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B-spaces (generalized Besov spaces) generated by multilevel nested tri-

angulations of compact polygonal domains in R? are explored. Mild
conditions are imposed on the triangulations which prevent them from
deterioration and at the same time allow for a lot of flexibility and,
in particular, arbitrarily sharp angles. It is shown that the B-spaces
can be characterized by the corresponding anisotropic Franklin bases.
This result is applied to nonlinear n-term approximation from anisotropic
Franklin bases.

1. Introduction

We consider general B-spaces generated by sequences of multilevel nested
triangulations of compact polygonal domains in R?. For a given polygonal
domain E in R? we consider a sequence of nested triangulations 7,71, ... of
general nature. Mild conditions are imposed on the triangulations which pre-
vent them from deterioration. At the same time these conditions allow for a
great deal of flexibility and, in particular, arbitrarily sharp angles. Generalized
Besov spaces By, (called B-spaces) are naturally associated with every such
sequence of triangulations and provide a specific nonstandard means of mea-
suring the smoothness of the functions. A particular class of B-spaces needed
in nonlinear approximation were introduced in [7] and further developed and
used in [2, 3, 8.

In this article, we show that the general B-spaces can be characterized
via Franklin bases obtained by applying the Gram-Schmidt orthogonalization
process to the corresponding Courant elements. Similar results for Besov spaces
in regular setups are obtained in [6] (see also the references in [6]). Further, we
show how the B-spaces can be used to characterize the approximation spaces
of nonlinear n-term approximation from anisotropic Franklin systems in L,
(1 < p < o). This is a follow up paper of [9], where among other things it is
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2 B-spaces and Anisotropic Franklin Bases

proved that the anisotropic Franklin bases are Schauder bases for C' and Ly,
and unconditional bases for L, (1 < p < oo) and the corresponding Hardy
space Hj.

The paper is organized as follows. In §2 we give all auxiliary results and
introduce the anisotropic Franklin bases. In §3 we introduce the general B-
spaces By, and show that the anisotropic Franklin bases characterize the B-
spaces. In §4, we show that the approximation spaces of nonlinear n-term
approximation from anisotropic Franklin bases can be characterized by certain
B-spaces.

Notation. Throughout this article for a set G C R?, |G| denotes the
Lebesgue measure of G, while G° means the interior of G; 1 denotes the
characteristic function of G, and 1¢ := |G|~/?1g. For a finite set G, #G
denotes the cardinality of G. Positive constants are denoted by ¢, ¢y, ... (if not
specified, they may vary at every occurrence), A ~ B means ¢c;A < B < ¢ B,
and A := B or B =: A stands for “A is by definition equal to B”. We set

<fag> = fEfg

2. Preliminaries

In this section we collect all prerequisites regarding triangulations, maximal
operators, local approximation, etc., which will be needed in the development
of the B-spaces and their characterization via Franklin bases.

2.1. Multilevel Triangulations

A set E C R? is said to be a bounded polygonal domain if its interior E°
is connected and E is the union of a finite set 7y of closed triangles with
disjoint interiors: E = (Jpacr, O We call T = U0 Tm a locally regular
triangulation of E or briefly an LR-triangulation with levels (7,),,~, if the
following conditions are fulfilled:

(a) Every level 7,, is a partition of F, that is, £ = Jp 7 A and 7, consists
of closed triangles with disjoint interiors.

(b) The levels (7,,) of T are nested, i.e., 7,41 is a refinement of 7p,,.

(c¢) Each triangle A € 7, has at least two and at most My children (subtri-
angles) in 7,41, where My > 2 is a constant.

(d) The valence N, of each vertex v of any triangle A € 7, (the number of
the triangles from 7,, which share v as a vertex) is at most Ny, where Ny
is a constant.

(e) No hanging vertices condition: No vertex of any triangle A € 7, which
belongs to the interior of E lies in the interior of an edge of another
triangle from 7,.
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(f) There exist constants 0 <7 < p <1 (r < 1) such that for each A € 7,
(m > 0) and any child A’ € 7,41 of A,

INESINEFIN] (2.1)

(g) There exists a constant 0 < 6 < 1 such that for A", A" € T, (m > 0)
with a common vertex,

§<|A|/|A <67 (2.2)

We call T = J;>_, 7 a regular triangulation of a bounded polygonal do-
main F C R? if 7 satisfies conditions (a)-(e) of LR-triangulations and also the
minimal angle condition, that is, minangle (A) > [ for every triangle A € T,
where 5 > 0 is a constant. Evidently, every regular triangulation is locally reg-
ular but not the other way around. For other types of triangulations, see [7].

