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Abstract

A linear method for inverting noisy observations of the Radm transform
is developed based on decompaosition systems (needlets) witapidly decay-
ing elements induced by the Radon transform SVD basis. Uppebounds
of the risk of the estimator are established inLP (1 p 1 ) norms for
functions with Besov space smoothness. A practical implem#ation of the
method is given and several examples are discussed.

1 Introduction

Reconstructing images (functions) from their Radon transirms is a fundamental
problem in medical imaging and more generally in tomographyThe problem is
to nd an accurate and e cient algorithm for approximation of the function to
be recovered from its Radon projections. In this paper, we sider the problem
of inverting noisy observations of the Radon transform. Asimany other inverse
problems, there exists a basis which is fully adapted to thergblem, in particular,
the inversion in this basis is very stable; this is the Singat Value Decomposition
(SVD) basis. The Radon transform SVD basis, however, is nouge suitable for
decomposition of functions with regularities in other thanL?-related spaces. In
particular, the SVD basis is not quite capable of represemy local features of
images, which are especially important to recover.

Our idea is to design an estimation method for inverting the Rdon trans-
form which has the advantages of maximum localization of walet based methods
combined with the stability and computability of the SVD methods. To this end
we utilize the construction from [19] (see also [13]) of lolczed frames based on



orthogonal polynomials on the ball, which are closely relat to the Radon trans-
form SVD basis. As shown in the simulation section the resgltobtained are quite
promising.

A parallel method, employing a similar idea for smoothing duhe projection
operator but without using the needlet construction and in ano-noise framework,
has been developed by Yuan Xu and his co-authors in [25, 26].27

The paper is structured as follows. In Section 2 we introdudbe model and the
Radon transform Singular Value Decomposition. In Section ®e give the class
of linear estimators built upon the SVD. We also give the nedel construction
and introduce the needlet estimation algorithm. In Sectiod we establish bounds
for the risk of this estimate over large classes of regularispaces. Section 5 is
devoted to the practical implementation and results of our mthod. Section 6 is
an appendix where the proofs of some claims from Section 3 gieen.

2 Radon transform and white noise model

2.1 Radon transform

Here we recall the de nition and some basic facts about the Rlan transform (cf.
[10], [17], [14]). Denote byg* the unit ball in R, i.e. BY = fx = (X1;:::;Xq) 2
RY:jxj  1gwith jxj = (%, x?)™ and by s? ! the unit sphere inRY. The
Lebesgue measure oB? will be denoted bydx and the usual surface measure on
s by d (x) (sometimes we will also deal with the surface peasure ef which
will be denoted byd 4). We let jAj denote the measurgAj =, dx if A BY as
well asjAj= ,d (x)if A &L
The Radon transforr; of a functionf is de ned by

Rf(;s)= f(s +y)dy; 2% s2[ 1,15

y2 ?
s +y2Bd
wheredy is the Lebesgue measure of dimensioh 1and > = fx2 R%:hx; i =
Og. With a slight abuse of notation, we will rewrite this integral as

Z
Rf (;s)= f (y)dy:
hy; i=s
By Fubini's theorem, we have
Z, Z
Rf (;s)ds= f (x)dx: (2.1)
1 Bd

Hence, for 2 s¢ 1, Rf (;s) is well de ned for almost alls 2 [ 1;1]: Notice that
Rf ( ; s)= Rf(;s).



An obvious consequence of (2.1) is that for any functiopde ned on [ 1;+1],
Z, z
Rf (;s)g(s)ds= f (x)g(hx; i)dx: (2.2)
d

1 B

It is easy to see (cf. e.g. [17]) that the Radon transform is aolbinded linear
operator mappingL?(B%;dx) into L2 s * [ 1;1]d (;s) , where

ds

d(;s)=4d ()W:

2.2 Noisy observation of the Radon transform

We consider observations of the form
dY(;s)=Rf(;s)d (;s)+ "dW(;s); (2.3)

where the unknown functionf belongs toL?(B¢; dx). The meaning of this equation
isthat forany (;s)in L?(s® ' [ 1;1]d (;s)) one can observe

Z Z Z
Y = (58)dY(;s)= Rf(;s) (5s)d (5s)+ " (5s)dW(;s)
SO I R |
=MRf; I +"W :
R : : :
HereW = (;s)dW(;s) is a Gaussian eld of zero mean and covariance
z
E(W; W)= ('s)('s)d()Lzh' i
’ RN ETI ’ (1 s v= | |

The goal is to recover the unknown functiori from the observation ofY. Our idea
is to devise an estimation scheme which combines the stalyiland computability

of SVD decompositions with the superb localization and mu#cale structure of
wavelets. To this end we utilize a frame (essentially follang the construction
from [13]) with elements of nearly exponential localizatio which is compatible
with the SVD basis of the Radon transform.

2.3 Singular Value Decomposition of the Radon transform

The SVD of the Radon transform was rst established in [4, 15]in this regard we
also refer the reader to [17, 25]. In this section we recordnse basic facts related
to the Radon SVD.



2.3.1 Adjoint operator
We next identify the adjoint operator R of the Radon transform operator
R:L2(B%dx) 7! L2(s® ¥ [ 1;1]:d (;s)):
Proposition 2.1. Forany g2 L3(s® * [ 1;1];d (;s))
z 1

ROM= 00 1) g ()

This proposition is immediate from (2.2) (cf. [17]).

2.3.2 Jacobi and Gegenbauer polynomials

The Radon SVD bases are de ned in terms of Jacobi and Gegenleaypolynomials.
The Jacobi ponnomialsP,E’ ). n 0, constitute an orthogonal basis for the space
L2([ 11 w. (t)dt) with weight w. (t)=( t) (1+1), ; > 1. They are
standardly normalized byP,E; )(1) = ”; and then [1, 8, 22]
yA 1
PU P w, ()dt= mh( ?;
1
where
hG ) 2+ (n+ +1)(n+ +1)

n :(2n+ + +1) (n+D)(n+ + +1)° (24)

The Gegenbauer polynomial€, are a particular case of Jacobi polynomials and
are traditionally de ned by

Ca®) = ¢ (+21)=nz)‘Pn‘ P > 122

where by de nition (a), = a(a+1) :::(a+ n 1) = L7 (note that in [22] the

Gegenbauer polynomialC,, is denoted byP, ). It is readily seen that C, (1) =

w2 12 (02 gng
Z 1
1 . 2t 2 (n+2)
2y 3dt= ... hO) () = :
CaCaO@ ) fdt= b)) with B = S T
(2.5)



2.3.3 Polynomials on BY and & *

Let ,(RY) be the space of all polynomials iml variables of degree n. We denote
by P,(RY) the space of all homogeneous polynomials of degmreend by V,(RY)
the space of all polynomials of degree which are orthogonal to lower degree
polynomials with respect to the Lebesgue measure &¥. Of courseV, will be the
set of all constants. We have the following orthogonal decguusition:

M
n(R) = Vi(RY):
k=0
Also, denote byH ,(RY) the subspace of all harmonic homogeneous polynomials

of degreen (i.e. Q 2 H,(R) if Q 2 P,(RY) and Q =0) and by H,(s* 1) the
(injective) restriction of the polynomials from H,(RY to s% 1. It is well known
that
n+d 1 n+d 3 nd 2.

Ng 1(n) =dim(Hq(s* 1) = d 1 d 1

Let (s 1) be the space of restrictions ts” * of polynomials of degree n on
RY. As is well known

1y — M 1
a(s*h Hm(s" 1)

m=0
(the orthogonality is with respect of the surface measuré on s 1).
Let Vi, 1 i Ng 1(I), be an orthonormal basis oH,(s* 1), i.e.
Z

Yii ( )Yiio( )d ()= o
o 1

Then the natural extensions ofY;; on B¢ are de ned by Y;; (x) = jxj'Yi; ;; and
satisfy
Z z, z
Yiii (X) Yi;io(X) dX rd * Yii (r ) Yiio(r )d ()dr
Bd 20 st
1
= et Yii () Yiio( )d ()dr = ;0

0 o 1

1 .
21+ d

For more details we refer the reader to [6].

