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Abstract Frames are constructed on the unit ball B in R? consisting of smooth
functions with small shrinking supports. The new frames are designed so that they
can be used for decomposition of weighted Triebel-Lizorkin and Besov spaces on B¢
with weight w,, (x) := (1 — [x|>)*~1/2, u half integer, ;. > 0.
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1 Introduction

Bases and frames for spaces of functions or distributions are valuable for various
theoretical and practical reasons. In this article we focus on the problem for
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366 G. Kyriazis, P. Petrushev

construction of multiscale frames on the unit ball B¢ in RY consisting of C* functions
with small supports which shrink at higher scales. More precisely, our purpose is to
construct a frame of the form {6¢}zcx, where X = U;X; is a multilevel index set
(X; C B%), and each jth level frame element 0 (§ € X;)1is supported on B(§, c2~1)
the ball centered at £ € B¢ of radius ¢27/ with respect to the distance

d(x, y) := arccos [(x, V) + V1= |x2/1 - |y|2] on BY. (1.1)

Here (-, -) and | - | are the Euclidean inner product and norm on R, and hence this
is just the geodesic distance between the lifted images of x, y € B to the upper unit
hemisphere in R4*+!. In fact, the set X ; consisting of the “centers” of the jth level
frame elements will be a §-net on BY (§ = ¢2~/). The frame {0¢ }ee 1 to be constructed
is reminiscent of compactly supported wavelets on R.

The quality of this tool will be guaranteed by the fact that, as will be shown, {0z }¢cx
can be used for decomposition of weighted Triebel-Lizorkin and Besov spaces on B
with weight

wy(x) == (1 — [x|Hr12, (1.2)

where > 0 is a half integer (2 is integer).

The construction of ® := {0:}¢cx will rely on the general scheme for construc-
tion of frames from [3] and the frames W := {y¢}:cx (called needlets) for weighted
Triebel-Lizorkin and Besov spaces on B¢ developed in [4,8]. The idea is to construct
® by approximating W sufficiently well in a certain sense. The overall undertaking
hinges on weighted orthogonal polynomials on the ball and related techniques. The
gist of our method is in connecting orthogonal polynomials on the ball to the trigono-
metric system through (1) representation of the orthogonal polynomial projectors by
Gegenbauer polynomials [see (2.1)] and (2) the connection of Gegenbauer polynomi-
als with the trigonometric system via the Dirichlet-Mehler formula [see Lemmas 3.4
and (4.5)].

Observe that a similar construction of frames on the sphere has already been devel-
oped in [3]. The inhomogeneity of the current setting on the ball, however, requires
more sophisticated tools and techniques than in the case of the sphere. It is an open
problem to establish the results of this article in the case when 2y is not integer.

The paper is organized as follows: in Sect. 2 we give all needed prerequisites, which
include (1) the weighted Triebel-Lizorkin and Besov spaces and frames (needlets) on
B developed in [4,8] and (2) a description of the general method for construction of
frames from [3]. In Sect. 3 we present the construction of the new frames with small
supports and our main results. Section 4 is an appendix, where we give the proofs of
some results from Sect. 3.

Some useful notation: L”=L? (w,,) will stand for the weighted space L? (B4, Wy).
We shall denote by B(&, r) the ball centered at £ € B? of radius r > 0 with respect
to the distance d(-, -) in (1.1), i.e. B(§,r) = {x € B? : d(x, &) < r}. For a measur-
able set E C B? we shall denote |E| == f g Wy (x)dx, 1 will be the characteristic

@ Springer



Compactly supported frames on the ball 367

function of E, and 1 := |E|_1/2]lE. Positive constants will be denoted by ¢, c1, ¢3, . ..
and they will be allowed to vary at every occurrence; a ~ b willmeanc; < b/a < c;.

2 Background material

In this section we summarize the main results on weighted Triebel-Lizorkin and
Besov spaces on B and frames (needlets) from [4,8] and review the general method
for construction of frames from [3].

2.1 Weighted Triebel-Lizorkin and Besov spaces on B¢

We let IT,, denote the space of all algebraic polynomials of degree n in d variables and
let V,, be the subspace consisting of all polynomials in I1, which are orthogonal to
lower degree polynomials in L2 (w )~ Itis shown in [12] that the orthogonal projector
Proj,, : Lz(wu) — V, can be written as

(Proj, f)(x) Z/f(y)Pn(x, Vwyu(y)dy, 2.1

Bd
where for u > 0 the kernel P, (x, y) has the representation

1
—“In+4+A
Pu(x,y) = bibY ZT/Cﬁ (<x,y>+w1—|x|2 1—|y|2)
—1
x(1 —u>)* du. (2.2)

Here C 2 is the n-th degree Gegenbauer polynomial, A := p + ﬂ%, and the constants

_1
bf;, blf 2 are defined by (b;)’l = de(l — |x|%)¥~1/2dx. For a representation of
P,(x, y) in the limiting case u = 0, see (4.2) in [8].
It is straightforward to see that [8, Lemma 5.3] forr < ¢, & € B4 s

|B(E,r)| == / wu () dx ~ rf(r 4+ 1 — £ ~ rd(r +d(g, 9BT))*,
B(&,r)
2.3)

where 9 B? is the boundary of BY, i.e. the unit sphere in R?.

In [4] weighted Triebel-Lizorkin (F-spaces) and Besov spaces (B-spaces) on B¢
are defined via orthogonal polynomial decompositions on B? (based on the idea of
abstract Besov spaces of J. Peetre [6] and H. Triebel [10,11]). To be specific, we let D
denote the set of test functions on BY consisting of all C> complex valued functions
on B? such that
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368 G. Kyriazis, P. Petrushev

Il = D 10%lle < 0o fork=0,1,.... (2.4)

| <k

The topology in D is defined by these norms and as is shown in [4] it can be equivalently
defined by the semi-norms

Ni(¢) :=sup (n + 1)k|| Proj, ¢ll;2. k=0,1,.... 2.5)

n>0

The space D' = D’ (B?) of distributions on B? is defined as the set of all contin-
uous linear functionals on D. The pairing of f € D" and ¢ € D will be denoted
by (f.¢) := f(¢) and as is shown in [4] it is consistent with the inner product
(f.8) = [pa [V Wy (x)dx in L (w),).