We denote by V,, the set of all vertices of triangles from 7,, and by &, the
set of all edges of triangles in 7,,,. We also set V := U;;,>0V, and &€ := Upy>0Em.

We next give some basic facts concerning LR-triangulations. For more
details about LR-triangulations, we refer the reader to [7] and [9].

The constants My, No, r, p, §, and #7; associated with an LR-triangulation
T are assumed fixed. We refer to them as parameters of 7.

The most important conditions (f)-(g) on LR-triangulations involve only
areas of triangles but not angles. Consequently, if 7 is an LR-triangulation and
AN, N € T, have a common edge, then it may happen that A’ is an equilateral
triangle (or close to an equilateral triangle) but A’ has a uncontrollably sharp
angle.

In an LR-triangulation 7 there can be an equilateral (or close to such)
triangle A°® at any level T,, with descendants Ay D Ay D ... such that
min angle(A;) — 0 as j — oo.

It is important to know how fast the area |A| of a triangle A € 7, may
change when A moves away from a fixed triangle within the same level. Con-
dition (f) suggests a geometric rate of change but in fact it is polynomial.

Lemma 1. If A, N € T,, can be connected by n intermediate edges from
Em, then

i (n+ 1) S JA/|A] < ea(n+ 1), (2:3)

where s,c1 > 0 depend only on the parameters of T .

Graph distance. We next introduce the mth level graph distance between
vertices, which will play an important role in our further development: For any
two vertices v',v"” € Tp,, m > 0, we define the graph distance p,,(v',v") as the
minimum number of edges from &,, needed to connect v' and v”.

The following lemma will be needed later on (see [9]).
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Lemma 2. There exist constants ¢ > 0 and t > 0 depending only on the
parameters of T such that for any v € Vy,

#{v € Vi : pm(v,0°) < n} < en, n > 1. (2.4)

Cells. For any vertex v € V,, (m > 0), we denote by 6, the union of all
triangles from 7,,, which have v as a common vertex. We denote by O,, the set
of all such cells 6, with v € V,,, and set © = J,,,~, Om. For a given cell § € O,
we shall denote by vy the “central” vertex of 6.

For given 6’0" € ©,,, we define the graph distance p,,(6’,6"”) between 6’
and 0" by pn(60,0") := pm(ve,ver), where vgr,vgn € V,,, are the “central
vertices” of §,0".

Definition of 87*. We want to associate with each € E a cell 07" € ©,,,
m > 0, which contains x. To this end we first associate with each triangle
A €T, acell R € Oy, such that A C %. Such a cell can be selected in three
different ways. We choose one of them for each A € 7,,. Then for each x € E
such that x € A° with A € 7p,,, we define 07 := %. If x lies on the edge of a
triangle from 7,,, we define 67" as any cell from 6,, such that x belongs to its
interior, but if x = vy for some 0 € O,,,, we set 07" := 0.

Stars. In order to deal with graph distances and neighborhood relations it
is convenient to employ the notion of the mth level star of a set: For any set
G C E and m > 0, we define the first mth level star of G by

Star ,,,(G) := Star} (G) :=U{# € ©,, : 0° NG # 0} (2.5)

and inductively, Star ¥ (G) := Star ! (Star ¥, 1(G)), k > 1.

Maximal operator. Every LR-triangulation 7 of E naturally generates
a maximal operator M?- defined by

(M5 f)(@) = sup (wl,' / f(y)lsdy>1/s (2.6

0:xc6

where the supremum is over all cells § € © containing = or § = E.
It is important that the Fefferman-Stein [5] vector valued maximal inequal-
ity holds for the maximal operator M5 (for more details, see [9]):

Proposition 1. Let T be an LR-triangulation of E C R%. If0 < p < oo,
0<qg<o0, and 0 < s < min{p, q}, then for any sequence of functions (fi)521

on F,
[( s ], <l (1),
j=1 j=1

where ¢ depends only on p, q, s, and the parameters of T .