The spherical harmonics ors® ! and orthogonal polynomials orB¢ are natu-
rally related to Gegenbauer polynomials. Thus the kernel dhe orthogonal pro-
jector onto H,(s* 1) can be written as (see e.g. [21]):

N 1(n) o2
VaOVa()= g prgr (i D) 26)

i=1

5



The \ridge" Gegenbauer ponnomiaIsCﬁzz(h(; i) are orthogonal to , 1(BY) in
L2(BY) and the kernel L,(x;y) of the orthogonal projector ontoV,(BY can be
written in the form (see e.g. [18, 25])

2n + d z - | = :
La(xY) = 12 ) CCh(he DG (ty; Dd () 2.7)
_(eDes S o DO D)
2041w kCA~k? '

The following important identities are valid for \ridge" Gegenbauer polynomi-
als:

Z h(d=2)
d=2 h : d=2 h H — n d=2 h AW . ZSd 1. 2.
Ban (h;x1)Cy=(h;x i)dx ngz(l)Cn (h; 1) , (2.8)
and, forx 2 B4, 2 <& 1
Z
Cﬁ'zz(h;xi)Cﬁzz(h; id ()= j< 1jC,‘fzz(h;xi); (2.9)
Sd 1

see e.g. [18]. By (2.7) and (2.9)
(2n + d)

i Ci(he i), 28

La(x; )=

and again by (2.7)
Z
. [La(6 )La(y: )d () =(@n+ d)La(xy):

2.3.4 The SVD of the Radon transform

Assume thatfY,; : 1 i Ny 12(I)gis an orthonormal basis forH; (s ). Then
it is standard and easy to see that the family of polynomials
flas () = @k+ 2P 92 D2ixj2 1)vi(x); 0 | ki k 1=2j; 1 i Ng a(l);

form an orthonormal basis ofV,(BY), see e.g. [6]. Here as beford,;(x) =
iXj'Yi (x=jxj). On the other hand the collection
Gaii (58) =[] 2L @ I2PCESYa( ) ko 01 001 i Ng afl);

is apparently an orthonormal basis of2(s* * [ 1;1],d (;s)). Mostimportantly,
the Radon transformR : L?(BY) 7! L2(s® ' [ 1;1];d (;s)) is an one-to-one
mapping and

Rfwii = kOaii; R O = «feais  where
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Figure 1. A few radon SVD basis elements

2dd1 2ddl

= (k+1)(k+2)::(k+d 1) (k+1)g .

Figure 1 displays a fewf.; and illustrates their lack of localization.

k d+1.

(2.10)

We are now prepared to give the SVD decomposition of the Rad&ransform.

Theorem 2.2. Foranyf 2 L?(BY)

X X X _
Rf = k H,f k;l:i Igk;l;i

k 0 01 kk I omod2 1 i Ng 1(I)

and foranyg2 L?(s* * [ L1Ld (;s))
X X X

Rg= k hg; gl fisi

k0O 01 kk | 0(mod2)1 i Ng (I

Furthermore, for f 2 L?(BY)
X X X

f = C PRE; gl Fisi:

k 0 01 kk I 0(mod2)1 i Ng 1(I)

In the above identities the convergence is ir?.

(2.11)

(2.12)

(2.13)



Remark :  Observe that if k 0,0 | k, k | 6 0(mod2) , and
1 i Ny 1(|), then R fk;l;i =0: ?

For the Radon SVD we refer the reader to [17] and [25]. We wilhty show in
the appendix that 2 has the value given in (2.10).

3 Linear estimators built upon the SVD

3.1 The general idea

In a general noisy inverse model
dy; = Kfdt + "dW;;

where K is a linear operator mappingf 2 H 7! Kf 2 K, and H and K are
two Hilbert spaces, the SVD yields a family of linear estimats via the following
classical scheme.

SupposeK has an SVD

X
Kf = mif;emie,; f 2H;

m

wheref e, g and f e,,g are orthonormal bases for and K, respectively, andKep, =
m€, andK e, = nen with K being the adjoint operator ofK . We also assume
that ,, ! O. Then,if ,, 60,
Z Z Z Z Z
e,dY;= Kf e,dt+" ¢e,dW;= f K e, dt+" ¢g,dW,
z z
= m fepdt+" e, dW

and hence 1 z . Z
—  edY;= M eni + — e,dW;: (3.1)
m m
In going further, suppose thatf g is a tight frame forH. Therefore, for anyf 2 H
X
f= Nk =M, i

We can represent | in the basisfe,g:
X _ X
1= hyepien = " €m

m m



and hence X
= " emi:
m

On account of (3.1) this leads to the estimator

X X 174
fN= N with 7~ = "  e,dY; (3.2)
I N m m
whereN is a parameter. By (3.1) we have
X X w Z
N o= " emi + —  epdWi =+ Z;;
m m m

P ; .
whereZ, has a normal distribution N (0; | ( |m)2—22). In this scheme the factors

-1, which are inherent to the inverse model, bring instabilityby in ating the

variance.

The selection of the framd g is critical for the method described above. The
standard SVD method corresponds to the choice, = . This SVD method is
very attractive theoretically and can be shown to be asymptaally optimal in
many situations (see Dicken and Maass [5], Matte and Perewzev [16] together
with their nonlinear counterparts Cavalier and Tsybakov [B Cavalier et al [2],
Tsybakov [23], Goldenschluger and Pereverzev [9], Efromdv and Kolchinskii
[7]). It also has the big advantage of performing a quick andable inversion of
the operator K. However, while the SVD bases are fully adapted to describbet
operator K, they are usually not quite appropriate for accurate desgation of the
solution of the problem with a small number of parameters. Ahough the SVD
method is suitable for estimating the unknown functionf with an L2-loss, it is
inappropriate for other losses. It is also restricted to furtions which are well
represented in terms of the Sobolev space associated to théDSbasis. Switching
to an arbitrary frame f g, however, may yield additional instability through the
factors ( ™)?'s.

Our idea is to utilize a framef g which is compatible with the SVD basid e, g,
allowing to keep the variance within reasonable bounds, artths elements with
superb space localization and smoothness, guaranteeingeadent approximation
of the unknown functionf. In the following we implement the above described
method to the inversion of the Radon transform. We shall buil upon the frames
constructed in [19] and called \needlets".

3.2 Construction of needlets on the ball

In this part we construct the building blocks of our estimato. We will essentially
follow the construction from [19].



3.2.1 The orthogonal projector L on V(B9 .

Let ff,; g be the orthonormal basis of/(BY) de ned in x2.3.4. Denote byT, the
index set of this basis, i.eTy = f(l;i):0 | k;|I k(mod2);0 i Ng 1(Dg.
Also, set = d=2 1. Then the orthogonal projector ofL2(B9) onto V,(B%) can
be written in the form
z X
Lif = ) f(Y)Lk(x;y)dy with  Le(x;y) = fici () F i (¥):

B 15 2Ty

Using (2.6) Lk(x;y) can be written in the form

Lk(X;y) (3.3)
O+ Ypoi2 1yl PO Vot iz gyl X y
=(2k+d) P, (2jxj° 1)jxj P @y Diyi Vi ol Gl
I kk 1 0@2) i X 5 1y) -
2k+d) X ) g O Y g s . | X
= (.Sd h PO @ix2 DR @y Dy 1+ - ¢ S
R 0(2) IX] 1Y)

Another representation ofL(x;y) has already be given in (2.7). Clearly

z
dLm(x;Z)Lk(z;y)dz= mk Lm(X;Y) (3.4)
B
and forf 2 L?(BY)
X X X
f = L f and kfk3= kL fk2= hLf;fi: (3.5)
k O k k

3.2.2 Smoothing

Leta2 C![0;1 )beacut-o functionsuchthat0 a 1,a(t)=1fort 2 [0;1=2]
and suppa [0; 1]. We next use this function to introduce a sequence of opwes
onL?(BY. Forj 0 write

Z

X k _ X k
Aif(x)= a 5 Lef (X) = | Aj(xy)f (y)dy with Aj(x;y) = a > Lk(X;y):
k 0 B k

Also, we de neB;f = Aj.1f  A;f. Then setting b(t) = a(t=2) a(t) we have

X Kk Z
B;f(x)= b > Lf (X) =
k

. X K
| Bj(x;y)f (y)dy with B;(x;y)= b > Lk(X;y):
B K

10



Evidently, for f 2 L?(BY)

X K
A f i = a 5 hLf:fi k fk§ (3.6)
k
and .
X 1
lim kAjf - fke=lim k(Ao+  Bm)f fkz=0: (3.7)
I & m=0

An important result from [19] (see also [13]) asserts that #hkernelsA; (x;y),
B; (x;y) have nearly exponential localization, namely, for anj > 0 there exists
a constantcy > 0 such that

2id
A (XY iBi(xy)j C _ p P , x;y2BY (3.8
JA (G Y)IEIB; (6 Y M arzdey)y W Wy Y (3.8)
_ - P
whereW; (x) =2 | + P 1 %7 jxj2=jxii= &, x% and
p p S
d(x;y) = Arccos (h;yi + 1 j xj2 1 jyj);, hgyi= Xy (3.9)

i=1

The left part of Figure 2 illustrates this concentration: itdisplays the in uence
of a point x to the value of B;f at a second pointy,, namely the values oB; (X; yo)
for a xed yp. This inuence peaks aty, and vanishes exponentially fast to O as
soon as one goes away froyy. The right part of Figure 2 shows the lack of
concentration of B; when the cut-o function a used is far from beingC* . The
resulting kernel still peaks aty, but the value of Bjf at yy is strongly in uenced
by values far away fromy,.