If f €D and ® : BY x B? > C is such that ®(x, ) € D for all x € B9, then
we let (O * f)(x) := (f, P(x,)), where on the right f acts on ®(x, y) as a function
of y. Let

o
~ v .
Do(x,y) ;== Po(x,y) and P;(x,y):= Za (F) Py(x,y), j=>1,
v=0

where P, (-, -) is from (2.2) and a satisfies the conditions

(1) @ € C*[0,00), suppa C [1/2,2],

) la@)| > ¢ >0 if t € [3/5,5/3]. (2.6)

Definition 2.1 Lets, p €e R,0 < p < 00,0 < g < oo. The Triebel-Lizorkin space
Fq is defined as the set of all f € D’ such that

00 1/q
1 F g = | | 2o@ETIBC 27D ®) 5 £ (O <oco. (27

=0
J Ip

Definition 2.2 Lets, p € R,0 < p, g < co. The Besov space By, is defined as the
setof all f € D’ such that

1/q
o0
. L q
170 = | D2 (2B 27D @) fOlle) | <00, @8)

j=0

There is a change of notation in the above definitions compared to [4], which we
think makes them more transparent, namely, in [4] the quantities | B(-, 27/)| above are

. . . A\ 2
replaced by 2774 W, (2/; ), where W, (2/; x) = (\/1 "+ 2*1) " By 23),

however, |B(-,277)| ~ 277 4 Wy (27; -) and hence these are equivalent norms.

@ Springer



Compactly supported frames on the ball 369

Note that as shown in [4] the above definitions of Triebel-Lizorkin and Besov
spaces are independent of the choice of a provided conditions (2.6) are satisfied.

Two types of weighted Triebel-Lizorkin and Besov spaces are of main interest:
F ;2, Bf,g and F' ;2, Bffq. For instance, as is shown in [4] Besov spaces of the form B}
are the natural spaces associated with nonlinear n-term approximation from localized
frames (needlets) in L” (w,,), while the approximation spaces of linear approximation
from algebraic polynomials in L?(w,) are of the form B‘l‘,g. The forth parameter p
above was introduced in [4] in order to unify these spaces and handle them simulta-
neously. We refer the reader to [4] for more details on the subject.

2.2 Frames (needlets) on B?

In this part we describe the construction of frames in [4], called needlets. These are
smooth well localized but global functions on B¢. We shall defer from [4] in two ways:
(1) We shall deal here with a single frame, which is a particular case of the construction
in [4] where pairs of dual frames are used, and (2) In the definition of the frame here
there will be an insignificant shift in the indices. Let a satisfy the conditions

(1) ae C*0,00), a=>o, suppa C [1/2,2],
() a@t)>c>0, ift € [3/5,5/3], (2.9)
(3) a*()+a*@r) =1, ifre[l/2,1]

and hence,
Oo .
D@ =1, tell o). (2.10)
j=0

Choose jo > —1 so that 2/0 < A < 2/0+1 (Recall that & := pu + d%l > 1/2 and A is
half integer.) We define the kernels {W;} by

oo
v+ L
W= Za( )Pv, j=Jo (2.11)

2]
v=0

where in the case A = 1/2 we set ¥, := Py. From (2.10, 2.11) it follows that for any
feD

o0
f= quj*\yj*f inD. (2.12)
J=Jo
This identity also holds in L?(w,,) if f € LP(w,),l < p < oo, and in L™ for

continuous functions. It is reminiscent of the classical Calderén reproducing formula
on R? and is further descritized in [4] (see also [8]) by using appropriate cubature

@ Springer



370 G. Kyriazis, P. Petrushev

formulas. In particular, as is shown in [8] there exists a set X; C B? and weights
{Ae)ec X; such that the cubature formula

/ FEOwu)dx ~ D" re f(E) (2.13)

Bd SEXj

is exact for all polynomials of degree < 2712 in d variables. Furthermore, there is a
disjoint partition { R }¢< X; of B4 (Uge x;Re = B4) such that R¢ is “centered” at & and

the points in X’; are almost uniformly distributed, i.e. there exist constants c*,c® >0
such that

B(£,c*277) C Re C B(E,c°27Y), £eX;. (2.14)
In addition,
re ~ B, 27, EeXy, (2.15)

with constants of equivalence depending only on i and d. The jth level needlets are
defined by

Ve(x) = 2P WiEx), £ e, (2.16)
and the entire needlet system by

U= {Yeleex, where X :=U

P 2.17)

Here equal points from different levels X; are regarded as distinct points of the index
set X.

As shown in [8] the needlets have almost exponential localization, namely, for any
k > 0 there exists a constant ¢; > 0 such that for any & € &;

Ck d
, B°.
VIB(E, 27)[(1 +27d (&, x))* )

The discretization of (2.12) by using cubature formulas (2.13) entails the following
representation result: For any f € D’

[V (0)| < (2.18)

f=D{f ve)pe inD'. (2.19)
teX

Also, it is easy to show [8] that W is a tight frame for Lz(wu), i.e. for f € Lz(wu)

f= Z(f, Ye)Ye in L*(w,) and 12w,y = 1K YDl (2.20)
teX
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Compactly supported frames on the ball 371

We next define the sequence spaces fpy and by, associated with the spaces Fjy
and BZZ , respectively.