; (2.7)
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2.2. Local Piecewise Linear Approximation and Courant
Elements

The no-hanging-vertices condition (e) on LR-triangulations guarantees the
existence of Courant elements, that is, for every cell § € ©,, there exists a
unique continuous piecewise linear function ¢y on E which is supported on 6
and satisfies @g(vg) = 1. This is the so called Courant element associated to 6.
We denote @, := @, 7 := (po)oco,, and @ := O7 := U, >0Pyy.

We let S,,, denote the space of all continuous piecewise linear functions
over 7p,. Clearly, S € Sy, if and only if S = > ), S(v)pp,. Evidently,
Sop C 81 C ...and it is easy to see [7] that U,,>0Sm, = L, (E), 0 < p < 0.

We shall frequently use the obvious fact that all norms of a polynomial on
a triangle are equivalent, namely, if P is a polynomial of degree < k and A is
a triangle in R?, then

1P, ) = 1AM P L ), 0<p,q< o0, (2.8)

with constants of equivalence depending only on &, p, and gq.
The L,-stability of ®,, = (p¢)oco,, is immediate from (2.8): If (ap)oco,, ,
is an arbitrary sequence of real numbers and S := Zae@m agpp, then

/ /
ISl ~ (3 ||a9<pe\|g)l pz( 3 ‘9||a9‘p)1 Y 0<p<oo. (29

0EB,, 0€0,,

The local piecewise linear approrimation will play an important role in our
further development. For f € Ly (E) and A € 7,,, we denote the error of
Lg-approximation to f from Sy, on Star,,(A) by

SA(f)g =SA(f,T)q = sler}sf If = Sz, (star m(2))- (2.10)

The set ® of all Courant elements is obviously redundant. A standard way
of representing functions is by using the so called quasi-interpolant operators
defined by

Qulf) = Qur() = 3 (@)oo, m>0, (2.11)

0€O,

where the dual functions @y are constructed so that they are supported in 6
and (Pg, por) = dggr for 0,0" € O,,. In particular, the duals can be defined by

@o:= Y. la-dag, (2.12)
ANETy,, ACH

where Aa g is the linear polynomial which is equal to ﬁ at vg (the “central
vertex” of #) and it takes the value —ﬁ at the other two vertices of A
(recall that N, is the valence of v).
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Evidently, @,, is a linear projector, i.e., @, (S) = S for S € S,,. It is
important that @, is locally bounded and provides good local approximation:
If fe Ly(E),1<qg<o00,and A € 7, then

1Qum ()L, a) < el fllz,star m(a)) (2.13)

and
1f = Qm(H)llL,2) < eSalf)e (2.14)

where the constants depend only on ¢ and the parameters of 7.
We define

Gm = Qm — Qm—_1 for m >0, where Q_; :=0. (2.15)

Clearly, ¢ (f) € Sp. For a given function f we define the coefficients (by(f))oco,,
from the expression

gn(f) =t Y bo(f)ps,  m>0. (2.16)

0€O,,

It is readily seen that for f € L,(E),1 < p < o0,

F= Q)= Qma(f) =D > bolf)es (2.17)
m=0

m=00€0,,

where Q_1(f) := 0 and the convergence is in L,(FE). For the proofs of all of
the above and more details, we refer the reader to [7] (see also [8]).

2.3. Anisotropic Franklin Bases

Here we define the Franklin system F7 generated by Courant elements and
present our main results on Franklin bases obtained in [9].

Let T := U,,,>¢ Zm be an LR-triangulation of £ and recall that V,,, denotes
the set of all vertices of triangles from 7,,. We set Vi = Vo and V, = V. \Vin—1
for m > 1 and write V* = ~_, V.

Let 6y := E. Choose 0pax € Op to be of maximum area and denote OF :=
{00} UBOg \ {Omax}, i-e., we replace Opnax by 0p = E. Moreover, we associate
0o with vg,,,, and set g, := 1g,. For m > 1 denote by O, the set of all cells
0 € ©,, with “central” vertices vg € Vi, and set ©* := | J_, OF,.

Note that for each m, the set {pg : 6 € |J;~, ©F} is linearly independent.
Also, S,,, = span{yg : 0 € ©,,} =span{pg: 0 € [J.", O}

We consider an arbitrary (but fixed) linear order < on ©* satisfying the
following conditions:

(i) If 0 € ©F, and 0’ € O} with m < n, then § < 6 and (ii) 6y < 0, VO € O*.