Remark : At this point it is important to notice the following correspondence
which will be used in the sequel. Fos! = f(x;z) 2 RY R*; jxj3+ z2 =19, we
have the natural bijection

x 2 B9 7! >e=(x;p 1jx?3 and d(x;y)= dss (% ¥);

wheredy is the geodesic distance off : ?

3.2.3 Approximation

Here we discuss the approximation properties of the operasd A;g. We will show
that in a sense they are operators of \near best" polynomidlP-approximation.
Denote by E, (f;p) the best LP-approximation of f 2 LP(BY) from ,, i.e.

En(f;ip)= inf ki Pky: (3.10)

11



B; (X; Yo)

a ct non smooth

(1) (2)

Figure 2: Smoothing kerneB; (x;yo) for a xed Yy, for (1) a C? cut-o function a
and (2) a non smooth cut-o function a

Estimate (3.8) yields (cf. ([19, Proposition 4.5])
Z
jAj(Gy)dy c; x2B%j 0
Bd

wherec is a constant depending only oml. Therefore, the operatorsA; are (uni-
formly) bounded onL*(BY) and L* (BY), and hence, by interpolation, onLP(B ),
1 p1l1 ,ie

kA;fk, ckfk, f 2LP(BY: (3.11)

On the other hand, sincea(t) = 1 on [0;1=2] we haveA;P = P for P 2 5 1.
We use this and (3.11) to obtain, forf 2 LP(BY) and an arbitrary polynomial
P2 5,

ki Ajfk,= ki P+P Ajfk, k f Pky+kAj(P f)k, (1+c)kf Pk,= Kkf

Consequently,kf  Ajfk, KE  1(f;p). In the opposite direction, evidently,
Ajf 2 4 and henceEy (f;p) k f  A;fk,: Therefore, forf 2 LP(BY),1 p
1,

Eu(f;p) kf Afk, KEgz :(f;p): (3.12)

These estimates do not tell the whole truth about the approxnation power of A, .
It is rather obvious that because of the superb localizationf the kernel A (x;y)
the operator A; provides far better rates of approximation thanE, :(f; 1 ) away
from the singularities off .

In contrast, the kernel§;(x;y) = , « » Lk(X;y) of the orthogonal projector
S; onto , is poorly localized and hence; is useless for approximation irLP,
p 6 2. This partially explains the fact that the traditional SV D estimators perform
poorly in LP-norms whenp 6 2.

12
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3.2.4 Splitting procedure

Let us de ne

X " — X "' —
Ci(xy) = a 5 Lm(x;z)) and Dj(x;y)= b > Lm(X;2):
m m
Note that C; and D; have the same localization as the localization @&;, B; in
(3.8) (cf. [19]). Using (3.4), we get the desired splitting
z
Alxy)= G(x2)Ci(zy)dz (3.13)
B

and Z

Bj(x;y) = g Dj (x;2)Dj (z;y)dz: (3.14)

Obviouslyz 7! C;(x;z)C;(z;y) is a polynomial of degreec 2** andz 7! D;(x;z)D;(z;y)
is a polynomial of degreec 2*2. The next step is to discretize the kerneld; (x; y)
and B; (x;y).

3.2.5 Cubature formula and discretization

To construct the needlets orBY we need one more ingredient - a cubature formula
on B exact for polynomials of a given degree.

Recall rst the bijection between the ballB¢ (equipped with the usual Lebesgue
measure) and the unit upper hemisphere iR :

st=f(xy); x2R% 0 y 1 jxj3+y?=1g
equipped withd the usual surface measure.

T:(xy)2s! 71 x2RY

and q
THx2RI 7 x=(x; 1jxj)2d

Applying the substitution T one has (see e.g. [24])
z z

p___
FOy)d (xy) = F(x; 1] xj?) — (3.15)
st Bd 1j xj?
and hence forf : RY 7! R
z z q i yA
f (X)yd a(x;y) = f(x) 1]Xjip—=s= f (x)dx: (3.16)
(xiy)2 S8 x2B¢ 1) x5 s

13



Therefore, given a cubature formula o one can easily derive a cubature formula
onBY. Indeed, suppose we have a cubature formula st exact for all polynomials
of degreen +1, i.e, there exist v ¢ and coe cients ! -> 0, ~2 ~,, such that
z X
. P(u)d (u) = I P() 8P 2 ,u(R™):

7~n

If P2 ,(RY then P(X)y 2 n+1(R¥1) and hence
v 0 z z
I P() 2= P(xyd = P(x)dx:
d

2-n s B

Thus the projeﬁtion ., of ~, onBYis the set of nodes and the associated coe cients

given by! =" 1 2l _induce a cubature formula orB¢ exact for ,(RY).
The following proposition follows from results in [19] and2{4].

Proposition 3.1. LetfB(7; ): i 2 I gbe a maximal family of disjoint spherical

caps of radius = 2 J with centers on the hemispherel. Then for su ciently
small 0 < 1 the set of points ; = f ; : i 2 | g obtained by projecting the
setf5:i21lgonBYis a set of nodes of a cubature formula which is exact for

s+ (BY). Moreover, the coe cients ! | of this cubature formula are positive and
L. W,()2 9. Also, the cardinality # ; 2.

3.2.6 Needlets

Going back to identities (3.13) and (3.14) and applying the ubature formula
described in Proposition 3.1, we get
Z

X
Aixy)= G(x2)C(ziy)dz= I G(x; )Ci(y; ) and
v >
X
Bj(xy)=  Dj(x2)Dj(ziy)dz= ! D;j(x )D;(y; ):
B 2
We de ne the father needlets ;. and the mother needlets ;. by

s 0=Proe ) and . =PrDix ) 2 ;i O

We also set 1= jBB—d"j and ;= f0g. From above it follows that

X X
Aj(xy) = P (X)), Bi(xy)= i (X) 5 (y):

2 2

14



Therefore,

Z X X
Aif(x)=  Axy)f(y)dy=  H;, ;i = T | A
B 2 2
(3.17)
and
Z X X
B;f (x) = Bi(;y)f (y)dy= H; i = [T I T | FO
B 2 2
(3.18)
By (3.17) and (3.6) we have
X X
kj;k% hAJ j;;j;i:h hj;;j;oi j;o; j;i: jhj;;j;Oijzk j;kg
02 2
and hence
K ko 1L (3.19)

P .
From (3.5) and the fact that , ,0(t2 ') =1 for t 2 [1;1 ), it readily follows
that X X

f = W, i f2 %BY;
i 12
and taking inner product with f this leads to
X X
kf KkE = jhf; i
2

which in turn shows that the family f ;. gis a tight frame for 2(B?) and conse-
quently
k ki k k3 ie kjk L (3.20)
Observe that using the properties of the cubature formulad&m Proposition 3.1,
estimate (3.8) leads to the localization estimate (cf. [1P]

2jd:2
CW (O +2id(x; )M

Jip ) X Cw 8M > 0: (3.21)

Nontrivial lower bounds for the norms of the needlets are obined in [13]. More
precisely, in [13] it is shown that for <p 1

2id 1= 1=p
Wi () ’

k i kp Kk i kp 2 j- (322)

We next record some properties of needlets which will be neslllater on. For
convenience we will denote in the following bl either ;. or . .

