ON THE CONSTRUCTION OF BASES AND FRAMES
FOR SPACES OF DISTRIBUTIONS
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ABSTRACT. We introduce a new method for constructing bases and frames
for general distribution spaces and employ it to the construction of bases for
modulation spaces on R™ and frames for Triebel-Lizorkin and Besov spaces
on the sphere. Conceptually, our scheme allows the freedom to prescribe the
nature, form, or some properties of the constructed basis or frame elements.
For instance, they can be linear combinations of a small fixed number of shifts
and dilates of any sufficiently smooth and rapidly decaying function. On the
sphere, our frame elements consist of smooth functions supported on small
shrinking caps.

1. INTRODUCTION

Bases and frames are a workhorse in Harmonic analysis in making various spaces
of functions and distributions more accessible for study and utilization. Wavelets
[18] are one of the most striking example of bases playing a pivotal role in The-
oretical and Computational Harmonic analysis. The ¢-transform of Frazier and
Jawerth [5, 6, 7] is an example of a frame which has had a significant impact in
Harmonic analysis. Orthogonal expansions were recently used for the development
of frames of a similar nature in non-standard settings such as on the sphere [19, 20],
interval [23, 15] and ball [24, 16] with weights, and in the context of Hermite [25]
and Laguerre [12] expansions.

We begin with a general description of our “small perturbation argument” method
for constructing bases and frames for spaces of distributions. Assume that H is a
separable Hilbert space of functions (e.g. some L2-space) and

SCHCcCS,

where S is a linear space of test functions and S’ is the associated space of distri-
butions. Suppose
Lcs

is a quasi-Banach space of distributions with associated sequence space £(X’) which
is a quasi-Banach space as well. Targeted spaces L are the modulation spaces on
R™, the homogeneous and inhomogeneous Triebel-Lizorkin and Besov spaces on R",
and Triebel-Lizorkin and Besov spaces on the unit sphere S” in R®*!, unit ball in
R™, and interval with weights as well as Triebel-Lizorkin and Besov spaces in the
context of Hermite and Laguerre expansions. We consider two scenarios:

(i) there is an orthonormal basis ¥ = {t¢}¢cx in H which provides an isomor-
phism between L and £(X), or
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(ii) there is a frame ¥ = {t)¢ }¢cx in H which allows to characterize L in terms
of £(X).

The central idea of our method is to construct a new system © = {f¢}ecx C H
which approximates W sufficiently well in a specific sense, while at the same time
the nature, form or some specific properties of the elements {6¢} can be prescribed
in advance. To make this scheme work we rely on two basic principles: Localization
and Approximation. The measure of localization is in terms of the size of the various
inner products of the form (v¢,¢y), (0, %e), (Ye,6y), more precisely, in terms
of boundedness of the respective operators on ¢?(X) and ¢(X). The measure of
approzimation is in terms of the size of the inner products of the form (i, e — 6¢),
(1 — Oy, e). In fact, the critical step is to construct {6} so that the operators
with matrices

(W, e = 0e))emex  and (Y — Oy, e))e nex

have sufficiently small norms on £2(X) and ¢(X). The good localization and ap-
proximation properties of the new system © will guarantee that it is a basis or
frame for the distribution spaces of interest.

The goal of this paper is two-fold: First, to develop our “small perturbation
argument” method for construction of bases and frames in a general setup of dis-
tribution spaces, and second, to apply these results for developing new bases and
frames for specific spaces of distributions. Choosing from various possible applica-
tions, we consider two key examples that best demonstrate the versatility of our
general scheme. Building upon the Wilson basis we shall construct new bases for
the modulation spaces on R™. The emphasis, however, will be on the construc-
tion of frames for Triebel-Lizorkin and Besov spaces on the sphere with elements
supported on small shrinking caps. These frames are reminiscent of compactly
supported wavelets on R™. The situation in our second example is much more
complicated than on R" since there are no dilation or translation operators on the
sphere. Other meaningful applications of our scheme would be to the construction
of frames on the interval and ball with weights, and in the context of Hermite and
Laguerre expansions, which we shall not pursue here.

A relevant theme is the study of the localization and self-localization of frames,
initiated by Gréchenig in [9, 10]. Our understanding of localization is different but
related to the one in [9, 10]. Our idea of using the basic principles of localization
and approximation mentioned above for constructing bases and frames for spaces
of distributions has its roots in our previous developments, where bases and frames
were constructed for Triebel-Lizorkin and Besov spaces on R™. Most of our previous
results on bases and frames from [13, 14, 22] can now be derived as applications of
the general theory developed in this article.

The paper is organized as follows: In §2 we develop our general method for
construction of bases (§2.2) and frames (§2.3) for distribution spaces. In §3 we apply
the general scheme from §2.2 to the construction of a basis for modulation spaces.
In §4 we make an application of our general results from §2.3 to the construction
of frames for the Triebel-Lizorkin and Besov spaces on the sphere.

Some useful notation: We shall denote |z| := (3, |2]?)'/? for 2 € R™. Positive
constants will be denoted by ¢, ¢1, ¢a, ... and they will be allowed to vary at every
occurrence; a ~ b will stand for cia < b < coa.
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2. GENERAL SCHEME FOR CONSTRUCTION OF BASES AND FRAMES

2.1. The setting. We assume that H is a separable complex Hilbert space (of
functions) and & C H is a linear subspace (of test functions) furnished with a
locally convex topology induced by a sequence of norms or semi-norms. Let S’ be
the dual of S consisting of all continuous linear functionals on S. We also assume

that H C §’. The pairing of f € §’ and ¢ € S will be denoted by (f,¢) := f(¢)
and we assume that it is consistent with the inner product (f,g) in H. Typical
examples are

(a) H := L*(R"), S := S(R") is the Schwartz class on R, and &’ is the dual
space of all tempered distributions on R";

(b) H := L*(R"), S = S (R") is the set of all functions ¢ in the Schwartz class
S(R™) such that [ ¢(z)z™ =0 for o € Z7, and S’ is its dual;

(c) H := L?(S"), § := C°°(S") with S™ being the unit sphere in R**! and &’
is its dual;

(d) H := L*(B™, 1), where B is the unit ball in R" and dy := (1 — |z|)?~/?dz,
S :=C>(B"), and &' is its dual;

(e) H := L*(I,u), where I := I; x --- x I, is a box in R™ and p is a product
Jacobi measure on I, S := C>(I), and &’ is its dual.

Our next assumption is that L C & with norm || - ||z is a quasi-Banach space
of distributions, which is continuously embedded in &’. Further, we assume that
SCHNLandS is dense in H and L with respect to their respective norms.

We also assume that £(X') with norm || - || x) is an associated to L quasi-Banach
space of complex-valued sequences with domain a countable index set X. Coupled
with a basis or frame ¥ the sequence space £(X') will be utilized for characterization
of the space L. In addition to being a quasi-norm we assume that || - [|,x) obeys
the conditions:

(i) For any £ € X the projections Pr : £(X) — C defined by P¢(h) = h¢ for
h = (hy) € £(X) are uniformly bounded on £(X), i.e. |he| < c[|hl/gx) for § € X.

(ii) For any sequence (h¢)ecx € £(X) one has ||(he)llecxy = | (|Rel)llecx)-

(iii) If the sequences (he)ecx, (9e)ecx € €(X) and |he| < |ge| for € € X, then
IChe)llee) < ell(ae)llecr-

(iv) Compactly supported sequences are dense in £(X).

2.2. Construction of bases for spaces of distributions.

2.2.1. The old basis. Given spaces S C H C §', L, and £(X) as described in §2.1
with X a countable index set, we assume that ¥ := {¢ : { € X} C Sis an
orthonormal basis for H, that is, (¢, ) = 0¢, for {,n € X, and any f € H

(2.1) F=Y (feve inH and |z = ((f, be)ellex)-

fex

We also assume that U is a basis for the space L in the following sense:
(a) Every f € L has a unique representation in terms of {t¢}ccx and

(2.2) F=> {fe)e in L.

fex
(b) The operator Sy f := ({f,%¢))¢cx is bounded as an operator from L to £(X).
(c) For any sequence h € {(X) the operator Twh := 3.y het)e is well defined
and bounded as an operator from ¢(X’) to L.



4 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

Consequently, for any f € L
(2.3) allflle < I ve)llexy < el Fllz

for some constants c1,cy > 0.

Remark 2.1. In (2.1)-(2.2) above and throughout the rest of this section when we
write “in H” or “in L” it will always mean that the convergence of the respective
series is unconditional in H or in L. For unconditional convergence and bases we
refer the reader to [17].

2.2.2. Construction of a new basis. Our idea is to first construct by perturbing ¥
a new basis © = {0 : { € X'} for H with elements 6 € H and then to show that
under some additional localization and approximation conditions © is a basis for L.
Since ¥ is a basis for H, we have

(2.4) O = > (Be, )by in H.
nex

Denote by A the transformation matrix

(25) A = (agm)g,ne/y, 0,577] = <9§,1/177>.

Our key assumption is that the operator A with matrix A is bounded and invertible
on /2(X) and A~! is also bounded on ¢?(X). Observe that if

(2.6) D = (dep)emex = (Ve — bg,9) e mex,
then A = I — D and, therefore, A~ exists and is bounded on ¢?(X) if

(27) ||D||Z2(X)>—>£2(X) < 1.