We now define the Franklin system Fr by applying the Gram-Schmidt ortho-
gonalization process to {pg }oco+ in Lao(E) with respect to the order <. We ob-
tain an orthonormal system Fr := {fo}oco~ in La2(FE) consisting of continuous
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piecewise linear functions. Each Franklin function fy is uniquely determined
(up to a multiple 1) by the conditions:

(a) fo € span {pg : 0 < 0},
(b) {fo, ) =0 for all § < 6,

() [lfoll2 = 1.

Note that fg, = +14, := +|F|71/? 1.

Our main results on anisotropic Franklin systems from [9] read as follows:
The Franklin system Fr := { fy}9co~ is a Schauder basis for L,(E), 1 < p < oo,
with Lo (E) := C(F) and a unconditional basis for L,(E),1 < p < co and the
corresponding Hardy space Hi(E,T). Also, H(E,T) is exactly the space of
all functions in L; for which the Franklin system expansion converge uncon-
ditionally in L;. Finally, the Franklin bases characterize the corresponding
anisotropic BMO spaces.

For the purposes of this article, we need the localization properties of the
Franklin functions [9] (we use the notation from §2.1).

Proposition 2. There exist constants 0 < ¢ < 1 and ¢ > 0 depending
only on the parameters of T such that for any 6 € ©F, (m > 0),

6,6:")
)

_ m (
|fol@)| < cl0]™/2q} z€E, (2.18)

and for any s > 0 there exists a constant cs such that
[fo(@)] < esl6] 72 (ML) (@), z€E, (2.19)
where M%- is the mazimal operator defined in (2.6). Furthermore,

e MO < folln, o) < Nlfollp < cpl0]/P7H2, 0<p<oo. (220

3. B-spaces

In this section we define the general B-spaces By, and show that they can

be characterized by the corresponding Franklin bases.

3.1. Definition of B-spaces and Basic Properties

We begin by introducing the B-space B, := Bz‘i‘q(T) induced by an arbitrary
LR-triangulation 7 of a compact polygonal domain F in R2. Since our primary
goal here is to relate them to the corresponding Franklin bases, we consider
only B-spaces which are imbedded in L;. We say that the indices «, p, and ¢
are admissible if one of the following holds:

(a) 0<p,g<oocand a> (1/p—1)4 or
b)0<p<l,0<g<l,anda=1/p—1.
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As will be shown these conditions guarantee the desired embedding.

For a given LR-triangulation of £, we define By, (7) as the set of all func-
tions f € L,(E) such that

o = (3 (X 08 8a0)) < @)

m=0 AeT,,

where SA(f), is the error of L,-approximation to f from S, on Star,,(A) (see
(2.10)). We set

1£ 85,z = LB 1£lp + £ 5, (2- (3.2)

Evidently, || - || Ba,(T) Is a norm if p,g > 1 and quasi-norm otherwise.
The B-space B, has an atomic decomposition. We define

(i (> <\9|—a|\aesoe||p>p)q“”)”q, (3.3)

A __ :
1 Bs, (1) = ;_pinf :
m=0 0€0,,

= gco 20P6

where the infimum is taken over all representations f =) ;. g asps in L,(E).
A third approach to the B-spaces By, is by using the decomposition via
quasi-interpolants from (2.17). We define

1918, )= (3 ( 3 Qo= tbatheal?)” ) @y

m=0 6cO,,

The following lemma serves as a justification of our definition of admissible
indices.

Lemma 3. If «a, p, and q are admissible indices and ||f||ga () <0, then
raq

[fllz,y < cllf]

Bo () (3.5)

Proof. We consider only the case when p < 1, ¢ > 1, and o > 1/p—1, since
the other cases are similar. Let f = Y, g agpg in L,. Then using (2.8) and
(2.9) we infer

£l < i H > aweHl SCi > llaowolls

m=0 6€0,, m=060e0,,
oo
<cd D 107 lageoll,
m=00€0,,

=Bl Y > (81/1EN161~ llaowoll,,

m=00cO,,
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where € := a — (1/p — 1) > 0. By (2.1)-(2.2) if 0 € ©,,, then |0]/|E| < cp™.
We use this, the fact that p < 1, and Holder’s inequality to obtain

> /p
17 < B S o (3 (61 laogoll))

m=0 0€6.,
> _a AN N\
<dBF( D (X G0 llawoll,)”) ) (D0 o)
m=0 6€06,, m=0
where 1/g+1/¢' = 1. Since 0 < p < 1, the above yields (3.5). O

Theorem 1. For a given LR-triangulation T of E and admissible indices
a, p, and q the the norms |- || gs (1) || - ”g;‘q(T)’ and || - ”ggq(T)’ defined in

(3.2)-(3.4), are equivalent with constants of equivalence depending only on «,
p, q, and the parameters of T .