15



Theorem 3.2. Letl p 1 andj 1. The following inequalities hold

X .

khJ’ kB c2 (dp=2+(p=2 2)+) if p 64: (323)
X' |

khj, Kb ¢j2%=2 if p=4; (3.24)
2

and for any collection of complex numbersd g |
X X 1=p
k dh; k, ¢ jd jPkhy, kB (3.25)
2 2

Here c > 0 is a constant depending only od, p, and

To make our presentation more uid we relegate the proof of ik theorem to
the appendix.

3.3 Linear needlet estimator

Our motivation for introducing the estimator described beabw is the excellent ap-
proximation power of the operatorsA; de ned in x3.2.2 and its compatibility with
the Radon SVD. We begin with the following representation ahe unknown func-

tion f X _
f= Hf i fu
K;li
where the sum is over the index set(k;l;i): k 0;0 | k;I k(mod2);1
i Ng 1(1)g. Combining this with the de nition of A; we get
X _ X
Aif = W (DI = iog o
2 2
where
X X x4
A H; 1= &;I;i I'f,f ki I = &;I;i —I’R(f ); Ol = &;I;i _ Oclii R(f )d :
KL K;Li k kil k
Here [, = My j (y)i can be precomputed.
It seems natural to us to de ne an estimatorl*? of the unknown functionf by
X
=" by g (3.26)
2
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where X 1 Z
b, = i — Gk dY: (3.27)
kil K
Here the summation is ovef (k;1;i):0 k< 2;0 | k;I k(mod2);1 i
Ng 1(l)g andj is a parameter.

Some clari cation is needed here. The father and mother nelets, introduced
in x3.2.6, are closely related but play di erent roles. Both ;; and ;. have su-
perb localization, however, the mother needletg ; g have multilevel structure
and, therefore, are an excellent tool for nonlinear n-termpgroximation of func-
tions on the ball, whereas the father needlets are perfectiyell suited for linear
approximation. So, there should be no surprise that we usedHhather needlets for
our linear estimator.

Furthermore, even if the needlets are central in the analysiof the estimator,
the estimatori*? can be de ned without them. Indeed,

X X 17
ft? = L’;I;i 1 O dY
2 kili k

as all the sum are nite, their order can be interchanged, yiding

7 Z
X 1 X X 1
ﬂ? = — Ok dY L’;I;i [ — G dY Afiy
ki K 2 ti

and thus the estimator is obtained by a simple componentwisaultiplication on
the SVD coe cients

] = 2 Ocri AY i

4 The risk of the needlet estimator

In this section we estimate the risk of the needlet estimatantroduced above in
terms of the Besov smoothness of the unknown function.

4.1 Besov spaces

We introduce the Besov spaces of positive smoothness on thall las spaces of
LP-approximation from algebraic polynomials. As inx3.2.3 we will denote by
E.(f;p) the best LP-approximation of f 2 P(BY) from ,. We will mainly use

the notations from [13].
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De niton 4.1. [13]LetO<s< 1,1 p 1 ,and0<qg 1 . The spaceB}}]
on the ball is de ned as the space of all functiorfs2 P(BY) such that

e X s q1 q ]
iFigge = (NEq(fip))*s <1 ifg<il,

n 1

and jf jgso = sup, 1 n°En(f;p) < 1 if = 1 . The norm on B3 is de ned by

kf kBSé) = kf kp + JfJBSE?

Remark : From the monotonicity of f E,(f; p)g it readily follows that

X . 1=q
kf kgso Kk fky+ (25E (f;p))¢
j 0

with the obvious modi cation whenqg= 1 . ?

There are several di erent equivalent norms on the Besov spang‘q).

Theorem 4.2. With indexess; p; gas in the above de nition the following norms
are equivalent to the Besov norrkf kBSES:

(i) Niy(f)= kfk,+ k(2°kf  A;fKp); okia;
(i) No(f)= kfky+ k(215I<>I<3,-fkp),- 1Kja;
(i) Na(f)= kfk,+ k(2® jh; 5 0Pk g kD) 1K
2
Proof . The equivalenceN,(f) k kaSéé’ is immediate from (3.12).

To prove that N(f) N 1(f), we recall thatB; = (Aj+«1  Aj) (seex3.2.2) and
hencekB;fk, k f Aj.fky+kf A;fk, which readily impliesN,(f) cN4(f):
In the other direction, we have

% %
ki Afk,=k Bk, KB f Kp:
1= 1=

Assuming that N(f) < 1 we havekB,(f )k, = 2 ' with f g 2 19. Hence

X S R _ .
kB (f )kp = 2%=20 20 Ds=2 08

I=] I=] I=]

and by the convolution inequalityf jg 2 19. Therefore,N1(f) cNy(f).
For the equivalenceNs(f) k f kBéié” see [13, Theorem 5.4]. O
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4.1.1 Comparison with the \classical" Besov spaces

The classical Besov spach,;q(Bd) is de ned through the LP-norm of the nite
di erences:

nf () =(f(x+h) f(X)) x2e x+n2se
and in general

_ k
fl\llf(x)_ x2Bd x+Nh2Bd ( 1)N
k=0

K f (x + kh):

Then the N th modulus of smoothness irnLP is de ned by
I (fit)=supk [fky t>0:
jhj t
ForO<s<N,1 p 1 ,andO<qg 1 , the classical Besov spacBg, is
de ned by the norm
Z

dt 1=g - ,
[t5! y(f;t)]qT k fkp+ [29°] Bl(f; 2 e

1
0 i =0

kf ke, = kfko+

with the usual modi cation for g= 1 . It is well known that the de nition of BJ,,
does not depend oN as long ass <N [11]. Moreover, the imbedding

By BYY @)

is immediate from the estimateE,(f;p) c! pN(f; 1=n) [11].

4.2 Upper bound for the risk of the needlet estimator

Theorem 43. letl p 1 ;0<s< 1, andassume thaf 2 B39 with
kf kBsgo M. Let
Pl X
= by,

2,
be the needlet estimator introduced ix3.3, whereJ is selected depending on the
parameters as described below.

1. If M2 3679 " whenp= 1, then

d

Sy s P
ki Mk, c M7 "< JogM="
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2. 1f M2 s "2d 2 whend4 p<1,then
ki MK M i,
where wherp = 4 there is an additional factorin(M=") on the right.
3.1fM2 s "2 122 whenl p< 4, then
K 0K oM =T
Remarks:

It will be shown in a forthcoming paper that the following raes of conver-
gence are, in fact, minimax, i.e. there exist positive corestts ¢; and ¢, such
that

1 " P n P
sup inf kf  fk§ cimaxf"sa 2, "svd =g,
kf kBS;o M f~estimator
pil

sup inf kf  fk; c" sd 5P Iog 1=":

kfk_so M fTestimator
BI' 1

The casep = 2 above corresponds to the standard SVD method which in-
volves Sobolev spaces. In this setting, minimax rates havéready been
established (cf. [5], [16] [3], [2], [23], [9], [7]); thesates are" ¢ =2, Also, it
has been shown that the SVD algorithms yield minimax rates. flese results
extend (using straightforward comparisons of norms) taP losses fomp < 4,
but still considering the Sobolev balfk f kgso Mg rather than the Besov

ball fk f k BS M g. Therefore, our results can be viewed as an extension
of the above results, allowing a much wider variety of reguldy spaces.

The Besov spaces involved in our bounds are in a sense well@tdd to our

method. However, the embedding results from Section 4.1.iosvs that the

bounds from Theorem 4.3 hold in terms of the standard Besovages as well.
This means that in using the Besov spaces described abover oesults are
but stronger.

In the casep 4 we exhibit here new minimax rates of convergence, related
to the ill posedness coe cient of the inverse problenf% along with edge
e ects induced by the geometry of the ball. These rates have be compared
with similar phenomena occurring in other inverse problemavolving Jacobi
polynomials (e.g. Wicksell problem), see [12].

