+1
X (sin )" Cy/2H™ (cos 0) (sin )" iy 2™ (cos 1) CLD/2 (u).

We now insert this into (10.1) and use the fact that ol /Q(u), m =1,2,..., are orthogonal
to the constants in Lo(1, w(4—1y/2) to obtain

R(CI?(n-x);€,1)

= |B“?(1 - t2)(d_1)/2—<d —n Cd/Z(cos Q)Cd/2(cos ) /( u2)(d_2)/2 du.
(d—1)ns1 I

This implies (10.2).
We finally use (10.2) to obtain
[ xicie - x ax= [ RCI0-x) 000 di
B¢ I

E W ey g [lorwr -y

= %,dcff/z(ﬁ : €>,

L

where Py

———=—hna/.
['(n+d) m,d/2
Simple calculations show that this is (3.10). See [RK]. O

Tn,d ‘= | d_2|

A3. Proof of (3.16). The following relation between contiguous Gegenbauer polynomials
holds (see [E], p.178, (36)):

m+NCi=0=-1D[Cr—Coy], A>1.

Also, C2(t) = 1 and C(t) = 2Xt. These identities readily imply

[n/2] .
A n—27+A-1_,_,
cr = jE_O 1 Cn—Zj' (10.3)

36



Simple calculations show that (10.3) with A = d/2 (d > 2) is (3.16). O

A4. Proof of (3.11). Identity (3.11) follows from the fact that U, (£ - x) (as a function of
€) is a spherical polynomial in H,, ®H, 2P - - - ®H, and v,U,,(§-n) /Uy, (1) is the reproducing
kernel for this space (see (3.17)). O
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