This is our main assumption in constructing © as a Riesz basis for H. The gist of
our method is to approximate ¢ by 6¢ in such a way that D satisfies (2.7).

We shall show that under these conditions © is a Riesz basis for H. To proceed,
let

(2.8) AT = (bey)emex

and define

(2.9) Oc = byethy, EEX.
n

Since (A71)* = (m)f pex 1 the adjoint matrix of A~! and

AT ) —e@x) = AT e@)—ew) < o,

each vector row of (A~1)* belongs to £2(X) and hence ¢ from (2.9) is well defined
and 0 € H. Evidently, b, ¢ = (8¢, ,) and hence (1), 0¢) = by ¢.

We set © := {f; : &€ € X}. Then it is easy to see that the pair (0,0) is a
biorthogonal system in H, i.e. (6,, ég) = 0¢ . Indeed,

(O, é£> = wa,éwrz»ww) = Zan,wbwvf = (AA_l)n,§ = Op,¢-



BASES AND FRAMES FOR SPACES OF DISTRIBUTIONS 5

Proposition 2.2. If A, A~ AT, (A~ are bounded on £*(X), then © (with dual
O) is a Riesz basis for H. Consequently, for every f € H

(2.10) f=> (f0)0: in H and
{ex
(2.11) allfllr < ICF 0l < eall fllar

Proof. Tt is well know that (see e.g. [28]) a necessary and sufficient condition for
© C H to be a Riesz basis for H is that © satisfies the conditions:

(i) © is complete in H (the closed span of © is all of H).

(ii) There exist constants ¢’,¢”” > 0 such that for any compactly supported
sequence h = (h¢)ecx one has

(2.12) Nl < || D hebelly < Rl
Eex
We shall first prove that for any f ek
(213) T/J§ = Z 1/)57 w = Z b{w w in H
weX weX

To this end we shall utilize this lemma:

Lemma 2.3. The operator Th := dex hel¢ is well defined and bounded as an
operator from (2(X) to H.

Proof. Let h = (h¢)ecx be a compactly supported sequence of complex numbers.
Then by the boundedness of AT on £2(X) and (2.1) we have

IThllm = H(< Z h£9£7¢n>)n”z2(;{) Z he (¢, 1/’" HZ?(X)

fex fex
< AT [y ez [Pl ) < el x)-

Since compactly supported sequences are dense in £2(X), it follows that the operator
T is bounded as an operator from ¢2(X) to H. It also follows that for any sequence
{he} € £2(X) the series Y-,y hefe converges unconditionally in 2(X). O

We now prove (2.13). Since A~ = (be )e.nex and A7 |2 (a)mi2(x) < 00, we
have (b ). € £2(X) and applying Lemma 2.3 it follows that ge := Y .y be wb. is
a well defined element of H. On the other hand,

(g, ¥n) = Z be,w (O, ) = Z be,wlwn = (AilA)é,n = ¢,
weX weX
yielding ge = 1¢. Hence, (2.13) holds.

As a basis ¥ := {¢¢} is complete in H and now (2.13) implies that © := {6} is
complete in H as well.

We now turn to the proof of (2.12). Let h = (h¢)ecx be a compactly supported
sequence of complex numbers. Then by Lemma 2.3 || dcex hfeEHH < cllhllez(xys
which gives the right-hand side estimate in (2.12).

For the other direction, denote briefly f := Zg cx heble. As was shown above the

system O := {55} defined in (2.9), is the dual of © and hence for £ € X
f,9§ fvzbniwn :medf’wn%

nex neX
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which yields

||h||52(/1’) < ”(Ail)T”P(X)HP(X)||(<fv ¢n>)||e2(x) < C||(<fv ¢n>)”e2(x) <clflla-
)

Here we used the boundedness of (A~')? on ¢?(X) and (2.1). Thus (2.12) is
established and hence © is a Riesz basis. This in turn implies (2.10)-(2.11). O

Our next aim is to show that under some reasonable conditions on A and A~!
the system © is an unconditional basis for L.

Theorem 2.4. Let A and A~! be bounded on (*(X) and assume that the operators
AT and (A=Y with matrices AT and (A=1)T are bounded on £(X). Then © (with

dual (:)) is an unconditional basis for L in the following sense:
(a) Every f € L has a unique representation in terms of {0¢}ecx and

(2.14) F="(f.0¢)0e,

fex

where by definition (f,0¢) = > et V) (0, Be) and the series converges uncon-
ditionally in L.

(b) The operator Sf = {(f,0¢)} is bounded as an operator from L to £(X).

(c) The operator Th := 3 . y hebe is well defined and bounded as an operator
from £(X) to L.

Consequently, T o S = I the identity on L and there exist constants ci,co > 0
such that

(2.15) allflie <IN 0)ellexy < eall flle for f e L.

Proof. We first prove the boundedness of the operator S : L — {(X). By (2.9)
(¢, 0,) = be,y and using that (A~1)T is bounded on £(X), we get

15F ey = ICCE BN leczey < OO (s m) (s B ey

nex
(2.16) <Y el n)) elloaey < AT Necaerea 1CF, e ey
nex

< ell(Xfs e llexy < ellfllz,

where for the last inequality we used that the operator Sy : L — £(X) is bounded
according to our assumptions. Thus S : L — £(X) is bounded.

We now prove (c). Let first h = (he)ecx be a compactly supported sequence of
complex numbers. By (2.4) we have 6¢ = >_ a¢ 1, and hence

Th = Z hefe = Z (Z a&nh§>¢n'
fex nex fex
Then by condition (b) of ¥ (see (2.3)) and the boundedness of AT on £(X), we
obtain
TRl < el| (D acmhe), oy < el AT leayecllbllecr) < ellblleca)-
fex

By condition (iv) on ¢(X) compactly supported sequences are dense in ¢(X), and
hence the operator T' can be extended uniquely as a bounded operator from £(X)
to L. More precisely, from above and conditions (ii)-(iv) on £(X) it follows that for
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any sequence h = (he)ecx € £(X) and any € > 0 there exists a finite set of indices
F C X such that for every index set F' C X \ F we have

> hebe||, <

EeF’

This readily implies (see [17]) that the series } ., hef¢ converges unconditionally
in L. Thus T is a well defined and bounded operator from ¢(X) to L.
It remains to show that (2.14) is valid. We define a new operator U on L by

Uf =Y (f,0¢)0.
gex
By (2.16) we have ((f, éﬁ»gex € {(X) for f € L. Then from the boundedness of
the operator T' it follows that the operator U is well defined and bounded on L.
On the other hand by (2.10), Uf = f for f € H and hence for f € S, but S is
dense in L. Therefore, Uf = f for f € L, i.e. (2.14) holds true.

The identity T' oS = I follows by (2.14), and (2.15) is an immediate consequence
of (b) and (c). O

2.3. Construction of frames for spaces of distributions.

2.3.1. Frames in Hilbert spaces: Background. Here we collect some basic facts from
the theory of frames (cf. [2],[11]). Let H with inner product (-,-) be a separable
Hilbert space. A family ¥ := {¢¢ : £ € X} C H, where X is a countable index set,
is called a frame for H if there exist constants A, B > 0 such that

(2.17) AlfIF < D K ve)l? < BlfIG for f e H.
gex
It is not hard to see that the frame operator S : H — H defined by
(2.18) SF="Y (fve)ve
{ex

is a bounded linear operator and AI < S < BI. Therefore, S is self-adjoint, S is
invertible, and B~11 < S—! < A~'I. Also,

(2.19) ST =) (f,5 ) S e in H.
feXx

The family S™'W := {S™ )¢ }ecx is a frame for H as well. Furthermore, for every
feH

(2:20) F=8ST =" (f,9 We)e in H
fex
and
(2:21) =Y (f¢e)S e inH.
fex

Thus ¥ and S~V provide (like Riesz bases) stable representations of all f € H.
However, unlike a basis, ¥ may be redundant and (2.20) is not necessarily a
unique representation of f in terms of {t¢)¢}. A similar observation holds for S~1¥.
The frame VU is termed a tight frame if A = B in (2.17).
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2.3.2. The old frame. We adhere to the setting describe in §2.1. In particular, we
assume that S C H C &', L C &, and ¢(X) are spaces as described in §2.1 with X
a countable index set. We also assume that for any f € H

(2.22) =) (fvave mH  and |Iflm ~ [((f, 4@
fex

Therefore, ¥ := {¢)¢ : £ € X'} C S is a tight frame for H.
More importantly, we assume also that ¥ is a frame for L in the following sense:

Al. Forany fe L
(2.23) f=> (fbe)be in L.
fex

A2. For any f € L, ({f,¥¢))e € ¢(X), and

(2.24) allflle < I dellexy < call flle-

Our aim is by using the idea of “small perturbation argument” to construct a
new system O := {0 : { € X} C S with some prescribed features, which is a frame
for L in the following sense:

Definition 2.5. We say that © := {6; : £ € X} C H is a frame for the space L
with associated sequence space L(X) if the following conditions are obeyed:

B1. There exist constants c1,co > 0 such that
(2.25) alflle < If 0N lecxy < eallflln for f e L,

where (f,0¢) is defined by (f,0¢) 1= >, c x (s ¥n) (Y0, Oc).
B2. The operator S : L — L defined by

Sf=7_ (f.0¢)0
fex
is bounded and invertible on L; S™' is also bounded on L and
ST = (f.510:)S 0 in L.
fex

B3. There exist constants cs,cq > 0 such that
(2.26) esllfle < NCF 870D ey < call fll for f e L,

where as above by definition (f,S™10¢) = donex Vi) (P, ST10¢).
B4. Forany f € L

(2.27) F= (571000 = (f,0¢)S "0 in L.