?
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4.3 Proof of Theorem 4.3
Assumef 2 B3 andkfkgso M. Then by Theorem 4.2,
) p:l

KAif  fky Ckfkgso 25 cM2 (4.2)
Now from
dY = Rfd + "dW
we have
z z z z
Goii dY = Rfgiid +"  gqi dW =" R g dX+ "Zyy;
zz7 Bd
= kg dx+ " Zyy;
Bd
and hence 1 Z z .
— O dY = ff i X+ — Zyqi
k Bd k
On account of (3.27) this leads to
x £ X o
bj; = &;I;i ff i dx + L’;I;i — Ly
kil B kil k
= 5 +Z:
Here the summation is oveff (k;1;i):0 k< 2;0 | k;I k(mod2);1 i

Ng 1(1)g. SinceZy,; are independentN (0; 1) random variables,Z;. N (O; 12 )
with

Xy 2 We (@) -
2 _ w2 A ) d d 1 d 1)u2
I J Jk;I;iJ d 12dk d 12d c2(@ P (4.3)
K;l;i
with C5 (d:2_)d 1, Here we used thaff f; g is an orthonormal basis for 2 and
hence k;lsi j ﬁ;l;ij2 :Fl’( Ji k% 1.
From (3.26)1‘? = 2 b, ;. and using (4.2) we have, whenever 1 p< 1,

ki Bkp 28 kf AfKD+ kAT fkbg
2P fcMP2 P+ kAT BkPg (4.4)
and, forp=1,
ki Bk, kf Afk + kAT Rk
cM2 8+ KkA;f Rk : (4.5)
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On the other hand, using inequality (3.25) of Theorem 3.2 webtain, if1 p< 1,

X X
kAf BKE=k (5 b))k ¢ g b Pk K
2 2
and hence
X _ X
kAt Bk ¢ iZ; jPko KB (m2@ D) kKD (4.6)
2 2

where we used that jZ;. jp ¢("2@ D=2)p_ Similarly, for p= 1,
X
KA; T ﬂkl =k (; b, ) ke Cn;a_xj i by gk ke
2 !
and hence

kAf Bk, ¢ fmaxjz; jk j kig
]

. _ p_— P
anj (d 1)=2 n;axk i kl 2 |ng 2]d Cu2]d J (47)
J

For the second inequality above we used Pisier's lemma:Zaf N (0; ?), ; ,
then D
( sup jZ;j) 2log, N:
1j N

We also used that maxe | k j; ky ¢ =2 which follows by inequality (3.23)
of Theorem 3.2.
Combining (4.5) and (4.7) we obtain, fopp= 1 ,

. P
ki Bk, M2 +"297 jg
and if M2 16*d " then
I
ki Bk, cMsa"sa logM="

Similarly, combining estimate (3.23) of Theorem 3.2 with (4) and inserting the
resulting estimate in (4.4) we obtain inthe case 4 p<1

ki KD cfM2 15 + ("2 (@ D=2)poidp=2vp=2 2g
= cf M P2 isP 4 mpoildp 2)g:
If M2 s "2 29 this yields

(d_2=p)p sp

kf 't?kB cM @ =" 5d 255 -

22



Accordingly, for p = 4 we combine inequality (3.24) with (4.6) and insert the resit
in (4.4) to obtain

kf ﬁkg cfM P2 P 4 (n2i(d 1)=2)pj pidp=2gy
= cfMP2 isP + j (--2j (d 1=2)pg
and if M2 Is  "2(d 122 this yields
kf It}kg CM s 25 " 57 =2 logM=":
Finally, if 1  p < 4 as above we obtain using (3.23), (4.6), and (4.4)
kf ﬂkg cf M P2 IsP 4 (n2i(d D)=2yppidp=2q
= cfMP2 isP +("21' (d 1=2)Pg:
So, ifM2 s "2(d %) then
K BKE oM 1 sd i

This completes the proof of the theorem. O

5 Application to the Fan Beam Tomography

5.1 Radon and 2d Fan Beam Tomography

We have implemented this scheme fadl = 2. This case corresponds to the fan
beam Radon transform used in Computed Axial Tomography (CAJ As shown
if Figure 3, an object is positioned in the middle of the devee X rays are sent
from a pointwise sourceS( ;) located on the boundary and making an angle;
with the horizontal. They go through the object and are receed on the other side
on uniformly sampled array of receptor®R( 1; »). The log decay of the energy
from the source to a receptor is proportional to the integrabf the densityf of the
object along the ray and thus one nally measures

z
Rf (15 2) = f (x)d
e,+e , ,2B2
with e = (cos ; sin ) or equivalently the classical Radon transform
Z
Rf (;s)= , f(s +ydy; 2 Ys2[ 11
s +y2B!?
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Figure 3: Simpli ed CAT device

for = > and s = sin ,. The device is then rotated to a di erent angle
1 and the process is repeated. Note thad (ld—ssz) is nothing but the measure

corresponding to the uniformd ;d , by the change of variable that maps (;; »)
into ( ;s). The white noise model studied here can thus be seen as a préar a
regression problem with the uniform design on; and , that is implemented in
real devices.

The Fan Beam Radon SVD basis of the disk is tensorial in polabordinates:

i (6 )= k+2)2POY2jr2 Diri'Y () 0 | kk 1=21 i 2

where Pjo;' is the corresponding Jacobi polynomial, and..( ) = ¢ cos( ) and
Yi2( ) = gsin( ) with ¢ = 2= and g = e~ otherwise. The basis o8> [ 1;1]
has a similar tensorial structure as it is given by

gai (;t)=[hd 2@ )PCiOY(); k ol 01 i 2

where C} is the Gegenbauer of parameter 1 and degrée The corresponding
eigenvalues are

P -
The estimatoritj’ is thus simply de ned by
Z pP_—— 7
X a k X a k k+1
ﬁ? = i Ot AY fii = —2129—7 Ot AY fie

k;l;i k;l;i

R
which only requires the knowledge of g«.;dY, that is exactly the data that are
supposed to be known in the white noise model.
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5.2 Numerical results

To illustrate the advantages of the linear needlet estimatoover the linear SVD
estimator, we have compared their performances on three $yatic examples, the
classical Logan Shepp phantom[20] and two smoothed versidor dierent LP
norm and di erent noise level. The Logan Shepp phantom is asthetic image used
as a benchmark in the tomography community. It is a simple toynodel for human
body structures simplied as a piecewise constant functiomvith discontinuities
along ellipsoids (see Figure 4). This example is not regular a classical sense.
Indeed, it belongs toBi;f but not to any BS;S with s > 1. We propose to study two
smoothed versions that are more regular and thus closer toehheoretical setting
of this paper. They have been obtained by convolving the ofigal phantom with
a Gaussian kernel with di erent widths. Note that they are vey regular as they
belong to everyB;;‘q’, but that the corresponding norms are large for largs.

To conduct the experiments, we have adopted the following lseme. Denote
by f any of the three functions presented above ('Logan’, 'smomtd Logan', ‘very
smoothed Logan'), we have approximated their decompositioin the SVD basis
fwi up to degreeky = 128 with a numerical quadrature valid for polynomial of
degree 8 ko =1024,

X
HE i Ui of (s DFii (ris i) = G
(ri; )2
and used this value to approximate the SVD coe cients ofR(f ), the noiseless
Radon transform off ,
s PR(E); finil' kG
A noisy observation g.;dY is thus generated by
Z
O dY " kG T Wi

where is the noise level andVy.; a iid sequence of standard Gaussian random
variable. Our linear needlet estimatorfd of level J = log,(kN) is then computed
as
X k
fy = a o5 (Cei + — Wi )i
k
k ko;li

while the linear SVD estimatori’okfsS of degreek® is de ned as

X
ftkﬁs = (G + —Wieri )i -
k kSl k
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We also consider the naive inversion up to degrég 0 which is equal tof . The
LP estimation error is measured by reusing the initial quadratre formula,

X
ke ol () R )

(ri; )2

For each noise level and each norm, the best levkland the best degre& has
been selected as the one minimizing the average error overrg@lizations of the
noise. Table 1, 2 and 3 display the relative errors

kf fk,
kf ko

as well as the standard deviation in parenthesis. A dark boldalue correspond to
an estimator of minimal risk for a given noise level and norm hile gray values
indicate ties. If the winner wins from more than 20% it is showwith a larger font.
The power of two in front of each number gives the optimal marium degreek™
and k® used in the chosen estimator. Figures 4, and 5 show typicalatezations
of the estimators.