The proof of this theorem is fairly simple and will be omitted (see the proofs
of the corresponding results in [2, 3, 7]; see also the more complicated proof of
Theorem 2 below).

Remark 1. As was shown above the B-spaces By are in essence sequence
spaces and hence they can be interpolated by utilizing standard techniques. We
do not present such result here. For some interpolation results on B-spaces,
see [3].

Remark 2. In general the B-spaces are different from Besov spaces. How-
ever, if 7 is a regular triangulation of a compact polygonal domain E in RZ2,
then the B-space By, (7) coincides with the Besov space B}*(L,(E)) for suffi-
ciently small @ > 0. For more details, see [7].

3.2. Franklin Basis Decomposition of B-spaces

Our main goal in this section is to show that the B-spaces B, (7)) can be
characterized via representations using Franklin bases. We define

115 = (3 (X G leonsol?)™) ™. 36)
m=0 0€Or,

where ¢co(f) := (f, fo)-

Theorem 2. Suppose «, p, and q are admissible indices and let T be
an LR-triangulation of a bounded polygonal domain E C R?. Then f € B;‘q(’]—)

if and only if ||ng;}q(T) < oo and

115 ¢z = 1 g, cr)- (3.7)
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Proof. (a) We first show that if || f||5. < oo, then
Pq

g, < el FIlG, - (3.8)

We consider only the case when 1 < p < ¢ < o0, since the other cases are the
same or easier.

Let A € 7; (7 > 0) and denote briefly A* := Star ;(A) (see (2.5)). Evi-
dently, SA(g )p =01if g € §;_1. Therefore, using that f Y oco- Cofo in Ly
with ¢y := co(f) := (f, fo), we have

S DY,

m=j 0cO

m

(3.9)

Ly(&%)

For 6 € ©F,, we denote gy(z) := |0\‘1/2qf’"(0’9?)/2. Then by (2.18), we have
|fo(z)| < cgo(x )qf’"(e 0:1)/2 , x € E. Applying Hélder’s inequality, we obtain

‘ > cofo CE’ <C( > leolgo(x )y /2)

0o, 0eox,
p p'rrz(079;n)17//2 p/p/
<c Y (leallgo@)?P( D of . (3.10)
0Oy, 0eor,

where as usual 1/p+1/p’ = 1.
Fix w € ©,, and denote

O, ={0 €0, : pn(w,0)=r}, v >0.
Note that by Lemma 2, #0% < c(v + 1)*. Therefore, for an arbitrary 8 > 0,

3o girme? < Z S <Z#e¢nq?”

0€0., v=00€6v,
< CZ(V +1)1¢7 < ¢ < . (3.11)
v=0
We use (3.11) in (3.10) with 8 = p’/2 and integrate to obtain

H > 9f9’ an <C( Z llcogall?, (a-y ) . (3.12)

0cOr, Ly

m

We need estimate ||gg||z,(a+). To this end we define, for § € ©,, and A € ©;
(m = j),
pm(0, A7) := inf{p,, (0,07 : x € (A*)°} (3.13)

and
pi (A, 0) = inf{p](ej 93) x€N°, yebl

Ty
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We next show that

(A0
||99||QP(A*) < CerHqu’( ), where 0 < ¢ < 1. (3.14)

Denote briefly r := p,, (0, A*) and let E, := {z € E : p,,(0,07) > r}. Also,
let ©F, := {n € O : pn(0,m) = v}. Then E, = U2 Uycor 1. Evidently,
A* C E, and hence

o0
||90||Z£p(A*) < ||90H§p(}3r) < Z Z ||90||ZL)p(n)‘
v=rneoy,

Further, we use the definition of gy to obtain

_ vp/2 — vp/2
lgolls, (aey < clOITP/23" S nlay™? < clo] 723" > (Inl/10)a".
v=rneev. v=rneey,

By (2.3), [n]/]6] < ¢(v+1)* and by Lemma 2, #0%, < ¢(r+1)*. Consequently,

o0
lgolls, (aey < clOP2 > #O0, (v +1)°¢/"?

v=r
o0

<IN (o 1)Eg? (3.15)

v=r

< g P 2qg = || P 2glm 02T,

for some 0 < g2 < 1. Now taking into account that | fal|, ~ [0]*/?~1/2 by
(2.20) and p., (0, A%) > p;(A,0) — 1, since m > j, we conclude that (3.15)
yields (3.14).