£eX tex

We recall our standing convention that “in H” or “in L” means that the conver-
gence is unconditional in H or in L.

Observe that if L is a Hilbert space then properties B2-4 are byproducts of B1
(see §2.3.1). However, this is no longer true for more general spaces.
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2.3.3. Construction of a new frame. The key of our method for constructing a new
frame © := {6 : £ € X'} for L (as described above) is to build {6} with appropriate
localization and approximation properties with respect to the given tight frame .
The localization of © will be measured in terms of the size of the inner products
(e, ), (O, 10e), (Ye, 0y). More precisely, we construct {f¢} so that the operators
with matrices

A= (agn)encx,  agn = Uy Ye),

B = (ben)enexs  ben = (On; Ye),

C = (cem)emen; e = (¥n, be),

are bounded on £2(X) and £(X). Notice that C = B* the adjoint of B. The approx-
imation property of © will be measured in terms of the size of the inner products

(W, e — O¢), (y — by, 1¢). Namely, we construct {6} so that the operators with
matrices

(2.28)

D := (de)enex,  den = (U, e — O),
E = (ecn)emen, eeni= Uy — Oy, ),
are bounded on ¢2(X) and ¢(X) and, more importantly, for sufficiently small € > 0

(2.29)

(2.30) D[z )2y <€ [ Elle2(ay—ezx) <6,
(2.31) ID[[exymexy <& [IBlleay—ex) < e

Notice that E = D*.

Before we treat the case of general distribution spaces, we shall give sufficient
conditions which guarantee that the new system O is a frame for the Hilbert space
H itself.

Proposition 2.6. As above, let ¥ = {t¢}ccx be a frame for the Hilbert space
H such that (2.22) holds. Suppose © = {0¢}ecx C H is constructed so that the
operators with matrices C and D defined in (2.28)-(2.29) are bounded on (*(X) and
for a sufficiently small e > 0

(2.32) IDle2(x)ymr2 () < €

Then © is a frame for H, that is, there exist constants c1,co > 0 such that

(2.33) alflle < 1(f0e)ellezxy < c2ll flla,  f € H.
Proof. Note that f =3 (f,¢n)¢y for f € H and hence
1C(F, 0D ez qaey = 10D (f tm) (¥, 0) el ez )
(2.34) neX
< Cllez )z ) 1 ({fs D) 2y < cll fll -

Thus the right-hand side estimate in (2.33) is established.
For the proof of the left-hand side of (2.33), we have using (2.17)

[ £l < el ({fs ve)) llez ()
(2.35) < {I1((F. e — 8Nl + ILF 0D s -

Observe that

[({f, e = Oe))lle2(x) = ||(Z (s V) (W, e — 0c))elle2 ()
(236) nex

< IDlez(xyme2 () (s el 22y < ellf Il
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From (2.35)-(2.36) we obtain for sufficiently small € > 0 (¢ < 1/c will do)

11l < T I 0D ey < ell (0D ex

which confirms the left-hand side estimate in (2.33). O

We now come to the main result of this section.

Theorem 2.7. Let U := {3y : £ € X} C S be the old frame for H and L as
described in §2.3.2. Suppose the system © = {0 : £ € X} C H is constructed so
that the operators with matrices A, B, C, D, E from (2.28)-(2.29) are bounded on
0(X) and C, D are bounded on (*(X) as well. Then if for sufficiently small € > 0
the matrices D, E obey (2.30)-(2.31), the sequence © is a frame for L in the sense
of Definition 2.5.

Most importantly, if f € S', then f € L if and only if ((f,S™'6¢)) € ¢(X), and
for felL

(2.37) F= (500 inL and |fllz~((f57"0))lecx)

fex

Proof. We first note that by Proposition 2.6 © is a frame for H.
We next prove that © obeys condition B1. From the definition of (f,0¢) (see
Definition 2.5), the boundedness of C, and (2.24) we infer

(2.38) IWﬁ%mMm—M( _ () (W 09) 2,

< ||C||€(X)r—>€(?()||(<fa Ve ey < cllfllzs

which confirms the right-hand side estimate in (2.25).
For the proof of the left-hand side of (2.25), we have by (2.24)

Il < el (CF, ) llecry < ell (CFs e = 0)) lecay + €l ({F, 06)) llex)

and we next estimate the first term above using (2.31) and (2.24):

1452 e = 0Dy = | ( 35 0. v = 00}

< IDlecaymecay | ((Fr e Ly < el fllr

Substituting this above, we get

1fllz <

- ((f50)) ey

yielding the left-hand side estimate in (2.25) if £ > 0 is sufficiently small, namely,
ife<1/ced.
The following lemma will play a key role in the sequel.

Lemma 2.8. The operators Th := Y .y hee and Vh := 3 .y hetoe are well
defined and bounded as operators from £(X) to L.

Proof. We shall only prove the boundedness of T'; the proof of the boundedness
of V' is easier and will be omitted. Let h = (h¢)ecx be a compactly supported
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sequence of complex numbers. Then using (2.24) and the boundedness of B, we
get

IThlL < e (€ Z hebe, 7/’71>)77He(x) =|( Z h£<6£vwn>)n”e(a’)

feX tex
< c|IBllecayecxy 1Pllecxy < cllbllecxy-
By condition (iv) on £(X) compactly supported sequences are dense in £(X) and,
therefore, the operator T' can be uniquely extended to a bounded operator from

£(X) to L. Furthermore, as in the proof of Theorem 2.4 it is easy to show that the
series de v hete converges unconditionally in L. (I

We now prove that © satisfies B2. By definition Sf = > . (f,0¢)0¢, but
by (2.38) we have ((f,6¢))
S : L — L is bounded.

The space L is a quasi-Banach space, but nevertheless it is easily seen that if
Il — S|z~ < 1, then S™! exists and is bounded on L. In fact, S~! can be
constructed by the Neumann series, i.e. S™1 = Y72 (I — S)*. To prove that
I = S|~z < 1 for sufficiently small ¢, let us denote G = (g¢ )¢ nex, where
ge.n = (({ — S)yy, Ye). Then, assuming that G is bounded on ¢(X), we get

1= $)flle < el (T = $)Fve)) ey = e (D 48 wadd(T = S, )
nex

cex € £(X). Therefore, by Lemma 2.8 the operator

HZ(X)

(2.39) < |Glleay—ec) (o e)) ey < el Glleay—eca I fllz-

Here for the equality we used that the operator I — S is bounded on L. We next
estimate || G|yx)—e¢x). Evidently, we have

(St te) = D (U, 00) (B te)  and (W, ) = D (Wb, ) (thu, W)

weX weX

and hence
Gen = (ny e) — (S, V)
= (st — ) (s o) + Y (U, ) (Wb — Ous 1))

weX weX
= (AD)SJJ + (EC)S,W

Thus G = AD+EC and by the boundedness of the respective operators and (2.31)

Gllexy—exy < c(lAllecay—eca) Dl ecay—ecxy + 1Bl ecxy—ecx) IClleay—ecx)) < ce.

Substituting this in (2.39) we get ||(I —S)f|lL < || f||L and hence for sufficiently
small & we have || — S|z~ < ’e <1 (¢ < 1/¢” will do). Then the operator S~*
exists and is bounded on L.

For the rest of the proof of the theorem we need the following lemma:
Lemma 2.9. The operators with matrices
H:= (<¢n,5—19£>)57nex, H* — (<5—195,w7,>)m€x,
I = (U, Se)) ¢ e Ji = (g, S7TMe)) ¢ v

are bounded on £(X).
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Proof. We shall only prove the boundedness of H and H*; the proof of the bound-
edness of J and J; is simpler and will be omitted.
Let d = (d¢) be a compactly supported sequence and set f := dex detpe. Then

(Hd)e = > dy(thy, S710¢) = > dy(S by, 0c) = (D dyS™ by, )

nex nex nex
TS dgpy) Oe) = (STH Oy = > (ST ) (W, Be).
nex weX

Here for the second equality we used that S—! is self adjoint on H. Now, similarly
as before we get

IHd|| o) < NClleaymecy | (ST vbwd) ey < ellST Il < ell fllz < elldllecx)-

Here for the last inequality we used Lemma 2.8.

Since compactly supported sequences are dense in £(X) then the operator H can
be uniquely extended to a bounded operator on £(X).

The proof of the boundedness of H* goes along similar lines. Given a compactly
supported sequence d = (d¢), we set g := Enex dyiby, and then

(H*d)é = Z dn<S_10§v¢n> = Z dn<9£75_11/’77> = <9§7S_1( Z dfnwn»
nex nexX nexX
As above, using the boundedness of S~! on L and B1, we obtain
H*dlloxy = [((S7"9,6¢)) ey < ellS7 glle < ellglle < elldllecay = elldllecar)-
Here for the first and last equalities we used condition (ii) on £(X). Now the

boundedness of H* follows as above. O

Just as in (2.38) the boundedness on ¢(X) of the operator with matrix H from
Lemma 2.9 implies

1((f, S 0e)) lecaey < ellfll for f € L.