Tables 1, 2 and 3 show that, except for the very low noise casedathe
original Logan Shepp phantom, both the linear SVD estimatoand the linear
Needlet estimators reduce the error over a naive inversiomeéar SVD estimate up
to the maximal available degreek,. They also show that the Needlet estimator
outperforms the SVD estimator in a large majority of casesdm the norm point
of view and almost always from the visual point of view. The lalization of the
needlet also 'localizes' the errors and thus the \simple" saoth regions are much
better restored with the needlet estimate than with the SVD lecause the errors
are essentially concentrated along the edges for the ne¢dle

The choice of the maximum degree is very important to obtain good estima-
tor. In our proposed scheme, and in the Theorem, this paramestis set by the
user according to some expected properties of the unknowmétion or using some
oracle. Nevertheless, an adaptive estimator, which doestmequire this input, can
already be obtained from this family, for example, by usingosne aggregation tech-
nique. A dierent way to obtain an adaptive estimator based a thresholding is
under investigation by some of the authors.
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Inversion Needlet SVD
N =1$ kbl f"IL\‘p KSot f"%m

L? 1.23e-01 (6.35e-04) 28 1.25e-01 (6.08e-04) 27 1.25e-01 (6.08e-04)
L2 9.78e-02 (4.24e-04) 28 9.78e-02 (4.24e-04) 27 9.78e-02 (4.24e-04)
L3 8.75e-02 (4.35e-04) 28 8.75e-02 (4.35e-04) 2" 8 .75e-02 (4.35e-04)
L4 8.59e-02 (6.03e-04) 28 8.59e-02 (6.03e-04) 27 8.59e-02 (6.03e-04)
LS 9.66e-02 (1.63e-03) 28 9.66e-02 (1.63e-03) 27 9.66e-02 (1.63e-03)
L10 1.29e-01 (5.77e-03) 28 1.29e-01 (5.77e-03) 27 1.29e-01 (5.77e-03)
L? 2.60e-01 (2.97e-02) 2 1.68e-01 (5.69e-03) 26 2.59e-01 (3.11e-02)
Lt 2.47e-01 (1.27e-03) 2 2.05e-01 (7.16e-04) 26 2.45e-01 (1.25e-03)
L2 1.96e-01 (8.49e-04) 2 1.68e-01 (4.27e-04) 26 1.95e-01 (8.40e-04)
L3 1.75e-01 (8.70e-04) 2 1.74e-01 (9.92e-06) 26 1.95e-01 (8.60e-04)
L4 1.72e-01 (1.21e-03) 2 1.44e-01 (5.91e-04) 26 1.71e-01 (1.22e-03)
L6 1.93e-01 (3.25e-03) 2 1.43e-01 (9.85e-04) 26 1.92e-01 (3.57e-03)
L10 2.58e-01 (1.15e-02) 2 1.58e-01 (4.90e-03) 26 2.57e-01 (1.26e-02)
L? 5.20e-01 (5.95e-02) 2 2.90e-01 (3.63e-02) 25 3.63e-01 (6.20e-02)
L? 4,93e-01 (2.54e-03) ©  3.21e-01 (9.71e-04) 25 3.46e-01 (1.03e-03)
L2 3.91e-01 (1.70e-03) 2  2.61e-01 (1.02e-03) 25 3.08e-01 (4.43e-04)
L3 3.50e-01 (1.74e-03) ©  2.93e-01 (5.16e-05) 25 3.08e-01 (6.14e-04)
L4 3.44e-01 (2.41e-03) 2 2.19e-01 (1.45e-03) 25 2.89e-01 (9.47e-04)
LS 3.87e-01 (6.51e-03) 2 2.32e-01 (4.38e-03) 25 2.92e-01 (1.57e-03)
L10 5.17e-01 (2.31e-02) 2 2.97e-01 (1.61e-02) 25 3.07e-01 (2.63e-03)
L? 1.04e+00 (1.19e-01) 95 4.77e-01 (9.42e-03) 2  3.99e-01 (1.83e-02)
=16

L? 9.87e-01 (5.08e-03) ®  3.92e-01 (2.13e-03) 25 4.75e-01 (2.28e-03)
L2 7.83e-01 (3.39e-03) ®  3.75e-01 (9.11e-04) 25 3.89e-01 (1.39e-03)
L3 7.00e-01 (3.48e-03) ©  3.50e-01 (1.34e-04) 25 3.89e-01 (1.55e-03)
L4 6.88e-01 (4.82e-03) & 3.74e-01 (1.51e-03) 2 3.34e-01 (2.07e-03)
L6 7.73e-01 (1.30e-02) & 3.84e-01 (2.49e-03) 2 3.35e-01 (3.84e-03)
L1 1.03e+00 (4.62e-02) 9 4.08e-01 (4.10e-03) 25 3.74e-01 (1.58e-02)
L? 2.08e+00 (2.38e-01) 9 5.20e-01 (2.00e-02) 24 6.24e-01 (8.55e-02)
=24

L? 1.48e+00 (7.62e-03) 9 4.73e-01 (3.34e-03) 24 5.05e-01 (2.39e-03)
L2 1.17e+00 (5.09e-03) 5 4.18e-01 (1.69e-03) 24 4.86e-01 (6.12e-04)
L3 1.05e+00 (5.22e-03) 9 4.38e-01 (2.52e-04) 24 4.86e-01 (1.01e-03)
L4 1.03e+00 (7.23e-03) 9 3.92e-01 (2.35e-03) 25 4.16e-01 (3.71e-03)
LS 1.16e+00 (1.95e-02) 9 4.00e-01 (3.98e-03) 25 4.29e-01 (9.31e-03)
L10 1.55e+00 (6.92e-02) 9 4.30e-01 (8.41e-03) 25 5.29e-01 (3.26e-02)
L? 3.12e+00 (3.57e-01) 9 6.51e-01 (9.35e-02) 24 6.43e-01 (1.27e-01)
=32

Lt 1.97e+00 (1.02e-02) A 5.05e-01 (2.78e-03) 24 5.41e-01 (3.13e-03)
L2 1.57e+00 (6.79e-03) 9 4.72e-01 (2.57e-03) 24 5.04e-01 (1.05e-03)
L3 1.40e+00 (6.96e-03) pa 4.96e-01 (4.49e-04) 24 5.04e-01 (1.38e-03)
L4 1.38e+00 (9.64e-03) 4 4.22e-01 (3.33e-03) ¢ 4.98e-01 (2.22e-03)
L6 1.55e+00 (2.60e-02) 9 4.31e-01 (6.38e-03) 24 5.13e-01 (3.60e-03)
L10 2.07e+00 (9.23e-02) 9 4.87e-01 (2.37e-02) 24 5.45e-01 (5.44e-03)
L? 4.16e+00 (4.76e-01) pA 6.92e-01 (1.47e-02) 5 6.73e-01 (4.76e-02)