Combining (3.9) with (3.12) and (3.14), we obtain

> . /p
a1 8a(y <e X0 (X do/1an o Fleoss e ")

m=j 6€oOr,

Let w € ©; be such that § C w. Then by (2.1)-(2.2), |6|/|w| < cp™ 7 and
using (2.3), |w|/|A] < c(pj(A,w) +1)° < c(p;j(A,6)+1)°. Therefore,

(|9|/|A‘>apq§j(ﬁﬁ) < Cl(pj(A,9> 4 1)sapq§j(A79)pap(m—j) < ngj(Aﬁ)pap(m_j),

for some 0 < g3 < 1. Thus

—a - a(m—j i (A0 p
A Sa(f)y S e D pr (N Apet &)
m=j 6cOr,
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where Ag :=|0|7%||co fol|p. Finally, applying Holder’s inequality, we get

(IAT*Sa(f)p)? < c( Z poP(m=i)/2 Z APq pJ(A 9) ) < Z ap/(mfj)/Q)p/p/

0cor, m=j

ap(m— i (A0
< CZP pm=0)/2 N7 gngpi a0, (3.16)
0€or,

m

since 0 < p < 1.
We are now prepared to prove (3.8). Using (3.16) in the definition of | f|5a ,
we have

a/p

t”ﬂg

Flg, =2 (2 (2I78a(f),))

NET;

[

A
o

/p
( pap(m 7)/2 A;D PJ(A 0))(1
j=0 ; Z 962@7n
Sci io:papm 0SS a4y pJ(Ae)q/p,
j=0 m=j 0cOr, ANET;

where we once switched the order of summation. Similarly as in (3.11), we

have Y ACT, qy m (£,0) < ¢ < 00. On the other hand, using Holder’s inequality,

(Zpap(m ey Ap)"/p

feor,

< Z ( ap(m—j)/4 Z Ap)q/p(i ( ap(m—j /4) )1/7

0cO* m=j

m

<c Z paq(mfj)/zl( Z A§>Q/p’

m=j 0cOr,

g <

where 7 > 1 is determined from p/q + 1/ = 1. Consequently,

|f|q3;;q < Ci i paq(mfj)/zi( Z A’g)q/p

j=0m=j 0eor,

S P\ P aq(m—i)/4
X () S

m=0 0eO¥,

Sci ( Z AQ)Q/p,

m=0 0€Oy,
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where we once switched the order of summation and used that 0 < p < 1.
Therefore, |f|ps < | fll 5o -
prq

It remains to show that [|f]l, < ¢|E|¥|f|5. . Exactly as in (3.12), we
ra

obtain - o 1
£l < ZH > c@ngp < cZ( > Hcefellg) /p

j=0 6cor, j=0 f¢eor,

and continuing as in the proof of Lemma 3 we arrive at || f|, < c[E|*| f||5. -
Thus (3.8) is established.

(b) We next show that
1715, < clflsg, (3.17)

provided || f]| Bg, < co. We again consider only the most complicated case
when 1 < p < ¢ < co. We first estimate |co(f)|, where cg(f) := (f, fo). Since
f € L,(E), then by (2.17)

F=Qof +) (Qi(f) = Qim1(f) =D a5 (3.18)

Jj=1 Jj=0

Fix § € ©F, (m > 1). Then since fy L Sp,—1 and g; € Sj,
W) < [ @ Y a@liz < Y [ 1o el
j=m j=m

Denote gg(x) := qf"”(e’e;n)m and hg(x) := |9|_1/2qf""(9’9;n)/2. Exactly as in the
estimate of [|ga||z,(a~) above (see (3.15) and also the estimate of || fyl|, in [9])
we have ||hgll, = |0]*/7=1/2 for 0 < 7 < co. By (2.18), |fo(x)| < cgo(z)ho(z),
z € E. Using the above and Holder’s inequality, we obtain