Furthermore, the boundedness on ¢(X') of the operator with matrix H* defined in
Lemma 2.9 yields that the operator

Uh:=> heS™'0
fex

is bounded as an operator from ¢(X’) to L (see the proof of Lemma 2.8). Combining
these two facts shows that the operator S; ! defined by

(2.40) Syt =) (f,5710c)5 0
fex

is well defined and bounded on L. On the other hand, by a well know property of
frames (see (2.19)) for any f € H

(2.41) ST = (f,5710e)S e
geX

Since by assumption S C H is dense in L, this leads to S~ = S, on L. Therefore,
representation (2.41) of S~! holds on L as well. This completes the proof of B2.

‘We need one more lemma.
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Lemma 2.10. For any f € L

(2.42) (Sfve) = (f,Sve) and (ST'f,whe) = (f, 87 ) for E€X.

Proof. The proof relies on the fact that S and S~! are self adjoint operators on H
and S C HN L is dense in L.

We shall only prove the left-hand side identity in (2.42); the proof of the right-
hand side identity is the same. Let f € L and choose a sequence f, € S so that

||f - anL — 0. Using that <an7¢§> = <fn75¢€> as fn S 87 we get
(2.43) [(Sf,00e) = (f, S¥e)| < [{S(f = fn)s )| + [(f = fns Sthe)l-
By condition (i) on ¢(X), (2.24), and the boundedness of S on L, it follows that
(2.44) [(S(f = fn), ¥e)| < ell((S(f = fn) be))llecay < ellS(f = fa)lle < ellf = Fallr
By definition (f — fn, St¢) = 32, c 2 (f = fn, ) (1, S¢) and using again condition
(i) on ¢(X) and Lemma 2.9, we get
[ = Fs S8 < [[(DAF = Fs ) Wy SE)) |y
nex
< NI eay—ecr || ({f — fn7¢n>)||e(x) <c|lf = falle
We use this and (2.44) in (2.43) to obtain

(SF,de) = (f, 5¢e)| < cllf = full =0,
which implies the left-hand side identity in (2.42). O

We are now prepared to prove that © obeys B3-4. Given f € L, by definition
Sf =2 ccalf 0¢)0¢ and from f = SS~1f we arrive at

(2.45) = (700 => (.5 "0e)0c in L,
gex cex

where we used Lemma 2.10. Thus the left-hand side identity in (2.27) holds.
Similarly f = S~1Sf and using (2.41) in L and Lemma 2.10, we get

F= (SF.8710)S7 0 = D (f,95710:)S T 0 = > (f,0:)S 0,
fex fex cex

which gives the right-hand side identity in (2.27). Therefore, B3 holds.
Going further, we have by definition (f, S710;) := D nexlfsthn) by, S710,) and
using the boundedness of H (Lemma 2.9), we get

(£, 57 0e) ey < IHeaymeca (b)) ey < ellf]lz,

which confirms the validity of the right-hand side estimate in (2.26).
In the other direction, by (2.45) (f, 1) = > ¢ (f; S710¢)(6¢,1,;) and hence

712 < el ((F ey = e (47,5706 06 w) ||,
fex

< clBllecay—eca [ ((F ST |y ey < el ((F,870)) ||

Thus B3 is established.

Finally, observe that if f € &' and ((f,S7'6¢)) € £(X), then by Lemma 2.8
F:= de)((f,S_ng)QE € L. Sinceg = Egex(g75_195)9§ forg € Hand S C HNL
is dense in L, then F' = f. The proof of Theorem 2.7 is complete. O
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3. NEW BASES FOR MODULATION SPACES

Here, we employ our scheme from §2.2 to the construction of bases for the mod-
ulation spaces MP:9. We shall build upon the Wilson basis which is a basis for the
modulation spaces.

3.1. Modulation spaces: Background. We first introduce some standard nota-
tion. The translation and modulation operators of a function f on R™ are defined
by

(3.1) T,f(z):=flx—y) and M,f(z):=e*™"f(z), z,y,weR"

By duality T, and M,, extend to the space of tempered distribution S
For g € L?(R"), the short-time Fourier transform of a function f € L?(R") with
respect to g is defined by

(3.2) Vof (@, w) == (f, MyT:g) := A F(B)g(t —z)e ™ dt.
The definition of V, f extends to distributions f € S as long as g € S the class of
rapidly decreasing test functions.

Definition 3.1. Let vs(z,w) := (1 + |z| + |w|)®, s > 0, and suppose that m > 0 is
a weight function on R%™ obeying
(3.3) m(xy + xo, w1 + wa) < cvg(xy, wr)m(ze, ws).

Assume 1 < p,q < oo and g € S, g #0. The modulation space ME:1 = MP:2(R™)
is defined as the set of all f € S such that

(34) I/ lasge o= (/R” (/Rn Vo f(z,w)[Pm(z, w)? dx)q/p dw) Ha < 00

with the standard modification when p = 0o or ¢ = co.

Observe that MP:9 is a Banach space and its definition is independent of the
particular selection of the window function g € §. For the theory of modulation
spaces, we refer the reader to [8].

3.2. Wilson bases. For any window function g on R and constants o, 3 > 0, the
countable collection

g(gaa7ﬁ) = {MﬁlTakg : k7l S Z}
is called a Gabor system.

Definition 3.2. Given a window function 1, assume G(¥,5,1) C L*(R). Then
the Wilson system W(v) is defined by

W) := {1 : k € Z,j € No},
where i 0 =Ty, k € Z, and
Urg =27 2Ty (M + (-1 M_5)9,  (k,j) € Z x N,
Daubechies, Jaffard and Journé [1] have constructed an exponentially decaying
window function ¥ (|¢(z)| < ce 7%, |)(€)| < ce7IEl) such that W(¥) is an or-

thonormal basis for L%(R). In what follows, we shall assume that W(¢) is the
exponentially localized Wilson basis from [1].
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Using tensor products one easily constructs an orthonormal basis for L?(R™).
Namely, for k = (k1,...,ky) € Z" and j = (j1,...,Jn) € Njj, set

G (@, ) = [ [ no. (@)
=1

Then the multivariate Wilson system, defined by
(3.5) W() :=={vn,; - k€ Z",j € Ng},

is apparently an orthonormal basis for L?(R™).
For later use, we observe that for £ € Z", j € Njj,

Y i(x1,. ., T0) = HT% (M] + (_1)ki+jiM7ji)w(xi)
i=1

(3.6) =a; Y H(_1)ki+ﬁT%MM¢(xi)
5;e{—1,1} i=1
= aj Z 5k+jT§M§j¢*($),
de{-1,1}»
where ¢*(x) := ¥(z1) - - Y(zy), 65 := (6171, -,0nln), and 0 < a; < 1.
As is shown in [4], the Wilson basis is also an unconditional basis for the modu-
lation spaces. Moreover, the membership of a tempered distribution f in MZ:? can

be characterized completely by the size of the coefficients (f, ¢ ;), (k,j) € Z™ x Nj.
The associated sequence space

01 = (P9 (7" x Njy)
is defined as the set of all sequences h = (hg,;) (k. j)ezn xny such that
. /p\1/
Il s= (D [ D lhwglPm(k/2,§)7]"7) " < oo
JEND kezn

with the usual modification when p = 0o or ¢ = co. Note that ¢2:9 is a Banach
space.
The characterization of modulation spaces via the Wilson basis reads as follows.

Theorem 3.3. [4] Let 1 < p,q < oo and suppose that W(1p) is the Wilson basis,
described above. Then there exist constants c1,ca > 0 such that for every f € MP:4

el fllazs < N Yr)hgllens < call fllaze-
Moreover,

F= > (ki) e

(k,j)EZ™ XNE

where the series converges unconditionally in the M2:%-norm if p, ¢ < oo and weak*

n Mlofvoo otherwise.

We refer the reader to [4], [8] for a detailed account of Wilson bases.



16 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

3.3. Construction of new bases. Let ¢)* (see (3.6)) be the exponentially local-
ized function which generates the Wilson basis W(¥) = {¢y; : k € Z",j € Nd}.
Given s > 0, fix an integer M > 2n + s. Evidently, there exists a constant ¢* > 0
such that

*

c
3.7 %™ < —— <M
(3.7) | w(x)|—(1+|x\)M’ o] < M,
where as usual 9% := (a%l)a1 --~(8%1)°‘" and |a| =01 + -+ .

For “small” € > 0 (to be determined later on), we construct a function 6 of some
desired form or properties satisfying

(0% * (03 € n
(3.8) |0%™ (z) — 0 9($)|§W7 z€R", |ao| <M.
In analogy to (3.6), we set
(3.9) Opj(w) i=a; Y T MyTib(x)
se{—-1,1}"

and define the new system © by
(3.10) ©:={0y,:keZ",jeNy}.
The main result in this section reads as follows.

Theorem 3.4. (a) For a sufficiently small ¢ the system © (with dual © := {0} ;})
is a Riesz basis for L*(R™).