Definition 2.3 Suppose s, p € R,0 < p < 00, and 0 < ¢ < co. Then f,} is defined
as the space of all complex-valued sequences h := {hg}¢cx such that

1/q

< 00
LP

o0
1l g = H D 26T [ ||B(E, 270) | 7P TR, ()¢

Jj=Jo fed;

2.21)

with the usual modification for ¢ = oo. Recall the notation 1 R = |Re |~ 21 R, With
1 g, being the characteristic function of Rg.

Definition 2.4 Lets, p € Rand 0 < p, g < co. Then b)), is defined as the space of
all complex-valued sequences h := {h¢}¢cx such that

a/p\ V4
o0
N e _ 14
”h”b;’; = 22(5 P)jq Z (|B(§',2 ] p/d+1/p 1/2|h$|)
j=Jo seX;
(2.22)

is finite, with the usual modification for p = oo or ¢ = oo.

The main result in [4] asserts that W is a frame for Triebel-Lizorkin and Besov
spaces on B¢ in the sense of the following theorem.

Theorem 2.5 [4] Lets, p € Rand 0 < p,q < oo.

(@) If f € D' then f € F;’; ifandonly if ({f, Y&)eex € f;g.Moreover, iff e F;Z,
then

F=2 ¥ and | fllgy ~IGH VDl (223)

teX

(b) If f € D', then f € B;’Z ifand only if ((f, ¥&)eex € b;,/;.Moreover, iff e B;pq,
then

F=2f v and | fllgp ~ 1L veDllgy- (2.24)
teX

The convergence in (2.23) and (2.24) is unconditional in F;’Z and B;’;, respec-
tively.
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2.3 General scheme for construction of frames

Here we describe the method for construction of frames developed in [3]. Assume that
H is a separable complex Hilbert space (of functions) and S C H is a linear subspace
(of test functions) furnished with a locally convex topology induced by a sequence
of norms or semi-norms. Let S’ be the dual of S consisting of all continuous linear
functionals on S and assume that H C S'.

Assume further that L € S’ with norm || - ||z is a quasi-Banach space of distri-
butions, which is continuously embedded in &', S € H N L and S is dense in H
and L.

We also assume that £(X) with norm || - ||¢x) is an associated to L quasi-Banach
space of complex-valued sequences with domain a countable index set X'. Coupled
with a frame W the sequence space £(X’) will be used for characterization of the space
L. In addition to being a quasi-norm we assume that || - |,x) obeys the conditions:

(1) For any sequence (h;)gecxy € £(X) one has |[(he)llexy = l1(JhgDlexy and
lhel < cllhllex) for § € X.
(2) If the sequences (hg)sex, (82)eex € £(X) and |he| < |g¢| for & € X, then

() ey = cll(@e) ey
(3) Compactly supported sequences are dense in £(X).

The existing (old) frame. Our next assumption is that ¥ := {¢ }scx C S, where X
is a countable index set, is a frame for H, that is, for any f € H

f= Z(f, Vedye inH and || flla ~ IS el (2.25)
teX

More importantly, we assume that W is a frame for L in the following sense:

Al. Forany f e L

=2 ye)s in L. (2.26)
teX

A2. Forany f e L, ({f, ¥¢))e € £(X), and

ctllflle = IS Yedllecxy < el fllL. (2.27)

The goal is by “small perturbation” of the elements of the existing frame W to
construct a new system © := {0¢ : & € X'} with some prescribed features, which is a
frame for L in the following sense:

Definition 2.6 We say that ® := {0z : £ € X} C H is a frame for the space L with
associated sequence space £ (X)) if the following conditions are obeyed:
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B1. There exist constants ¢, ¢co > 0 such that
allflle = 1KF 0D llecxy < c2llfll for f € L, (2.28)

where (f, 0¢) is defined by (f, 0;) := zneX (fs Y)Wy, Og).
B2. The frame operator S : L — L defined by

Sf =D (f.0:)0

EeX
is bounded and invertible on L: S~! is also bounded on L and

STF=D(f.87"0:)s7 10 in L.

EeX

B3. There exist constants c3, ¢4 > 0 such that

allfllie < ICS ST 0N lexy < call flln for f € L, (2.29)

where as above by definition ( f, S_19§> = ZWEX (f, Yrn) (Y, S_leg).
B4. Forany f € L

F=D 41500 = > (f.6:)S7'6; in L. (2.30)
teX teX

Above “in H” or “in L” means that the convergence is unconditional in H orin L.

Construction of a new frame. The key idea of the method from [3] for construct-
ing a new frame ® := {0 : § € X’} for L (as described above) is to build {0} with
appropriate localization and approximation properties with respect to the given tight
frame W. The localization of ® is measured in terms of the size of the inner products
(Wre, Yry), Oy, Ve), (Ye, 6,). More precisely, we construct {6¢} so that the operators
with matrices

A= (ag,n)s,ner ag n = (%, 1#5),
B:= (b{-‘,n)’;‘,neXs bé-’,n = <9n» 1//&')7 (2.31)
C:= (Cé,n)é,neXs Cep = <wn, ‘95):

are bounded on £2(X) and £(X). The approximation property of ® is measured in
terms of the size of the inner products (v, e — 0s), (Yry — 0y, Y¥¢). Namely, we
construct {f¢} so that the operators with matrices

D := (de, e nex, den = (Yy, Ye — 0¢), 2.32)
E = (ezpenex, eeq = ¥y — Oy, Ve),
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are bounded on ¢2(X) and £(X) and for a sufficiently small ¢ > 0

IDIl 2 xyse2cxy =& NEl2ay—sen) < 6 (2.33)
IDllecxysecxry <& NElecxysecxy <& (2.34)

Notice that C = B* the adjoint of B and E = D*.
We shall utilize the following results from [3].

Theorem 2.7 Let W := {yz : £ € X} C S be a frame for H and L as described
above. Suppose the system © = {0 : § € X} C H is constructed so that the oper-
ators with matrices A, B, C, D, E from (2.31), (2.32) are bounded on £(X) and C,D
are bounded on €>(X) as well. Then if for a sufficiently small ¢ > 0 the matrices D, E
obey (2.33), (2.34), the sequence © is a frame for L in the sense of Definition 2.6.