> ’_ > 1/p
(D < e S lggasloliolly < o =2 3" (3 llasgoll, )

j=m j=m A€T;
_ = o (0,0)/2\ /P
D DN (D 7] AT e I (3.19)
j=m A€eT;

where pp, (6, A) is defined as in (3.13).
For A € T;, we denote by A’ the only triangle in 7;_; such that A C A"
Then by (2.14),

4511z, ) < I = Qi (NllL, ) + IIf = Qi-1(Nllz,an < e(Salf)p +Sar(f)p)
and evidently pp, (0, A") < pp (0, A). Using this in (3.19), we obtain

o0

1/p
ol <o 32 (3 salhp-afn )

j=m—-1 A€eT;
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and since || fp|, = |0]*/P~1/2, we have
1/p\p
o=rleatnfell <ol (Y (3 sahp-an @)Y 20
j=m—1 A€eT;
If 0 € ©, then

lea(F) follo = [CF fod L follo < 1F1lnll follo Il follp < ellf1l»

and by (2.1)-(2.2), |0] > ¢|E| for 6 € ©, where ¢ > 0 depends on the parameters
of 7 (including #7). Therefore,

1017 llca () follp < el EI™[1£1lp- (3.21)
From (3.20)-(3.21), we infer

> /
U155, )7 = 3 (32 00 NeatNollp)?)" < eI
m=0 0€Or,
e (] 2 (et
m=1 0€O;, j=m—=1 A€T;

gCAqEJFCi ( Z [ i ( Z <||§||)apA?’Aqu(evA)/z)l/P}Py/p’
m=1 6€O;, j=m— T;

where A = |E|7%||f|l, and Aan = |A]7*Sa(f)p. As in (a) it is readily
seen that, for € ©,, and A € 7; with j > m — 1, we have |Al/|f] <
o™ (pm (0, A) 4+ 1)%. Therefore,

(115 ) < cAY +cZ( > Z U] ) . (322

m=1 0€O; j=m

1

where o 1= ZAeT Al q rm(0:5) for some g1 < g < 1.
Applying Holder’s inequality, we obtain

{ Z pa(j*m)a;/p}p§< i pG=mp/2 )( i peG=mp’ /2)”/”/
j=m—1 j=m-—1 j=m-—1
2

<c a(j—m)P/2JJ

Substituting this in (3.22), we find

)t < e+ e S0 (3030 potmmnrz 3 gpgon @)

m=1 0€0y j=m—1 NET;

o0 oo

SCAQE+CZ ( pa(jfm)p/Q Z APA Z qgm,(Q,A))Q/P,

m=1 j=m-—1 AET; 0eor,
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where we once switched the order of summation. Exactly as in (3.11), we have

Yoo qf’"(e’A) < ¢ < 0o. We insert this above and apply once again Hélder’s
inequality to obtain

(If N, r)? < cAf+e > (
m=1

SCA%—FCZ( Z

m=1 j

i pa(j—m)p/Q Z AZ)Q/p

1 NET;

o0
Z pa(j*m)m/4> 1/77

Jj=m-—1

J
a(j—m)q/4 a/p
o (3 A8) )

where p/q + 1/ = 1. Since 0 < p < 1, the last sum above is < ¢ < co. We
switch one last time the order of summation and obtain

) i+1
(F1 5y, r)? < cAf+e> (D0 APA)W ]Z poi—m)a/4

1

j=0 A€T; m=1
> a/p
<cAb+ed (D An) <clfls,
=0 " AeT; "
which completes the proof of (3.17). O

4. Nonlinear Approximation from Franklin Bases

In this section, we apply the characterization of B-spaces via Franklin bases
from the previous section to nonlinear n-approximation.
Suppose that Fr is a Franklin basis generated by an LR-triangulation 7 of
a compact polygonal domain F in R2. We let F,, denote the nonlinear set of
all functions g of the form
9= asfo,

(AN

where A C ©*, #A < n, and A is allowed to vary with g. We denote by af(f)p
the error of best L,-approximation to f € L,(E) from F,:

F e 3 o
o (f)p = nf If =gl

We shall use the machinery of Jackson-Bernstein estimates to characterize the
approximation spaces generated by (of'(f),), 1 < p < oo. To this end we
need the B-spaces BY(7) := B2 (7), where o > 0 and 7 is determined by
1/T=a+1/p.