Table 1: Logan : Linear Needlet and linear SVD relative estiation error in norm

LY, L2 L3, L4 L% L% andL?! for several noise level.
27



Inversion Needlet SVD

L? 1.28e-01 (5.68e-04) @ 5.73e-02 (2.25e-04) 2  5.11e-02 (3.56e-04)
L2 1.18e-01 (3.74e-04) 2 5.69e-02 (1.38e-04) 2  4.60e-02 (2.45e-04)
L3 1.19e-01 (4.36e-04) %2  4.53e-02 (2.87e-07) 25 4.60e-02 (2.74e-04)
L4 1.24e-01 (7.16e-04) 2 6.07e-02 (2.17e-04) 2 4.57e-02 (3.86e-04)
LS 1.42e-01 (2.09e-03) @ 6.17e-02 (3.50e-04) 2 5.00e-02 (1.02e-03)
L10 1.86e-01 (6.85e-03) %2  6.28e-02 (6.48e-04) 25 6.30e-02 (3.14e-03)
L? 3.48e-01 (3.16e-02) @  7.67e-02 (7.00e-03) 25 1.11e-01 (1.26e-02)
Lt 2.57e-01 (1.14e-03) %2  7.70e-02 (4.99e-04) 25 9.35e-02 (7.63e-04)
L2 2.35e-01 (7.47e-04) ©  7.14e-02 (3.25e-04) 25 8.51e-02 (5.31e-04)
L3 2.37e-01 (8.72e-04) ©  8.50e-02 (9.28e-07) 25 8.51e-02 (5.97e-04)
L4 2.47e-01 (1.43e-03) %2  7.11e-02 (4.86e-04) 25 8.74e-02 (8.48e-04)
L6 2.85e-01 (4.18e-03) %2  7.29e-02 (1.15e-03) 25 9.82e-02 (2.15e-03)
L10 3.73e-01 (1.37e-02) 2  8.42e-02 (4.67e-03) 25 1.25e-01 (6.41e-03)
L? 6.95e-01 (6.32e-02) @ 1.46e-01 (1.88e-02) 24 1.75e-01 (2.63e-02)
L? 5.14e-01 (2.27e-03) 2 1.23e-01 (1.09e-03) 25 1.82e-01 (1.57e-03)
L2 4.71e-01 (1.49e-03) 2 1.12e-01 (7.29e-04) 25 1.67e-01 (1.09e-03)
L3 4.75e-01 (1.74e-03) @ 1.67e-01 (5.15e-06) 25 1.67e-01 (1.22e-03)
L4 4.94e-01 (2.86e-03) 2 1.12e-01 (1.29e-03) 24 1.67e-01 (6.71e-04)
LS 5.70e-01 (8.37e-03) @ 1.26e-01 (3.80e-03) 24 1.65e-01 (1.12e-03)
L10 7.46e-01 (2.74e-02) 2 1.65e-01 (1.06e-02) 24 1.66e-01 (2.09e-03)
L? 1.39e+00 (1.26e-01) 2 2.51e-01 (4.96e-03) 24 2.13e-01 (2.35e-02)
=16

Lt 1.03e+00 (4.55e-03) 2 2.25e-01 (2.28e-03) 24 2.19e-01 (1.53e-03)
L2 9.42e-01 (2.99e-03) @ 2.05e-01 (1.51e-03) 2 1.99e-01 (8.66e-04)
L3 9.49e-01 (3.49e-03) 2 1.94e-01 (3.78e-05) 24 1.99e-01 (1.07e-03)
L4 9.88e-01 (5.73e-03) @2 2.14e-01 (2.86e-03) 2 1.91e-01 (1.53e-03)
L6 1.14e+00 (1.67e-02) 2 2.40e-01 (1.73e-03) D 1.93e-01 (3.00e-03)
L10 1.49e+00 (5.48e-02) 2 2.42e-01 (2.77e-03) 24 2.22e-01 (1.12e-02)
L? 2.78e+00 (2.53e-01) 2 2.65e-01 (9.50e-03) 24 3.72e-01 (4.31e-02)
=24

L? 1.54e+00 (6.82e-03) 2 2.56e-01 (1.63e-03) 24 2.65e-01 (2.51e-03)
L2 1.41e+00 (4.48e-03) 2 2.44e-01 (1.04e-03) 24 2.39e-01 (1.61e-03)
L3 1.42e+00 (5.23e-03) 2 2.34e-01 (4.01e-05) 24 2.39e-01 (1.85e-03)
L4 1.48e+00 (8.59e-03) 2 2.47e-01 (1.76e-03) D 2.33e-01 (2.54e-03)
LS 1.71e+00 (2.51e-02) 2 2.47e-01 (2.80e-03) 24 2.51e-01 (6.05e-03)
L10 2.24e+00 (8.22e-02) 2 2.50e-01 (5.09e-03) 24 3.17e-01 (1.81e-02)
L? 4.17e+00 (3.79e-01) 2 3.00e-01 (3.24e-02) 28 3.95e-01 (6.28e-02)
=32

Lt 2.05e+00 (9.09e-03) 2 2.81e-01 (2.27e-03) 24 3.17e-01 (3.56e-03)
L2 1.88e+00 (5.98e-03) 2 2.62e-01 (1.55e-03) 24 2.86e-01 (2.40e-03)
L3 1.90e+00 (6.97e-03) 2 2.82e-01 (6.42e-05) 24 2.86e-01 (2.68e-03)
L4 1.98e+00 (1.15e-02) 2 2.61e-01 (2.47e-03) 2* 2.86e-01 (3.66e-03)
L6 2.28e+00 (3.35e-02) 2 2.61e-01 (4.30e-03) 24 3.22e-01 (9.05e-03)
L10 2.98e+00 (1.10e-01) 2 2.71e-01 (1.10e-02) 28 3.82e-01 (4.00e-03)
L? 5.56e+00 (5.06e-01) 2 3.85e-01 (5.17e-02) 28 4.02e-01 (8.37e-02)

Table 2: Smoothed Logan : Linear Needlet and linear SVD relaé estimation

error in norm L1, L2, L3, L4 LS L andL! for several noise level.
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Inversion Needlet SVD
F=fs f, G M

L? 1.29e-01 (5.93e-04) 2 1.75e-02 (1.87e-04) 2*  1.69e-02 (2.38e-04)
L2 1.40e-01 (4.24e-04) 2 1.84e-02 (1.27e-04) 24 1.84e-02 (1.70e-04)
L3 1.58e-01 (4.75e-04) 2 2.11e-02 (1.63e-08) 9 1.84e-02 (2.18e-04)
L4 1.80e-01 (6.83e-04) 2  2.13e-02 (2.06e-04) 24 2.48e-02 (3.91e-04)
LS 2.34e-01 (1.79e-03) 2 2.48e-02 (4.97e-04) 24 3.44e-02 (9.77e-04)
L10 3.36e-01 (6.82e-03) 2 3.23e-02 (1.35e-03) 24 5.00e-02 (1.96e-03)
Lt 6.76e-01 (3.37e-02) 2  5.62e-02 (3.82e-03) 24 8.98e-02 (5.48e-03)
L? 2.58e-01 (1.19e-03) 2  2.50e-02 (3.55e-04) 24 3.30e-02 (4.80e-04)
L2 2.81e-01 (8.48e-04) 2 2.65e-02 (2.68e-04) 24 3.60e-02 (3.48e-04)
L3 3.16e-01 (9.51e-04) 2 4.11e-02 (7.73e-08) 92 3.60e-02 (4.28e-04)
L4 3.61e-01 (1.37e-03) 2 3.21e-02 (4.86e-04) ¢ 4.78e-02 (6.99e-04)
L6 4.69e-01 (3.58e-03) 2 4.07e-02 (1.21e-03) 24 6.49e-02 (1.68e-03)
L10 6.72e-01 (1.36e-02) 2 5.69e-02 (2.56e-03) 24 9.40e-02 (3.52e-03)
L? 1.35e+00 (6.74e-02) 2 1.01e-01 (7.06e-03) 23 1.42e-01 (1.03e-02)
L? 5.16e-01 (2.37e-03) 2 4.30e-02 (7.22e-04) 24 6.56e-02 (9.63e-04)
L2 5.61e-01 (1.70e-03) 2 4.63e-02 (5.46e-04) 24 7.17e-02 (7.02e-04)
L3 6.33e-01 (1.90e-03) 2 8.16e-02 (5.11e-07) 9 7.17e-02 (8.54e-04)
L4 7.22e-01 (2.73e-03) 2 5.95e-02 (1.01e-03) 24 9.48e-02 (1.36e-03)
LS 9.38e-01 (7.16e-03) 2 7.87e-02 (2.42e-03) 23 1.06e-01 (6.22e-04)
L10 1.34e+00 (2.73e-02) 2 1.11e-01 (5.00e-03) 22 1.17e-01 (1.55e-03)
L? 2.71e+00 (1.35e-01) 2 1.39e-01 (2.64e-03) 28 1.67e-01 (8.80e-03)
=16

Lt 1.03e+00 (4.74e-03) 2 8.19e-02 (1.48e-03) 28 9.66e-02 (8.21e-04)
L2 1.12e+00 (3.39e-03) 2 8.91e-02 (1.09e-03) 28 9.97e-02 (4.62e-04)
L3 1.27e+00 (3.80e-03) 2 1.05e-01 (3.80e-06) 2 9.97e-02 (5.37e-04)
L4 1.44e+00 (5.47e-03) 2 1.17e-01 (5.84e-04) 2 1.11e-01 (7.99e-04)
L6 1.88e+00 (1.43e-02) 2 1.21e-01 (8.44e-04) 23 1.23e-01 (1.89e-03)
L10 2.69e+00 (5.46e-02) 2 1.27e-01 (1.54e-03) 28 1.46e-01 (5.40e-03)
L? 5.41e+00 (2.70e-01) 2 1.55e-01 (8.63e-03) 28 2.33e-01 (1.66e-02)
=24