Most importantly, if f € S', then f € L if and only if ({f, S_lé‘g)) € LX), and
for feL

F=D 05" inL and |flL~I(f ST 0Ny (239)
teX

3 New frame with elements of small shrinking supports on B¢

In this section we present our construction of the desired new frame on the ball and
show that the new frame can be used for decomposition of weighted Triebel-Lizorkin
and Besov spaces on B?. For convenience we shall divide the proof of our main result
into several parts.

3.1 Construction of the new frame

To construct our new frame with elements of small support on B¢ will utilize the
results form Sect. 2.3, where H := L2(B%); S := D and S’ := D’ are the classes of
test functions and distributions from Sect. 2.1, L := F, or L := B}, the F— or B—
spaces from Sect. 2.1.The role of the old frame will be played by the needlet frame
W described in Sect. 2.2 and the sequence space £(X) := ;g or £(X) := b;‘;, the
f— or b— spaces from Sect. 2.1. It is readily seen that these spaces and the frame W
satisfy all the requirements from Sect. 2.3.

As suggested by Theorem 2.7 the new frame © := {0 }¢cx should be constructed
to be well “localized” and sufficiently “close” to the needlet system W.

Combining (2.16) with (2.11) shows that the needlets {1/¢} have the representation

ad A
e (x) :=A;/22&(V+ )Pu(s,x), £, j>jo,

2J
v=0

where a is from (2.9). Denote again by a the even extension of a to R, i.e. a(—t) = a(z).
We shall use the following definition of the Fourier transform f of a function f on R:
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Compactly supported frames on the ball 375

f &) = fR f(y)e€¥dy. Then the inverse Fourier transform a of 4 is real valued,
even, and belongs to the Schwartz class S of rapidly decaying C*° functions on R.
Recall our assumption that & > 0 and 2 € Np.
We shall construct the new frame ® of the form ® := {0:}ecx, where X' =
{Xj}>j, is the index set of the needlet system W and suppf: C B(§,c277/). We
proceed in two steps:

Step 1: Given M > 1, aninteger N > 1, and ¢ > 0, we construct g € C*°(R) so
that g is even and obeys the following conditions:

(1) suppg C [—R, R] for some R > 0,

@) 1a"@) -0 <e+1th™ for0<r<N+2u+d-—1,

(3) [t"gt)dt =0 forO<r <N4+2u+d-2.
R

3.1

Note that the Fourier transform ¢ of g is even and belongs to S. A function
g of this sort has already been constructed and used for the development
of frames on the sphere in [3]. For the reader’s convenience we sketch the
somewhat simplified construction of g in comparison with [3] in the appen-
dix.

Step 2: Forany & € X; (j > jo) we define 6¢ by

> A
0 (x) = A;”Zg(” )Pv@,x) (3.2)

2J
v=0

and set 0z := ¢ if & € Xj;. Then © := {0¢ }sc x is our new system on B4,

With the next theorem we show that for appropriately selected parameters M, N,
and ¢ the new system ©® has the claimed support property and is a frame for the
F- and B-spaces.

In the following we shall use the notation J := (d +2u)/ min{l, p, ¢} in the case
of F-spaces and J := (d 4+ 2u)/ min{l, p} for B-spaces.

Theorem 3.1 Suppose 1 € 2Ng, s, p € R,0 < p,q < oo and let © := {0 }gcx be
the system constructed above, where

M>7TJ+2ulp/d +1/2| and N > max{s,J —d —s, 1}+@u+2d)|p/d+1/2|.
Then for a sufficiently small ¢ > O the system © is a frame for the spaces L*(B%), F IS,Z,

and B‘,Y,’Z in the sense of Definition 2.6 with the above selection of the spaces
H, L, {(X). In particular, we have

(a) The operator

Sf =D ([, 6:)0, (33)

teX
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376 G. Kyriazis, P. Petrushev

where (f,0g) = ZneX (fs ¥y) ¥y, 0), is bounded and invertible on
LZ(Bd), F;Z, B;’;, and S~V is also bounded on L2(Bd), F;’,;, Bff;, and
STl = Z (f, S7'6:) 57165 (3.4)
teX

(b) If f € D', then f € F;Z if and only if ({ f, S_IQ;:)) € f,‘;'(q), and for [ € F;Z

f=2 (f.57"0:)0 and || fllpp ~ NS S 0Dl (B.5)
teX

() If f €D, then f € B" if and only if ((f, S~ 195)) € bpq, and for f € BZZ

F=D 015700 and | fly ~ 1(f. ST 0Dy, (3.6)

teX

The convergence in (3.3)~(3.6) is unconditional in the respective space L*, F ;2, or
B;f;. Above, (b) and (c) also hold with the roles of 6¢ and S ’195 interchanged.

Moreover, for any § € X, j > jo, the frame element 0z is supported on the ball
B(&, c277) c BY, where ¢, = m R/2 with R > 0 the constant from (3.1).

3.2 Almost diagonal matrices

By Theorem 2.7 it readily follows that the new system © := {0 : § € X'} will be a
frame for F,. pg (Or B ) if the operators with matrices

A = (ag e gex, agn = (Y, Ye),

B:= (bé,n)g,ne/\,’s bE,I] = <97’]s 1/f§)»

C:= (ce.n)enexs Ceq = (¥y, 95) 3.7
D = (dg. g pex. den =

E = (es.n)enex, ecn =

are bounded on f; (or b ¢)» and ||D||fsprsp <e, ||E||fsp fp =€ (or we have
||D||bf7€,Hbj',’; <eg, ||E||b% b = ¢) for sufficiently small €.