Theorem 3 (Jackson estimate). If f € B*(7T), then
on(fp < en™ | fllpecr) (4.1)

where ¢ depends only on «, p, and the parameters of T .
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Here it is crucial that the space B (7)) is embedded in L,, namely, if f €
BX(T), then f € L, and || f[l, < ¢l fllpa(1), see [7, 8]. In fact, BY(T) lies on
the Sobolev embedding line.

For the proof of Theorem 3 one uses the scheme of the proof of Theo-
rem 3.4 from [7] combined with the vector valued maximal inequality (2.7)
from Proposition 1. The following (embedding) estimate plays an important
role: If f =3, 0. cofo and 0 < s < 1, then

1fllp < e

)

P

> lealTo(:)

0co*

> (Miepls)()

0cO*

<c
P

where we used (2.19) and the maximal inequality (2.7). We now invoke Theo-
rem 3.3 from [7] and obtain

1/7 1/7
1 <o 3 leotallp) < 3 lensill) < cl s
6cO* 0cO*

which is the above mentioned embedding. We skip further details.

Theorem 4 (Bernstein estimate). If g € F,,, then

9l Ba() < en®llgllp (4.2)
where ¢ depends only on «, p, and the parameters of the T .

The proof of this theorem can be carried out exactly as in the wavelet case
by utilizing the fact that F7 is a unconditional bases for L, (1 < p < o0)
and the localization properties of the Franklin functions given in Proposition 2
(see e.g. [4], Theorem 6). The proof relys on the important fact [9] that if
JeLy(E),1<p<oo,and f =) ) g Cofo, then

( Z Ca|2ie(')) v

0cO*

1l ~ \

p

We omit the details.

One can now follow the standard lines to obtain direct and inverse estimates
for of'(f),. To this end, denote by K(f,t), := K(f,t;L,, B*(T)) the K-
functional defined by K (f,t), := inf,cpa(r) [|f — gllp + tllgllBa(1), t > 0.

By standard arguments (see e.g. [10]), the Jackson and Bernstein estimates
(4.1)-(4.2) imply the following direct and inverse estimates: For f € L,(E) one

has
Ug(f)p < cK(f, n_a>p (4.3)

and

1/7*

Ky e ([0l +If), @
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where 7% := min{r, 1}.
We define the approximation space Ay = A7(Fr,L,) to be the set of all
functions f € L,(E) such that

© 1/q
1 lag 2= 11+ (mei(f)p)q 1) < oo (4.5)

n

with the usual modification when ¢ = co.
The following characterization of the approximation spaces A] is immediate
from estimates (4.3)-(4.4).

Theorem 5. If 0 < v < a and 0 < ¢ < 00, then

AY(Fr.Ly) = (Ly BE(T)) 2

g

with equivalent (quasi-)norms, where (L, BY(T)) =
space between L, and B2(T) (see e.g. [1]).

.q s the real interpolation

In one specific case the approximation space A§(Fr, Ly) can be identified
as a B-space:

Theorem 6. Assuming that 1 <p < oo, @ > 0, and 1/7 := a+ 1/p, we
have
AX(Fr,Lp) = BX(T) (4.6)

with equivalent norms.

The proof is a mere repetition of the proof of Theorem 3.4 in [3] and will
be omitted.

Finally, we want to compare the nonlinear n-term approximation from Fr
with the n-term approximation from ®7 (Courant elements). Let 3, denote
the set of all functions g of the form g =, \( aspy, where M C ©, #M < n.
We denote by o2 (f), the error of best L,-approximation to f € L,(E) from
Yn:

o2y = inf I =gl

Let AJ(®7,L,) be the approximation space generated by (o (f)p), defined
similarly as in (4.5). As is shown in [7], the approximation space A} (®r, L,)
has precisely the same characterization as the one from Theorem 5. Conse-
quently, AY(Fr,Ly) = AJ(®r,Lp) with equivalent (quasi-)norms, if 1 < p <
0o, for all v > 0 and 0 < g < co.

We close by noting that results similar to the results from Theorems 3 - 6
hold true for nonlinear n-term approximation from Fr in Hy(E,T) [9], the
Hardy space generated by an LR-triangulation 7 of E. For the proofs one uti-
lizes the fact that the Franklin system F7 is a unconditional basis for Hy (F,7T)
(see [9]) and the techniques used above.
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