(b) For perhaps a different sufficiently small € > 0 the system © (with dual ©)
is a unconditional basis for MP:1, 1 < p,q < oco. In particular, for every f € M4

F= > (£0k)br

(k,j)EZ xNB

where the convergence is unconditional in the MP:?-norm and

crllfllags < NCF Brs) )i

Before proving the theorem, we digress briefly and discuss the construction of
functions 6 which satisfy (3.8). Such constructions have been given in [13], where
additionally # has a number of vanishing moments which makes the construction
more complex. To avoid unnecessary repetition we refer the reader to [13]. In par-
ticular, in [13] it is showed that if ¢ is sufficiently smooth and

0°6()] < e(1+[2])™™, Ja| < N,

for sufficiently large M’ and N’, then using a finite linear combination of shifts and
dilates of ¢ one can construct # that satisfies (3.8). For instance, for any ¢ > 0
there can be constructed a function 6 satisfying (3.8) which is a linear combination
of finitely many shifts of ¢(-) := e 71" or ¢(-) := (1 + 4] - 12)=N with N,y > 0
sufficiently large, or 6 can be a compactly supported piecewise polynomial (spline)
on R™. See also the relevant discussion in §4.4 below about the construction of
compactly supported C* function of the same type with vanishing moments.

e < el fll gz

Proof of Theorem 3.4. We shall utilize the scheme for constructing bases from §2.2
and, more precisely, Theorem 2.4 with H := L*(R"), L := MP;9, and £(X) := (B2
where X :=Z" x Nj. Denote

(3.11) A = (a(k,j),(1:m)) (kj) (Lim)ezn xNn - With @k jy (1.m) = (Ok j, Y1,m), and
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(312) D= (dk,j),0m) (b ),tmyezr xNg s Qg m) = Yk, = Ok g, Y1m)-

Following Theorem 2.4 we need to show that the operators with matrices A and
AT are bounded on £2 := (2(Z™ x N%) and on ¢;9, and also that

(3.13) ID|2mr < 1, IDT || 2mre < 1,
(3.14) IDllzyame <1, DT [lgpaps < 1.

To this end we need some preparation. We shall use the next lemma to estimate
the inner products (0x j, Yi.m), (Vr; — k.5, Vi,m)-

Lemma 3.5. Suppose that f, g are defined on R™ and for x € R" and o € N} with
la| < M we have

*

o - C o e €
(315) 10 @) 1079(@)| < par and 10°F(@) = 9°0(a)| <
Then for all x,w € R",

(3.16) Vo(f = 9)(@,w)| < =

(L +Jaf + [w))M’
where ¢ > 0 is independent of .

Proof. Conditions (3.15) with a = (0,...,0) readily imply

Vol = 9wl = | [ (50 - g(0)giE— e ot

(3.17) gt e

= / A DA+t —2)™ = A+ 2™

On the other hand, using Parseval’s identity, we have

Vit =)l =| [ (=N Oote =) () e

(3.15) —| [ 7 - stene g wyag]
< [ 1a@ate +w) - e+ w de.

Here f(£) := Jg f(x)e™?™ = Edx. By the fact that (1 + [¢[)M < ¢ o< €] and
(3.15) we infer

L+ 1EDM]3(6) — FOl < ¢ 3 Ie(3(©) - F(€)
|| <M
<c Y 590 - ) <c Z/ 0°g(t) - 0% F(0)] it
la|<M la| <M

1
< ca/ ——dt < ce.
re (14 [¢)M

Therefore, |§(€) — f(£)| < ey Exactly in the same way, lg(&)] < e
Combining these two estimate with (3.18), we obtain for z,w € R”

1 ce
e I o (e e R e

This estimate and (3.17) apparently yield (3.16). O
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We can now estimate the inner products under question.

Lemma 3.6. For all (k,j),(I,m) € Z" x N} we have

C
( ) ‘< k,j wh >| (1+|k—l|+|j—m‘)M
and
ce
(3.20) (k5 = Ok,js Yim)| <

(Lt [k =1+ 17 = m)M
where ¢ > 0 is independent of €.

Proof. We shall only prove (3.20); the proof of (3.19) is the same. It is easy to see
that

(M.T, f, MyTog) = e >V, f(w —yw—2),  x,y,w,z € R".
Then by (3.6) and (3.9) it follows that
[(Vrj = Okjs Yim)| = |ajam 8y OLT My, T (v — 0), My Tu ™)
2 2
517526{—171}"

Z Vi (0" = 0)(1/2 — k/2,69m — 617)]

01,00€{—1,1}n

IN

and applying Lemma 3.5 we obtain

ce ce
=, < : + .
s = O )| e =™ T @ R+ G+ )™
ce
< . ,
I+ [k =1 +17 —m)M
where for the last inequality we used that |j +m| > |j — m| if j,m € Nj. ]

We are now in a position to estimate the norms of A, AT, D, DT on 9 and
2. To this end we shall use the following inequality (see [8]): If b = (by ;) € €3
and h = (hy, ;) € €59, then

(3.21) 6% Allege < ellbll o [le,

where the discrete convolution b * h is defined as usual by

(b * h)k’j = Z bk—l,j—mhl,m-
I,m

To prove the boundedness of A on ¢£:9, we observe that from (3.19) we have
|k, ), m)| < k-t j—m for (k,j),(I,m) € Z" x N,

where by ; 1= W Hence, for any sequence h = (hy ;)

= | Za(k,j),(z,m)hz,m} < Czbk—l,j—mlhl,m| =c(b* |h|)k;-

lm lm

(AR5

But, it is easy to see that [|(bg,;)|[,1.1 < ¢ < oo since M > 2n +s. Consequently, by
(3.21) we have for h = (hy ;) € 2

| ARl o < cllbll s lBllage < cllllgo

Vs

and hence ||Al[gp.a, 4ra < ¢ < 0o. To proof the boundedness of A on ¢? is easier.
We omit the details.
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Exactly as above, we get
HDHEﬁ{qr—»lﬂ;q < cg,
where the constant ¢ > 0 is independent of €. Hence, for sufficiently small ¢ >
0 we have ||D||ma,_ma < 1. By the same token, for sufficiently small ¢ > 0
DT g0 ppia < 1, | Dl|g2impz < 1, and ||DT||p2¢2 < 1. In turn, these inequalities

lead to the boudedness of A~! and (A=HT on 27 and ¢2. Finally, we invoke
Theorem 2.4 to complete the proof of Theorem 3.4. (]

4. FRAMES WITH ELEMENTS SUPPORTED ON SHRINKING CAPS ON THE SPHERE

In this section we utilize the scheme from §2.3 to the construction of frames for
Triebel-Lizorkin (F) and Besov (B) spaces on the unit sphere S™ in R"™! (n > 1)
of the form {f¢}cex, where X' = U2 (X is a multilevel index set of points on S"
and for £ € X; the frame element 6 is supported on a spherical cap of radius ~ 277
centered at £&. The F- and B- spaces on the sphere are introduced and explored in
[20] as a natural progression of the Littlewood-Paley theory on S™. These spaces are
also characterized in [20] via frames with elements of nearly exponential localization,
called “needlets”. We next give a short account of the development in [20], which
we shall build upon.

In contrast to §3 it will be convenient in this section to define the Fourier trans-
form f of a function f on R by f(£) := Je f(y)e~evdy.

4.1. Spaces of distribution on the sphere: Background. Denote by H, the
space of all spherical harmonics of order v on S"™. As is well known the kernel of
the orthogonal projector onto H, is given by

v+ A
(1) Pu(m) =4

n—1

PVE ), A==

where w,, is the hypersurface area of S™ and P,E)‘) is the Gegenbauer polynomial of
degree v normalized with PV (1) = (¥T2A71); €-n is the inner product of £, 1 € S™.

Let S := C°°(S™) be the space of all test functions on S™ and &’ := §'(S") be its
dual, the space of all distributions on S™. The action of f € S’ on ¢ € S is denoted

by {f, ) = f(9).
For functions ® € L>®[—1,1] and f € L'(S™) the nonstandard convolution ® * f

is defined by
©4f(©) = [ B(E V(o) dor

where the integration is over S™, and it extends by duality from S to S'.
To define the Triebel-Lizorkin and Besov spaces on the sphere, one first intro-
duces a sequence of functions {®;} of the form

oo
A v .
(4.2) ®y:=Py and @;:= Z;)a(%_l)l:’y, Jj>1,
with @ obeying the conditions:
(4.3) a € C*[0,00), suppa C [1/2,2],
(4.4) la(t)| >ec>0 ifte[3/5,5/3].

Hence, ®;, j =0,1,..., are band limited.
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Definition 4.1. Let s € R, 0 < p < 00, and 0 < g < oco. The Triebel-Lizorkin
space Fy?:= F;9(S") is defined as the set of all f € S" such that

where the £2-norm is replaced by the sup-norm if ¢ = oo.

(4.5) /]

< 00,
Lr(S™)

We note that as in the classical case on R" by varying the indexes s, p, ¢ one can
recover most of the classical spaces on S™, e.g. F192 =LP(S")if 1 < p < 0.