In analogy with the classical case on R” (see [2]), we shall show the boundedness
of the above operators by using the machinery of the almost diagonal operators.

To avoid complicated indices we shall use the notation

r) =27 if £ e X;, (3.8)
i.e. r(£) is the radius of B(¢,27/), and

Be := B(£,277) if £ € X;. (3.9)
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Definition 3.2 Let A be a linear operator acting on sequences of the form {/s}ecx
with associated matrix (agy)e yex - We say that A is almost diagonal if there exists
6 > 0 such that

lagy|
E,ne)( 0)5(%‘, 77)

where

rE)\ (Ile)p/dHﬂ ( d(&. n) )“7 -
s = i T 1 1 ax () ()
(1)5(%‘ T]) (r(n)) |Bn| + maX{l’@:)» r(’?)}

| (r©\ R rap )T
X min — s\ /< s
G568

with J := (d +2p)/ min{1, p, g} for f,y and J := (d + 2u)/ min{1, p} for byy.

We shall show that the almost diagonal operators are bounded on f;g and b;’;.
More precisely, with the notation

Jagy|
Al == sup ——"o (3.10)

EyneX wS(E, 77)

the following result holds:

Theorem 3.3 Supposes e R,0 < g <o00,and0 < p < o0 (0 < p < o0 inthe case

of b-spaces) and let ||A|ls < oo (in the sense of Definition 3.2) for some § > 0. Then

there exists a constant ¢ > 0 such that for any sequence h := {hg}scx € f;g
1ARI 0 < AT Il g5 3.11)

and for any sequence h := {hg}gcx € b;’q

1Ak < clAlslAlLy - (3.12)

For the proof of this theorem we shall use the idea of the proof of Theorem 3.3 in
[2]. We give it in the Appendix.

3.3 Estimation of supp 6gand localization of kernels

We shall have to deal with kernels of the form

. ~fVv+A
An(x,y) .—Za< . )Pv(x,y), (3.13)

v>0
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where the function o has a certain decay and smoothness properties. The explicit
representation of P, (x, y) in (2.2) leads to

1

_1
An(x.y) = byby 2/Qn (<x,y>+um 1—|y|2)(1_u2)“—1du,

(3.14)

where > 0 and

0, (%) ::Za(”:’\) VA o, (3.15)

A
v=>0

Lemma 3.4 Let2u € Noand A = n + d%l. Then for any even function o € S the
kernel Q,, from above has the representation

T
Qn(cosa) = c(sina)l_”‘/(cosa — cos (p)k_lKn((p)d(p, 0<ac=<m, (3.16)
o

where

K, (@) = (/2)n Z(—l)”(zl‘de*l)S (dd ) o(n(a + 2mv)) (3.17)

o
veZ
with

Lt 454

S@ =[] Z-0-n?)x

r=1

[ —zsinAm, 2 +d even

COS AT, 2u +d odd (3.18)

and ¢ > 0 depends only on d and .

This key lemma is quite similar to Proposition 3.2 in [5] and Lemma 3.11 in [3].
For the reader’s convenience we give its proof in the Appendix.

We next use the above lemma to establish localization estimates, first, for Q,, from
(3.15) and, second, for the kernels A,, from (3.13).

Lemma 3.5 Ifo € S (the Schwartz class) is even and

lo ™ (1)] <

A

for some constants M > 1 and A > 0, then

ClAn2pL+d

[Qn(cos )| < T

—+ pTE <a<m, (3.20)
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and
A

S| < X, BY. (3.21
= e DIV IBO DI s ndee g Y€ G2

| An

Here ¢y, ¢y > 0 depend only on M, i, and d.

Proof Representation (3.17) and the fact that S(z) from (3.18) is a polynomial of
degree 2iu + d — 1 readily imply

p2utd—1 cAp2ntd

< .
(1 +nja+27vDM — (1 +na)M

|Kn(@)] < cAn
veZ

We use this in (3.16) precisely as in the proof of Lemma 2 in [7] to obtain (3.20).
Finally, we use (3.20) in (3.14) as in the proof of Theorem 4.2 in [8] to obtain (3.21).
We omit the details. O

Lemma 3.6 We have
suppfs C B(E, mR27/™Y) for& e X}, j > jo. (3.22)

Proof Here we shall use the kernels Q,, from (3.15) and A, from (3.13) witho = g,
where g is from the definition of 0; in (3.2).
Assuming that§ € X;, j > jo, we have by the definition of 6; in (3.2) and (2.2)

1
0e ) = 3 b / 0y (5. 8) + w1 = xPVT =€) (1 = u>)*~Ldu,
—1
(3.23)

and by Lemma 3.4
T
Qjj(cosa) = c(sina)l_z}‘/(cosa — cos (p))‘_lej (p)dep, 0<a<m,
o

where

d .

Kyi(@) = (m/2)n D (~1)"@#+4 Vg (d—) g2/ (a + 27v)).
VEZ o

By (3.1) we have supp ¢ C [—R, R] that readily implies supp K,; C [-R27/, R27/]

if R27/ < . Therefore, Q,;(cosa) = 0if o > R/2/. We set t = cos « and use that

1 —cosa = 2sin?(/2) < /2 to obtain

0, (t) =0 ifre[—1,1]and 1 — ¢ > R?/2%/+1, (3.24)
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Denote briefly ¢ := (x, £) + u+/1 — x%2,/1 — y2. Then using (1.1) we get as in [8]

l—t=1—(x,&) —uv1—x%/1—y2
=1—(x,§&) —\/1—xz,/l—y2+(1—u)\/l—x2ﬂ
> 1 —(x, &) = V1= x2,/1—y2 = 1 —cosd(x, £) = 2sin d(xzy)

> —2d(x, £)°.
T
From this and (3.24) it follows that Q,; (#) = 0 (with ¢ from above) if d(x, §) > 2’;%
Consequently, on account of (3.23), 0¢ (gc) =0ifd(x,&) > 7 R277=1 which proves
(3.22) in this case. The case when R27/ > 7 is trivial. O