L? 1.55e+00 (7.12e-03) 2 1.15e-01 (1.04e-03) 22 1.11e-01 (1.43e-03)
L2 1.68e+00 (5.09e-03) 2 1.16e-01 (7.17e-04) 23 1.15e-01 (8.95e-04)
L3 1.90e+00 (5.71e-03) 2 1.23e-01 (3.34e-06) 2 1.15e-01 (1.02e-03)
L4 2.16e+00 (8.20e-03) 2 1.24e-01 (9.93e-04) 23 1.32e-01 (1.50e-03)
LS 2.81e+00 (2.15e-02) 2 1.30e-01 (1.59e-03) 28 1.52e-01 (3.62e-03)
L10 4.03e+00 (8.18e-02) 2 1.40e-01 (3.75e-03) 28 1.91e-01 (8.54e-03)
L? 8.12e+00 (4.05e-01) 2 1.92e-01 (1.49e-02) 28 3.10e-01 (2.32e-02)
=32

L? 2.07e+00 (9.49e-03) 2 1.22e-01 (1.48e-03) 23 1.27e-01 (2.08e-03)
L2 2.24e+00 (6.79e-03) 2 1.24e-01 (1.07e-03) 28 1.34e-01 (1.37e-03)
L3 2.53e+00 (7.61e-03) 2 1.45e-01 (5.80e-06) 92 1.34e-01 (1.55e-03)
L4 2.89e+00 (1.09e-02) 2 1.34e-01 (1.52e-03) 23 1.57e-01 (2.28e-03)
L6 3.75e+00 (2.86e-02) 2 1.44e-01 (2.78e-03) 28 1.88e-01 (5.21e-03)
L10 5.38e+00 (1.09e-01) 2 1.63e-01 (6.44e-03) 28 2.42e-01 (1.10e-02)
L? 1.08e+01 (5.39e-01) 2 2.39e-01 (1.94e-02) 22 3.61e-01 (2.97e-02)

Table 3: Very Smoothed Logan : Linear Needlet and linear SVI2lative estimation

error in norm L1, L2, L3, L4 LS L andL! for several noise level.
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Original (f) Inversion (f*)

s Ut e
[N g -
05 K o — 1

Needlet () SVD (fR)

Figure 4: Visual comparison for the original Logan Shepp phtom with =38
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Original (f) Inversion (¥ = f5)

Needlet () SVD (f2)

Figure 5: Visual comparison for the smoothed Logan Shepp pitam with =16
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6 Appendix
6.1 Proof of identity (2.10)

From [17, p. 99] with some adjustment of notation, we have

) J d 2j (d 1)=2 Z 1 4= d 2)=2 2n(d 3)=2
= — - C. (HC™ “(H@a t9) ~odt;
k N = = k |
¢l e e 27()
where0 | kandl k (mod2). As will be seen shortly  is independent of.

We will only consider the cased > 2 (the cased = 2 is simpler, see [17, p.
99]). To compute the above integral we will use the well knowidentity (cf. [22,
(4.7.29)))

(n+ )C, ()= (C,™ () C,"%(D):

Summing up these identities (with indicemn;n  2;:::) and taking into account
that C,(t) =1, C,(t) =2 (t), we get

tR:Zc

. n 2+
c.tm=" 3T, 5 (6.1)
j=0
This with = (d 2)=2 and the orthogonality of the polynomialsC,ﬁd 2):z(t),
n 0, yield
Z 1 | + Z 1
CE=2(t)C|(d 2)=2(t)(1 t2)(d 3):2dt: [C|(d 2)=2(t)]2(1 t2)(d 3):2dt
1 1
| + (I+ )2t 2 (1+2)

h{) =

(2 (+)(1+D)
We use this and thatC, (1) = {7*2_ (seex2.3.2) andj ¢ ?j = 2" 2= to obtain

nt2 ) ((d 1)=2)
, 2041 Ki(dl(d 2) 24 d (1+d 2
k sl (k+d(1+d 2)d 2) 927 (1+1)

5dd  (d(d 2 1

Gt d 2 42 %(k+Da

(6.2)

The doubling formula for Gamma-function says: (Z) = 2y’ (2)(z+1) (see
e.g. [22]) and hence

2(d 3) 2 5
(d(d 2=(d DA 2)(d 2¢=2—(d D@ 2) d—zz Tl :
We insert this in (6.2) and then a little algebra shows that 2 = (Ifil)ddll' O
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6.2 Proof of Theorem 3.2
For the proof of estimates (3.23)-(3.24) we rst note that by(3.3)

X khj, kB c29p=22 Id X !
I p : p —5 p=2 1
2 2 21+ 1 J 12 P
4P . :
and we need an upper bound for, := 2 ! 2 Z—Jpl—zr To this end,
+1j

we will use the natural bijection betweerB9 and ¢ considered in the remark in

x3.2.2. Thus forx 2 B9 we write x = (x; 1 j xj2) 2 ¢. Let p=(0;1) be

the "north pole” of ¢ For ~2 ; we denote byB «(7 ) is the geodesic ball

on Yof radius ceptered at™ i.e. B o(7 ):=fx2 9:da(xp < g, where

d «(¢p) = Arccos ( 1 j xj2) = Arccos he pi is the geodesic distance between

%, p. Using thatjjuj j jj jh rpi h Tpij da(Tw) fore2 B «(7 ), and
= 21 2 (see Proposition 3.1), it follows that

1 2
2i+ 1] 2 2i+ 1ju? 21+hyp

842 B (T ):

R 1
On the other hand, we haveiB «(7 )j = j ¢ % ,(sin ) *d dj & 2L
with j @ 1j = fdd;z). We use the above and the fact that the ball§B «(7 )g. |
are disjoint to obtain
X 1 L 1 g
2 1B a(T )i By @1+ TEp)
z 1 . dl.zzz (sin )41
c - ~d (8) g "7 IR
¢ (27 + heipi)’ o (21+cos)
=2 gn Z1 Z2

- P r .
c0 @7 +cos ) )rd 007(2j+t)rdt c(d; ;r) 2J_t dt:

jd

(&)

This yields estimates (3.23)-(3.24).
We now turn to the proof of estimate (3.25). We will employ themaximal
operatorM  (t > 0), de ned by
1 £ 1=t
M f(x):=sup — jf(y)j'dy : x2BY (6.3)
Bax IBJ] &

where the sup is over all ball® B¢ with respect to the distanced( ; ) from (3.9)
containing x. Itis easy to show that (seex2.3 in [13]) the Lebesgue measure &f is
a doubling measure with respect to the distancd( ; ). Hence the general theory
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of maximal operators applies. In particular, the Fe ermanStein vector-valued
maximal inequality is valid: IfO<p< 1;0<q 1 ,andO<t< minfp;qthen
for any sequence of functionéf g on B¢

R R
k(M Qi %k ek (i Ky (6.4)

=1 =1

Denote by B( ;r) the projection of B «(7r) onto BY, i.e. B(;r):= fx 2 BY:
d(x; ) <rg. By [13, Lemma 2.5], we have
. d+1) =
L dGx)  @n=

(M g(ry)(X) c1 r . 2B%o0o<r (6.5)

It is easy to see (cf. [13]) that
. P .
iB(; ) 2W@i+ 1) j» 24w(); 2 (6.6)

Also, we let g = J% e denote theL?-normalized characteristic function ofE
BY. Then (3.21) and (6.6) imply

khi; kp k Tg(;kes 2 (6.7)

Now, pick 0<t< 1andM > (d+1)=t. From (3.21) and (6.5) it follows that

jh, (X)j M e, )(X); x2 B (6.8)
Using this, the maximal inequality (6.4), and (6.7) we obtai
X X X
k d h; kp ck M(d Tg(. )kp K d Tg(¢; )kp
2 2 2
X 1=p X 1=p
C kd ~B(; )kg C kd hj; kB
2 2
This completes the proof of (3.25). O
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