Definition 4.2. Let s € R and 0 < p,q < co. The Besov space By? := By4(S"), is
defined as the set of all f € 8" such that

e o]

Bg1 = (Z (23j||(1)j * f||Lp(Sn))q) v < o0

Jj=0

(4.6) /1

with the usual modification when q¢ = oo.

Remark. Observe that the above definitions of Triebel-Lizorkin and Besov spaces
are independent of the specific selection of G. For more details, see [20].

We refer the reader to [21] and [27] as general references for Triebel-Lizorkin and
Besov spaces.

4.2. Frame on S™ (Needlets). In this part we slightly defer from [20]. Let a
satisfy the conditions

(1) a € C*0,00), G>0, suppaC[1/2,2],
(4.7) (i) a(t) >e>0, ifte(3/5,5/3],
(i3i)  a*(t) +a*(2t) =1, ifte[1/2,1]

and hence,
(4.8) Y a2t =1, tell, ).
j=0

We select jo > —2 so that 270+1 < )\ < 202 (A= "T_l) and define the kernels
{\I/]} by \Iljo = PO and

— . (V+ A C
(49) \Ifj = Za( 57 )Pl,, 7> Jo-
A Calderén type reproducing formula follows from (4.8)-(4.9): For any f € &'
(o)
(4.10) F=) WU f inS.
J=Jjo

As in [20] (see also [19]) there exist a set X; C S (j > jo) and weights {c¢ }ecx;
such that the cubature formula

(4.11) (0)do ~ Y cef(€)
sn ceX;

is exact for all spherical polynomials of degree < 27*!. Here, in addition, ce ~ 2-Jin
and the points in &) are almost uniformly distributed, i.e. there exist constants
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c2 > ¢1 > 0 such that Be(c1277) N B, (c1277) = 0 whenever £ # n, £,n € X;, and
S™ = Ugex, Be(c2277), where Be(r) := {n € S" : d(n, &) < r} with d(n, &) being the
geodesic distance between 1,& on S™.

The jth level needlets are defined by

(4.12) ve(@) =P W€ w), Ee
and the whole needlet system by
(4.13) U= {1/)5}5695, where X := Ujo‘ijoXj-

Here equal points from different levels X; are regarded as distinct points of the
index set X.

By discretization of (4.10) using cubature formula (4.11) one arrives at the rep-
resentation formula: For any f € S’

(4.14) F=> (fie)pe in 8.
fex

The same representation holds in L? for functions f € LP(S™) as well.

The key feature of the functions )¢, £ € X, is their superb localization: For any
M > 0 there exists a constant cp; > 0 such that

2jn/2

(1+27d(&, @)™
where as mentioned above d(§,7) := arccos(§ - 7).

We next define the sequence spaces f,7 and b associated to X', where for § € X},
G¢ denotes the spherical cap Be(c2277), introduced above.

(4.15) [Ve ()] < em r eSS,

Definition 4.3. Let s € R, 0 < p < 00, and 0 < ¢ < oo. Then f;9 := f1(X) is
defined as the space of all complex-valued sequences h := (h¢)ecx such that

o= (X e 2mee,01) |

fex

(4.16) A <

Lr

with the usual modification for q¢ = oo. Here |G| is the measure of G¢ and 1g, is
the characteristic function of Ge.

Definition 4.4. Let s € R, 0 < p,q < 0o. Then by? := b3?(X) is defined as the
space of all complez-valued sequences h := (hg)ecx such that

psd 1= (i [Qj(s+n/2fn/p)< Z |h£‘p)1/p]q)1/q =

m=0 fex,

(4.17) Ik

with the usual modification when p = oo or ¢ = o0o.

Observe that f92 = b2 = ¢2(X) with equivalent norms.
The main result here asserts that ¥ is a frame for Triebel-Lizorkin and Besov
spaces on the sphere in the sense of the following theorem.

Theorem 4.5. [20] Let s € R and 0 < p,q < co.
(a) If f € 8, then f € FJ9 if and only if ((f,v¢))eex € f3?. Furthermore, for
any f € Fj4

(4.18) F= (fie)be and |f]

fex

e ~ IS ¥e))

sq.,
p
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(b) If f €S, then f € By if and only if ({f,¢))ecx € byI. Furthermore, for
any f € Bp?

(4.19) F=Y (fveve and | fllsg ~ [((f, 0l

fex

The convergence in (4.18) and (4.19) is unconditional in F;? and B,?, respectively.

Remark 4.6. A word of clarification is needed here. First, the result of The-
orem 4.5 above is stated and proved in [20] for a pair of dual frames {p¢} and
{t¢}. Here we need it in the case when ¢¢ = t)¢. Second, in [20] it is only stated
that the series in (4.18)-(4.19) converge in &', but it is allowed to have p = 0o or
q = oo. It is easy to see that when p,q < oo the boundedness of the operator
Tyh = dex hetpe as an operator from f79 to Fj? or from by? to B,?, proved in
[20], implies that the series in (4.18) or (4.19) converge unconditionally in F;¢ or
B, respectively. However, this is no longer true if p = oo or ¢ = oo since § is not
dense in FJ9 and B,? in this case.

4.3. Construction of new frames. Our construction of frames for the Triebel-
Lizorkin and Besov spaces on the sphere relies on the general approach from The-
orem 2.7.

Suppose a is the function from the definition of needlets in (4.7) and let us
denote again by & its even extension to R, i.e. a(—t) = a(t). The inverse Fourier
transform a of a is then real valued, even, and belongs to the Schwartz class S of
rapidly decaying functions on R. For given M > 1, an integer N > 1, and € > 0,
we construct an even function b € C*°(R) obeying the following conditions:

(7) suppb C [-R, R] for some R > 0,

(4.20) (i) o) =@ <e(1+t)™ for0<r<N+n-1,

(i) /trb(t)dtzo for 0<r<N4n-—2.
R

Note that the Fourier transform b of b is even and belongs to S. A scheme for
constructing this sort of functions b will be given below.

Just as in the construction of needlets we shall use X' = U2, X; (see (4.13)) as
an index set as well as a set of localization points for the new elements. For each
&€ € X; (j > jo) we define the function 6¢ on the sphere by

(4.21) Oc () = ci? Zé(”; A)Pu(g z), A= (n—1)/2,
v=0

and then © := {f¢}scx is our new system on S™.
With the next theorems we show that for appropriately selected parameters M,
N, and €, © is a frame for the F- and B- spaces with the claimed support property.
Let J := n/min{l,p,q} in the case of F-spaces and J := n/min{1,p} for
B-spaces.

Theorem 4.7. Suppose s € R, 0 < p,q < 0o and let © := {O¢}ecx be constructed
as above with b satisfying (4.20), where M > J and N > max{s,J —n — s,1}.
Then for sufficiently small € > 0 the system © is a frame for the spaces L*(S™),

F34, and Bp? in the sense of Definition 2.5. In particular, we have:
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(a) The operator
(4.22) Sfi="> ([, 0¢)0e,
fex

where (f, 0§> = D pex (frn) (U, ), is bounded and invertible on L2(S™), F3,
B3?, and S~ is also bounded on L*(S™), F3¢, B3?, and

(4.23) ST = (f,5710e)S 0.
fex

(b) If f € 8', then f € F3 if and only if ((f,S™'0¢)) € f59, and for f € F31

(4.24) f= (£.8710c)0c and |flgge ~ I1((F. 5710 3o
fex
(c) If f € 8', then f € B3 if and only if ((f,S™'0¢)) € b3?, and for f € B3?
(4.25) F=Y (f,50)0e and || fllpz ~ [((f, S 0))lnze-

fex

The convergence in (4.22)-(4.25) is unconditional in the respective space L, F37,
or B34, Above, (b) and (c) also hold with the roles of 0 and S~'0 interchanged.

Moreover, for any § € Xj, j > jo, the element 8¢ is supported on the spherical
cap B¢(R277), where R > 0 is the constant from (4.20).

Several remarks are in order:

(a) Atomic decompositions are available for various spaces and in particular for
Triebel-Lizorkin and Besov spaces on R™ (see [6]). Theorem 4.7 provides atomic
decompositions for Triebel-Lizorkin and Besov spaces on S™. These atomic decom-
positions have the advantage that they involve atoms from a fixed sequence ©, while
in general the atoms in the atomic decompositions may vary with the distributions.

(b) Note that the function b € C* from our construction is not necessarily
compactly supported. As long as b satisfies conditions (ii)-(iii) in (4.20) it will
induce a frame for the F- and B-spaces on S™. In addition to this the nature of b
or b can be prescribed, e.g. b or b can be a low degree rational function or a linear
combination of a small number of dilations and shifts of the Gaussian e~t".

(¢) We would like to point out that the elements of © are essentially rotations
and spectral dilations of a single function supported on a cap on the sphere and
hence bear some resemblance with compactly supported wavelets.

We start with the construction of a function b obeying (4.20). Then we shall
carry out the proof of Theorem 4.7 in several steps. The gist of the proof will be
the interplay between the spherical harmonics and the classical Fourier transform
related by the Dirichlet-Mehler representation of Gegenbauer polynomials.

4.4. Construction of b. A first step in constructing the frame {6¢} is the con-
struction of a function b satisfying conditions (4.20), which we give in the next
theorem. As will be seen this construction allows to prescribe the nature of b or b.