3.4 Estimation of inner products

For the proof of our main result—Theorem 3.1 we need to study the localization
properties of inner products (Us, Vy)), where

Ue (x) ::xg/zz (”+ )P(x £), Vy(x) —,\1/22 (

v=0

) Py(x,n).
(3.25)

For a given function u on R we denote u;(t) := 2/u(2/t). We start with a well
know lemma:

Lemma 3.7 Suppose the functions u € CN (R) and v € C(R) satisfy the conditions:

WO < —2 _ o<r<nN, o) —22
(14 [t)Mi (1 + [t)M2
and
/t”v(t)dt =0 forO<r<N-—1,
R

where N > 1, M, > My > 1, M>» > N + 1, and A1, Ay > 0. Then fork > j

2J

Cxvp(t)| < cA A KEIN =
luj*vk(1)] < cArAz A £ 27

where ¢ > 0 depends only on My, M3, and N.
This lemma is quite similar to Lemma B.1 in [2]. We omit its proof. We now turn

to the estimation of inner products of functions Ug, V;, as above.
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Lemma 3.8 Suppose u, v € S are both even and real valued,

A1 AZ
(m) (m)
u") < — and WP < —F—, 0<m<N+2u+d-1,
™™ (1) A+ M [ ()] T+ M I
(3.26)
and
/t’u(t)dt:/t’v(t)dt:O, 0<m<N -1, (3.27)
R R
where N > 1 and M > N + 1. Then for§ € Xj and n € X,
. N -M
(U, Vi)| < cAy A2~ Ik=/IN+d/2) (1 + 2mintk.jl g (g, n)) ) (3.28)

Proof Because of the symmetry in (3.28) we may assume that k > j. Since P, (-, -)
is the kernel of the orthogonal projector Proj,, : L (w w) > V, we have

/ Por(t, ) Py, w0, (¥)dx = 8¢ P (. 1),

Bd

Using this and the fact that 1z ~ [B(§, 277 for € € X we obtain for § € X; and
n € Xi

(Us, Vi) ~ |BE 27D 1B, 2792 D i (" “) b (ﬂ) Py(E, ).

k
= 27 2

It is readily seen that

A A -
(320 - - (52),

Evidently,

(s ) (0) = @™ % v j)(0)
and therefore, by Lemma 3.7,

cAjA2~K=DN

A\ (m)
o)™ Ol = =2y

, O0<m<2u-+d-—1.
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Observe that since u, v are even, then u * vi_; is also even. We now use Lemma 3.5
to obtain

B, 2792 2 kN
|B(n.2=H)|'/2 (1427 d(E, n)M
< cA A2~ CTDWNHD (1 427 q(g, )M,

[(Ug, V)| < cA1A

where in the last inequality we used that |B(1, 27%)| < c2=*=D4|B(n, 277)|. o
We shall need the following useful inequality:
Lemma 3.9 Foranyx,y € B4, Jj. k>0, and y € Rwe have

: o 2ulyl .
|B(x, 27" < ¢|B(y, 275" (l+2mm{]’k}d(x,y)) pli=kEurdlvl - (329)

where the constant ¢ > 0 is independent of x, y, J, k.

Proof The following simple estimate is established in [8] (see estimate (4.23) in [8]):
Wy (n; x) < 2HW,, (n; y)(1 4+ nd(x, y))**, x,ye B, n>1,  (3.30)

2p
where W, (n; x) = (\/1 — |x|? +n’1) . On the other hand, by (2.3) we have
Wy (n; x) ~ n?|B(x,n" ). Using this and (3.30) one routinely derives (3.29). O

3.5 Completion of the proof of Theorem 3.1

Note that Theorem 3.1 follows by Theorem 2.7 if the matrices defined in (3.7) are
almost diagonal and ||[D||s < &, ||[E||s < & for some § > 0 and sufficiently small ¢.

We shall only prove that ||[E||s < ¢. The proof of |D|ls < ¢ is the same. By the
definition of the needlets {y¢} we have

Ve =23 (”2“)13@ 0, Eea;
v=0

and by the definition of 6 in (3.2) it follows that

wnm—e(x)—x‘/zZ(a g)( )Pv(n,x) n € Xk

v=0

The function a has already been extended as an even function on R in Sect. 3.1. Then
by (2.9) it readily follows that there exists a constant A; > 0 such that

@) < AA+1D™, 0<r<N+4+2u+d—1, and

/tra(t)dt =0, r>0.
R
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On the other hand, by construction g is even,

la—)P @) <el+th™, 0<r<N+2u+d—1, and
J1"(a—g)()dr =0, 0<r<N-—1.
R

We now apply Lemma 3.8 with u = a and v = a — g to obtain

| ¥y — 0, V)| < cA amm[@ @}M (1+M)‘M
N CO R0 max(r (©). 7))

We claim that since M > J 4+ 2ulp/d +1/2|and N > J —d — s + (4 +
2d)|p/d +1/2]

leg.y| := [y — Oy, Ve)| < cArews(§, 1) (3.31)

and hence ||[E||s < cA1e. However, ¢ is independent of ¢, A1, M, and N. Therefore,
cAje above can be replaced by .

For the proof of (3.31) consider the case when r(§) > r(n),ie. &£ € X;,n € X;
and k > j. From Lemma 3.9 we get

—jn\ P/d+1/2 —
(IB(é,2 i)l >C(1 4 ominGik) gy y)) 2MPIAFIL i kiaptd)lp/d+172)

|B(n,279)] B ’
(3.32)

and hence, for sufficiently small § > 0,

leg | < cA1e2” VKN (1 4 2dq(g, )=
IB(E, 2= 1)\ /T2 o—li—kI(N+d /2= @)l p/d+1/2)
= che (|B<n, 2—’<>|) (1 + 27d(E, n)M—2l0/d+172]
< cArews(€, 1),

where in the last inequality we used that by assumption M > J +2u|p/d +1/2| and
N>TJ—d—s+ @unr+2d)|p/d+1/2]|.
The proof of (3.31) in the case r(§) < r(n) is the same and will be omit it. O

4 Appendix

4.1 Construction of the function g from Sect. 3.1

Here we sketch the construction of the function g in Step I of the development of the
new frame ©® = {60s }¢c x in Sect. 3.1. The construction will be carried out in two steps.