Theorem 4.8. For given M > 0, N > 1, and e > 0, here exists an even real valued
function b € C*° which satisfies conditions (4.20).
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Proof. The construction of a function b with the claimed properties follows the
same lines as in the proof of Theorem 4.1 in [13]. Therefore, we shall only outline
the main steps in this construction.

We pick an even function ¢ € C*such that supp ¢ C [—1,1] and fR ¢ =1. Write
¢r(t) == ko(kt) and denote by Py, the set of all finite linear combinations of shifts
of ¢, i.e. functions g of the form g(t) = > a;¢x(t + b;), where the sum is finite.

We first show that for every ¢ > 0 and an even (or odd) function h € C* there
exist k > 0 (sufficiently large) and an even (or odd) function g € ®;, such that

(4.26) W (1) — gD (@) <e(1+ [thM, teR, r=0,1,..., Ny,
where Ny := N +n — 1. Indeed, define gj, := h * ¢y. Since [, ¢r = 1, then
WO(t) — g\ (1) = / R (t) — KO (t =)ok (y)dy

R
and taking k sufficiently large one easily shows that

(4.27) () — g (0)] < (e/2)(1+ )™, teR, r=0,1,...,N,.

Notice that gy is even (odd) if h is even (odd).
To discretize the approximant g we first observe that since h € S, there exists
R > 0 such that

(4.28) IWO@) <e(+ )M, |t|>R, r=0,1,...,Np.
Now, we choose sufficiently large S > 0 so that J := SR is an integer and consider
the points t; := jfsl/z, j=1,...,J,and t; := j+51./2, j=-1,...,—J. We define
gt) =871 > h(t;)é(t—t)),
—J<5<J,j#0

which can be viewed as a Riemann sum for the integral f}f h(y)ér(t —y)dy. Notice
that gx(t) = [z h(y)dr(t — y)dy. As in the proof of Theorem 4.1 in [13], one easily
shows, using (4.27)-(4.28), that for sufficiently large S this function satisfies (4.26).
In addition to this, evidently g is even (odd) if & is even (odd) and g € Py,

Our second step is to utilize the result of the first step to construct the desired
function b. Consider the shift operator T5f(t) := f(t + §). Then the sth centered
difference is defined by Ajf := (Ts —T_5)°f and it is easy to see that its Fourier

transform satisfies (A5 f)"(£) = (2isind&)* ().
We choose s := Ny and 0 < § < 1/s, and define the function h from the identity

h(€) := % Since @(&) = 0 for € € [~1/2,1/2], then h € S and hence h € S.

Further, since @ is even, then h and h are even (odd) if s is even (odd). Moreover,
by the construction a = Ajh. We now use the result of the first step to construct
a function g € @, such that g satisfies (4.26) with i from above.

After this preparation, we define b := Ajg and claim that b has the desired
properties. Indeed, note that a(™ — b(" = A3(h(") — g(") and by (4.26) we infer

(4.29) la™ () — b ()] < e2MA + [t)™, r=0,1,...,No.
On the other hand

/trb(t)dt:/tmgg(t)dtz (—1)s/g(t)A§trdt:0, P= 01,5 1.
R R R
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Also, note that b := Ajg is even if g and s are both odd or even and evidently
b € @, and hence b is compactly supported. We finally observe that since ¢ is
independent of M and s the factor £2°+™ in (4.29) can be replaced by e. (]

4.5. Almost diagonal matrices. To show that the new system © := {6 : { € X'}
is a frame for Triebel-Lizorkin and Besov spaces we shall use Theorem 2.7 with
L := F39(S™) or B34(S™) and £(X) := f59(X) or b3?(X), respectively. Then L*(S")
is the natural selection of an associated Hilbert space. By Theorem 2.7 it readily
follows that © is a frame for F};¢ (or B?) if the operators with matrices

A = (agq)emex, g = (¥, Ve),

B := (ben)emex be,y = (O, Ye),
(4.30) C = (cem)emen; Cen = (U, be)

D= (den)enex,  dem = (s P — be),
E := (e¢n)emex, een = (Yn — On, ve),

are bounded on f;9 (or by?), and [[D||sse,psa < €, [|E[[ g5, 550 < € (vespectively,

D
In analogy with the classical case on R™ (see [6]), we shall show the boundedness

of the above operators by using the machinery of the almost diagonal operators.
It will be convenient to us to denote

(4.31) &) =277 for €€ X, j>jo.

pstbst < €, [ Ellpsayea <€) for sufficiently small e.

Evidently, £(£) is a constant multiple of the radius of the cap Ge.

Definition 4.9. Let A be a linear operator acting on f;4(X) or by!(X) with asso-
ciated matriz (agn)encx. We say that A is almost diagonal if there exists 6 > 0
such that

|agy|
sup
EnEX W§ (57 77)

with J :=n/min{l,p,q} for ;7 and J := n/min{l, p} for by?.

The almost diagonal operators are bounded on f;? and b;?. More precisely, with
the notation

< 00,

where

|agy|
4.32 Alls := sup ———
( ) ” ” EneXx wé(fﬂ?)

the following result holds:

Theorem 4.10. Suppose s € R, 0 < g <00, and 0 <p < o0 (0 < p < o0 in the
case of b-spaces) and let ||A|ls < oo (in the sense of Definition 4.9) for some § > 0.
Then there exists a constant ¢ > 0 such that for any sequence h := {he}tecx € It

(4.33) [AA][ g0 < cl[Alls]IAll g5e,



26 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

and for any sequence h = {h¢}ecx € bp?
(4.34) [AR|[pzs < cl|AllsllAlpze-

The proof of this theorem is quite similar to the proof of Theorem 3.3 in [6]. For
completeness we give it in the appendix.

The above theorem indicates that to prove that © is a frame for F;¢ (or By?) it
suffices to show that the operators with matrices A, B, C, D, and E, defined in
(4.30) , are almost diagonal and

(4.35) IDlls <e, |E[s<e

for a fixed § > 0 and sufficiently small € > 0.

4.6. Representation and localization of kernels. Estimation of supp 6.
Kernels of the form

A
(436)  An(en) =Y 9(5 )P, Enest, N2,
v>0

will play an important role in the proof of Theorem 4.7. Here as everywhere else
P, and A are from (4.1).

Lemma 4.11. For an even function g € S the kernel An from above has the
representation

Cn " A-1
. so) = S o — cos <a<
(4.37) An(cosa) (sina)”*z/a (cosa—cosp) " Kn(p)dp, 0<a<m,
where
d

_ _1\v(n—-1) -
(4.38) Kn(a) (7r/2)NV§ez:( 1) Rn( da>g(N(a+27ru))
with

— 2y 2 —zsin A\w, n even
(4.39) R, (z) := li[l (=2 (A=7r)%) x { COS AT, n odd

and ¢, > 0 depends only on n.

This lemma is in essence contained in [19], see Proposition 3.2. For completeness
we give its proof in the appendix.

We next give an estimate of the localization of the kernels Ay from (4.36) pro-
vided g and its derivatives are well localized.

Lemma 4.12. If g € C" (R) is even and

A
for some constants M > 1 and A > 0, then
cAN™
4.41 A < <a<
(441) An(eosa)] < o OSasw

where ¢ > 0 depends only on M and n.
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Proof. We use (4.40) and that R, (z) from (4.39) is a polynomial of degree n —1 to

obtain
Nl cAN™
K < cAN < .
B (a)l < e %(1+N|a+2w1/|)M = 1+ Na)M

Now, precisely as in [19, §3.4] one shows that the above estimate used in (4.37)
yields (4.41). We skip the details. O

Lemma 4.13. For every £ € &}, j > jo, O¢ is supported on the spherical cap of
radius R277 centered at &, where R is from (4.20), (4).

Proof. Let £ € Xj, j > jo. Then by the definition of 6, in (4.21) along with
Lemma 4.11, we have

Cn

/{:(cosqﬁ —cos ) K (p)dyp, € x =:cosd,

where

Kjp) 1= (n/2)eg/ "2 3 (1) " DR (2 )02 (o + 2m0).
vEZ
By construction suppb C [—R, R] and, hence, supp K; C [-R277, R277] whenever
R277 < 7. This and (4.42) apparently lead to supp ¢ C B¢(R277). The case when
R277 > 7 is trivial. O

4.7. Estimation of inner products. We shall need an estimate on the localiza-
tion of the convolution of two well localized functions. In the following, for a given
function g on R we denote g;(t) := 27g(27).

Lemma 4.14. Suppose the functions g € CN(R) and h € C(R) satisfy the condi-

tions: A
” 1
‘9( )(t)| < W, 0<r <N, |h(t)<

Ay
(1 + [¢))M="
and
/tT'h(t)dt =0 for0<r<N -1,
R

where N > 1, My > My, My > N + 1, and Ay, Ay > 0. Then for k > j
, 27

sk hi(t)] < cAj A2 RN 2
lgj * hie(t)] < cA1 Az R

where ¢ > 0 depends only on My, My, and N.

The proof of this lemma is almost identical to the proof of Lemma B.1 in [6] and
will be omitted. The only difference is in the normalization of the functions.