One first shows that for any ¢ > 0, M > 0, a positive integer N and an even
function % in the Schwartz class S on R there is an even compactly supported function
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¢ € C such that
W@ — @) <e+1tDY, teR, r=0,1,...,N. 4.1)

To this end, choose an even function ¢ € C* suchthatsupp¢ C [—1, 1]and I]R ¢ =1
and define ¢y := h * ¢y, where ¢ (¢) := k¢ (kt). Evidently

@) — (1) = / R 1) — k(¢ — ) (y)dy.
R

It is easy to see that for sufficiently large k > O the function ¢ := ¢ will satisfy (4.1)
with ¢ replaced by € /2 on the right and hence for sufficiently large L > 0 the function
p(t) = fLL h(y)¢r(t — y)dy is even, compactly supported, ¢ € C* and ¢ satisfies
4.1).

The second step uses the result of the first step. Consider the shift operator
Tsf(t) := f(t +6). Then AJf = (Ts — T_;)* f is the sth centered difference
of f and (Afsf)/\(g) = (2isin SE)Sf(E) is its Fourier transform. Choose s := 2N
and 0 < 6 < 1/s, and define the function /& from the identity fz(é ) = %,
where 4 is from (2.9). Since a(§) = 0 for & € [—1/2,1/2], then A € S and hence
h € S. Further, h and h are even since d and s are even. Moreover, by the construction
a = Ajh. Now one uses the result of the first step to construct an even compactly
supported C*° function ¢ which satisfies (4.1) with & from above.

After this preparation, g is defined by g := Ajp. We claim that g has the desired
properties. Indeed, evidently ' — g = A$(h"”) — ) and by (4.1)

a” ) — gD < e2MA+pM, r=01,....N,

and also

/t’g(t)dt =/ﬂAg¢(t)dt — (—1)S/¢(t)A§t’dt =0, r=01,....5s—1.
R R R

By choosing ¢ and N appropriately this completes the construction.

4.2 Proof of Theorem 3.3

We shall need the maximal operator M; (t > 0) defined by

1/t

1
M f(x) = sup /If(y)ltwu(y) dy| . xeB’ (4.2)
B

Bax \ 1Bl
where the sup is over all balls (with respect to d(-, -)) B C B containing x.
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By (2.3) it follows that |B(x, 2r)| < c|B(x,r)| for x € B? and r > 0, which
means that |E| := f £ wu(x) dx is a doubling measure on B4 Therefore, the general
theory of maximal operators applies and the Fefferman—Stein vector-valued maximal
inequality holds (see [9]): If 0 < p < 00,0 < g < 00, and 0 < r < min{p, g} then

for any sequence of functions { f,}, on B¢
o] 1/q
(Z va(~)l")
v=1

%] 1/q

H (Z |Mtfv<->|‘7)

v=1
We shall need the following lemma:

Lemmad4.1l LetO <t <1land M > (d 4+ 2u)/t. Then for any sequence of complex

numbers {hy}pex,, m > jo, we have for x € Rg, § € X,

<c
Lr

4.3)

Lr

d,n) M (m—j)(d+2m)/1
2 'h"'(” max{r@),r(n)}) < emax {2 3

nE€Xi

<My [ D7 hyllg, | ().

neXm

Proof Consider the case r(§) > r(n). The proof in the case r(§) < r(n) is similar
and will be omitted. Fix § € X; (j < m)and set Qo :={n € &), :d(n, &) < c°27/}
and

Q=g e Xy 2" <2dmn, ) < 2"}, v>1,
where ¢© is the constant from (2.14). For v > 0 we set
By = B(E,c®27™(1 4+ 2"~/ 1my).

Evidently R, C B, ifn € Q,.
By (2.3) we have |B(x, r)| ~ rd(r+d(r,9B%)) and by (2.14) |[R,| ~ |B(n, 27™)]
for n € Aj,. Observe also that

d(&,dBY) < d(E, n) +dn, aBY) < 2" +d(n, 9BY), ne Q.

Using the above we get for n € 2,

— —j+ dy\ 2%
:iv: < it (2 m(l;iqu’d'(") ;;15)5,33 )) < Qim0

n 0.
(4.4)
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Since 0 <t < 1 we have

> il (14 2dEm) T =32 S ny)

neXy v=>0 neR,
1/t

<D 2 D Il

v>0 ne,

We now use this and (4.4) to obtain for x € Rg

Sl = [ (3 ol i, 00 ) w0

UEQU Bd ner

1B\ t
B, |/ Z |7y (|R |) Ig,(») | wu(y)dy

t

< R iChe j+m)(d+2,u)|B |/ z |y |]lR O | wu(y)dy
Bd ney
t
< Cz(u—j+m)(d+2u) M, Z |h’l|]an (x)

neXm

Therefore, since M > (d +2u)/t we get for x € Rg

. -M .
> |hn|(1+21d<s,n)) < > v Mplmitm @20/t \g, < > |hn|ﬂRn> (x)

neXon v=0 nEXom

< 2m=N+2m/t pq ( > |h,7|]1R”> (x),

neXy
which completes the proof. O

We now proceed with the proof of estimate (3.11). The proof of (3.12) is simi-
lar and will be omitted. Let A be an almost diagonal operator on f;g in the sense
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of Definition 3.2 with associated matrix (azy)g ,ex and let A € f ,,Z Then we
have(Ah)s = Zn cx Genhy, where the series converges absolutely (see proof below).
Using this in the definition of f ;,Z , we have