We now come to the main lemma which will enable us to estimate the inner
products involved in (4.30). For simplicity, in the following we assume that g, h € S.
Then their Fourier transforms g, h € S as well, with S being the Schwartz class.
For £ € X;,7 > jo, and n € Xj,, k > jo, we define

(143) Gelw) = e* 3o (VSR Puten), Hylw) = el S h(52)Puta),
v=0 v=0

where c¢, ¢, are from (4.11).
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Lemma 4.15. Suppose g,h € S are both even and real valued,

A A
4.44) |¢Mm )| < —L M) )] < —=2 <m<N+n-1
(4.44) |g (t)l_(H‘ﬂ)M and |h (t)I_(1+|t|)M, 0<m<N+n-1,
and
(4.45) / 1 g(t)dt = / Fh)dt =0, 0<m<N+n—2,
R R

where N > 1 and M > N + 1. Then for § € X; and n € X},

) o -M
(4.46) [(Ge, Hy)| < cAr A2~ W/IOV0/2) (1 4 gminli R (g, ) )
where ¢ > 0 depends only on N, M, and n.

Proof. Assume that k > j and let £ - =: cosa, 0 < o < m. Then using that
[ Pule-aPule - a)do = ,0Pu (€ )

ce ~ 27 if € € X;, and ¢, ~ 27K if ) € X, we have

oo

(Gerty) ~ 20008 3L LR (R Pute ).
It is easy to see that .
Q(V;)\ﬁ(y;/\) = (g5 * hi) (v +A) = (g hg—j)" (V;L%)

On the other hand,
(g% hie—)™ (1) = (g™ * hy—j)(1)
and therefore, by Lemma 4.14,
A1A22_(k_j)N
s he ™) < 0—7

‘We now invoke Lemma 4.12 to obtain

0<m<n-—1.

9in 9= (k=j)(N+7%)

—— < cAjAyg——————.
(1+2ia)M — (14 2ia)M
Proof of Theorem 4.7. Evidently, Theorem 4.7 will follow by Theorem 2.7, applied
with H := L?(S"), L := F3% and ((X) := f57 (or L := By? and £(X) := b3?), and
U the frame from Theorem 4.5, if we prove that the matrices defined in (4.30) are
almost diagonal and ||D||s < ¢ , ||E||s < ¢ for some ¢ > 0 and sufficiently small ¢
(see (2.31)).

Here, we only give the argument regarding the estimate ||D||s < ¢; the proof of
the estimate ||E||; < € is the same. By the definition of the needlet ¢ for £ € X
(j > jo) we have

(Ge, H,)| < cA; Ay2~ (k) 59— (k—j)N

oo

Ve(w) = cé”Z&(”;A)Py(w)-

v=0
Since @ € C*° is compactly supported and a(t) = 0 for ¢t € [-1/2,1/2], there exists
a constant A; > 0 such that

a0 < A1+ )M, 0<r<N+n—1, and /t’“a(t)dt —0, r>o0
R
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On the other hand, from the definition of ¢ in (4.21) it follows that

dn(z) - chZ 0 (a2 )Puln 1), e A,

and from the construction of b we have
a—b)" @) <e(t+]t)™, 0<r<N+n-1, and

/tr(a—b)(t)dt:O, 0<r<N+n-—2
R

We now apply Lemma 4.15 with ¢ = a and h := a — b to obtain

WEGRION den) N\
oty =01 < cmemnd 78 55 ) (14 s )
and since M > J and N > max{s,J —n — s}, we get ||D||s < cAie. However, ¢ is

independent of ¢, Ay, M, and N, therefore, cA1e above can be replaced by e. [

5. APPENDIX

Proof of Theorem 4.10. We need the maximal operator on S". Denote by G the set
of all spherical caps on S™, i.e. G € G if G is of the form: G := {z € S™ : d(z,n) < p}
with 7 € S™ and p > 0. The maximal operator M; (t > 0) is defined by

1/t
M f(z):= sup (1/|f(w)|tdw> , zEeS™
ceg:zec \ |G| Ja

We shall use the Fefferman-Stein vector-valued maximal inequality (see [26]): If
0<p<o0,0<g<o0,and 0 <t < min{p, g}, then for any sequence of functions
fl,fg,. .. onS"

(5.1) [ o)™

Jj=1

Lp

<o (S 00) "

where ¢ = ¢(p, g, t,n).
The next lemma will also be needed.

Lemma 5.1. Let 0 <t <1 and M > d/t. For any sequence of complex numbers
{hp}tnex,,, m >0, we have for x € Ge, £ € X,

M 4
Z |7y <1+m{€((§)n)()}> gcmax{<§§2;> ,1}Mt( Z |h77\]l,,)(x)

nNEXm nNEXm

When £(§) < ¢(n), this lemma is Lemma 4.8 in [20]. The proof in the case
£(&) > £(n) is similar and will be omited (see also Remark A.3 in [6]).

We shall only prove estimate (4.33). The proof of (4.34) is similar and we omit it.
Let A be an almost diagonal operator on f;¢ with associated matrix (ag, )¢ nex and
let h € f;¢. Then (Ah)e = Znex agnhy,, where the series converges absolutely (see
proof below). Then

AR 0 = H (EZX“GES/n1/2|(Ah)£|1G§]q)1/q’
S

Lr

IN

(Sl taliaiie?) |, < e+ 52,

fex nex
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where

1/q
2= (Mo Y laglibale]?)"|| s
cex £(n)<L(§)
1/q
Yo = H(Z[f(f)*rn/z Z |a§n”hn|]lGa]q) HLP'
gex £(n)>£(&)

Since ||Alls < oo , we have whenever £(n) < £(£)

T —s—n/2+65/2 -J—6
lagy| < cA||5(§§g> (1 i d;f;”) |

Choose 0 < t < min{1,p, ¢} so that J —d/t+6/2 > 0. Let Az := é(g)’s’"/Q]lgg.
Then we have

an <SS G )T )’

£eX  L(n)<L(€)

~(Z X (L 2umeesd 3 rvden) i)

J>0€€X; m>j NEX

Lr

Q=

e

We now apply Lemma 5.1 and the maximal inequality (5.1) to obtain

|il < (XX (X2 (Y mha)re)’) |
b j>0€ex; m>j nE Xom Lp
<o (S (3 20m e S halnn))')
j=>0 m>j nEXm L
1
<df| (22 (20X 1rehne))) [, < el
7>0 £ex;

If ¢(n) > £(£), then

jacs| < c||A||5(j§§§)”d/ e 2<1 N d(Eﬂ?))_J_‘S

and hence

AR <l (S0 (o) GG )’

gex L(m)>L(8)

(S T (T amoesen 3 (1 27dem) 7 lre) )

i>0£€X, m<j NEXm

Lp

e
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Employing again Lemma 5.1 and the maximal inequality (5.1) we obtain

2 (m—7)(s+5+%) ay &
<c 9(m—j 2+9) 0/ 1By [x0n) A
s = NS (2 (X mhan)') ',
<c (Z(ZQ(m_j)(6/2)Mt( Z |h77|)‘n))q)%
j>0 m<j nEXm Lr
1
s¢ (Z (Mt(z |h.s|)\s)($))q) ", < el
j=0 Lex;
The above estimates for 31 and Xo yield (4.33). 0

Proof of Lemma 4.11. Recall first the Dirichlet-Mehler integral representation
of Gegenbauer polynomials [3, p. 177]:

PN (cosa) =

2 T(A + 3)I(v + 2))(sin@) =2 /’T cos ((v 4+ A — M) do.

VaUIT(A)T(2))
On account of (4.1), then (4.37) holds with

(cosa — cos p)1=A

oo

Zg(z/Jr)\) v+ AN +n-—2) x{ sin A\msin(v + A)a, n even

Kn(a) = N U cos Amcos(v + A, n odd.

v=0

Evidently, M =Ww+ANw+n—-2)...(v+1) and a little algebra shows
that

L5
v+Nwv+n-2) 2 2 v+ A, neven
v! o 1:[1 ((V AT (A=) ) x 1, n odd.

Let now @, (z) be the degree n — 1 polynomial

Qn(z) = 1:[ (Zz_()\_r)g)x{ zsin A, Z:ﬁ;

COS AT,

Then

- SIS sin(v+ A)a, n even
Ky(a) = Z:OQ( N )Qn(”‘f')‘) X { cos(v + ANa, n odd.

Note that Q,(—2) = (—1)""'Qn(z) and Q, has zeros £(A —r), r =1,..., [251].
The critical step now is that since § is even and because of the symmetry and zeros

of Qn

R CNE WIC S CATRRS pe b ety

VEZ

Let

o 2y 2 —zsin Aw, n even
R, (z) := H (=22 = (A=1)?) x { cos A, 1 odd
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which is a polynomial of degree n — 1 (related to Q). Then (5.2) can be rewritten
in the form

(5.3) Ky(a) = (1/2)Rn(%> Zg(”;\;A) cos(v + N

= () ()

ve

Here we again used that the part of the sum in (5.2) with indices —(n—1) <v <0
is void.
Recall the Poisson summation formula:

D_f@mv)=(@m)7 Y f(v), where f(¢):= /R ey,

vEZL VEZL

and set f(£) := G2V Then f(y) = Ne=™a (N(y +t)) and (5.3) along
with the summation formula give

Ky(a) = (W/Q)NRn(%) Z e 2™ (N (a + 271)),

which implies (4.38). O
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