1/q
(s— _ ~ q
ARl = H [r©C=1Be 7 AR TR ()]
teX Lr
q\ /4
<c| [ D2 [r@& 2B D Jagy|lhy |1k, () < c(B1+3),
feX neX Lp
where
r 9\ /4
¥ = H D@ BT D Jagy gl Tg. () and
gex | r(m=r(€) i Ly
r qa\ /4
Zrim | (X [r@ 1B S a0 -
gex | r)>r(®) il L

To estimate X1 we shall use that ||A |5 < oco. Thus whenever () < r(§)

r(n) Js+p+5/2(|BE|)p/d+l/2( d(%.7n))\7 8
A — 1
lagn] = c] ”5( (E)) 1B, T ®

Set Ag := r(&)7P|Bg|7P/471/21 g () and choose 0 < ¢ < min{l, p, ¢} so that
J + 5§ —(d+2p)/t) > 0. Then we have

ol (1) T—s+p+3 (|B§|)p/d+1/2
an sl 2] 2 (r@) IB,|

EeX [ r(m=r)

9\ q
dE m\ 7’
* (1+ r® ) ald ()
LP
p/d+1/2
—e| [ 3 [ S mTsterh S ( )
JZjoseX; | m=j neX,
N
x Iyl (1+27dE,m) ~  2e0)
LP
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We now apply Lemma 4.1 and the maximal inequality (4.3) to obtain

pal <c 2(j—rf1)(\7—s+p+§—(d+2u)/t)
lAlls — =
Jj= /oSeX m>/
1
| Be | p/d+1/2 q\ 1
x M, Z(—| |) IhylLg, | OOk )
NEXn K .
1
q\ ¢
<c Z zz<jfm)(J+%f(d+2u)/z))M[ z|hn|)‘n
JZjo | m=j neXy Ir
" 4
<cl (20 (M| 2 thel < clihl .
j=Jjo feX; .

To estimate X, we again use that ||A||s < oco. Then if r() > r(§) we have

r(%.) s—p+8/2 (lBél)p/d+l/2 ( d(é, n))JS
A — — 14+ —=—=
lagn| < cllAlls (r(n)) B, + .

Therefore, setting again Ag := r(§) 57| B; |_p/d_l/2]le (-) we have

F)
22 @)S—P-'rz (@)p/d+l/2
an =] 2 (r(n) 1B,

§eX | r(m>r(®)
Lr

N

d(,n) !

y (1 £ ) Ih nMg(-)] )
|B§|)p/d+1/2

TSI DIy (m
n

JZjo§eX; | m<j neX

Q=

x gl (14274 )~ 2:00]")

Lr

Employing again Lemma 4.1 and the maximal inequality (4.3) we obtain

= —)(s— 92
||Ai5 =c Z Z Zz(m Ds=—p+)

Jzjo§eX; [ m<j
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| B\ /412 N
< M| D] (W) |yl TR, | X&)
nE€Xn ! Lp
1
_ N
<c Z Z Z(m_j)(B/Z)MZ Z |hn|)\n
jzio [Lm<j neXs, i L
_ 1
q\ 1
<c (DM D helns < cllhll g.
Jizjo [ sekX; »
The above estimates for X and X, imply (3.11). O

4.3 Proof of Lemma 3.4

We shall need the Dirichlet—-Mehler integral representation of Gegenbauer polynomi-
als [1, p. 177]

2T+ DI +24) [ cos (v +A)g — Ax)

A —
Cy (cosa) = VT NT R Gina) 1 | (cosa — cos @)=+

do. (4.5)

This and (3.15) imply that (3.16) holds with

o0
LfvHEA VD@ +2u+d - 2)! sin A sin(v + Mo, 241 +d even
K,,(a)zZa( ) w { ( ) w

n ! cos At cos(v + Aa, 2u + d odd.

v=0
Since WHRWAZAIDL _ () )42 +d —2)... (v+ 1) we have

L+t
(v+)»)(v+2;/y+d72)!_ 2 ) v+ A, 2u+deven
o = ]I ((‘“L” —G=n ) “11,  2u+dodd,

r=I1

and setting

Lt 474

._ 2 N2 zsinAmw, 2u +d even
Fo= [] (2-a r))xlcos)\n’ e

r=1

we arrive at

o

_ ~fVv+A sin(v 4+ A)a, 2u+d even

Ky (o) = Z(:)“ ( n ) Flv+2) x [cos(v + Ma, 2u+d odd.
=
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It is readily seen that F(—z) = (=1)2#+4=1F(7) and F has zeros at the points
+A—r),r=1,...,|nu+ d%]. Most importantly, since & is even and because of
the symmetry and zeros of F

_ ~fVv+A sin(v + AM)a, 2u +d even
Ky () =(1/2) ZZ:;U (T) F(v+2) x { cos(v + M. 2+ d odd. (4.6)
Ve

Set

lut+4t)

. 2y 82 —zsinAm, 20 + d even
s@= ] (-2-¢ r))xlcosm, AR

r=1

which is a polynomial of degree 2 +d — 1 (related to F'). Then (4.6) can be rewritten
in the form

Knp(@) = (1/2)S (%) > (” :A) cos(v + Ve

veZ

= (1/4)S (%) >6 (—” : A) el e “.7)

VEZ

Now, set f(£) = 8(5%)8 E+Me Tt is easy to see that this is the Fourier transform
of f(y)= ne Mo (n (y + «)). We now invoke the Poisson summation formula:

> femvy =@ Y fo)

veZ veZ

and put everything together in (4.7) to obtain

Ku() = (m/2)nS (%) Ze*zﬂi“*o (n(e +27v)). (4.8)

veZ

This implies (3.17). O
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