DECOMPOSITION OF SPACES OF DISTRIBUTIONS INDUCED
BY HERMITE EXPANSIONS

PENCHO PETRUSHEV AND YUAN XU

ABSTRACT. Decomposition systems with rapidly decaying elements (needlets)
based on Hermite functions are introduced and explored. It is proved that the
Triebel-Lizorkin and Besov spaces on R? induced by Hermite expansions can
be characterized in terms of the needlet coefficients. It is also shown that the
Hermite Triebel-Lizorkin and Besov spaces are, in general, different from the
respective classical spaces.

1. INTRODUCTION

The purpose of this paper is to extend the fundamental results of Frazier and
Jawerth [4, 5] on the @-transform to the case of Hermite expansions on R%. In
the spirit of [4, 5] we will construct a pair of dual frames in terms of Hermite
functions and use them to characterize the Hermite-Triebel-Lizorkin and Hermite-
Besov spaces.

Let {h,}5, be the L?(R?) normalized univariate Hermite functions (see §2.1).
The d-dimensional Hermite functions are defined by Ho () := ha, (21) <« - Pay (24)-
Then the kernel of the orthogonal projector of L? onto W, := span {H,, : |a| = n}
is given by Hy(2,y) = 34—, Ha(2)Ha(y). Our construction of Hermite frames
hinges on the fundamental fact that for compactly supported C° functions @ the
kernels A, (z,y) =372, Q(L)H;(z,y) decay rapidly away from the main diagonal
in RY. This fact was established in [3] for dimension d = 1 and in [1] in general.
We obtain a more precise estimate in Theorem 2.2 below. We utilize kernels of
such kind for the construction of a pair of dual frames {¢¢ }ecx, {¥¢}ecx, where X
is a multilevel index set. The frame elements have almost exponential localization
(see (3.11)) which prompted us to call them “needlets”. The needlet systems of
this article can be viewed as an analogue of the ¢-transform of Frazier and Jawerth
[4, 5]. Frames of the same nature in the case d = 1 have been previously introduced
in [3].

Our primary goal is to utilize needlets to the characterization of the Triebel-
Lizorkin and Besov spaces in the context of Hermite expansions. To be more
specific, assume that @ € C*°, suppa C [1/4,4], and |a|] > ¢ on [1/3, 3], and define

oo

(1.1) By:=Hy and @, ::Za(
v=0
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Then for all appropriate indices we define the Hermite-Triebel-Lizorkin space F; =
F(H) as the set of all tempered distributions f such that

= - 1/q
I lrge = || (Do@l@s s 0)7) 7 < oo,
§=0 P
where @; * f(z) := (f, ®(z,-)) (see Definition 4.1). We define the Hermite-Besov
spaces By = B(H) by the norm

s . a\ 1/q
1l = (2 (270, £1,) ")
j=0
One normally uses binary dilations in (1.1) (see e.g. [17, §10.3] and also [1, 2]). We
dilate @ by factors of 47 instead since then the Hermite F- and B-spaces embed just
as the classical F- and B-spaces.

Our main results assert that the Hermite-Triebel-Lizorkin and Hermite Besov
spaces can be characterized in terms of respective sequence norms of the needlet
coefficients of the distributions (Theorems 4.5, 5.7). Furthermore, we use these
results to show that the Hermite-F- and B-spaces of essentially positive smoothness
are different from the respective classical F- and B-spaces on R?.

Our development here is a part of a bigger project for needlet characterization of
Triebel-Lizorkin and Besov spaces on nonclassical domains such as the unit sphere
[10], the interval with Jacobi weights [7], and the unit ball [8].

The rest of the paper is organized as follows: Section 2 contains some background
material. The needlets are introduced in §3. In §4 the Hermite-Triebel-Lizorlin
spaces are defined and characterized via needlets. The Hermite-Besov spaces are
introduced and characterized in §5. Section 6 contains the proofs of a number of
lemmas and theorems from §2-§5.

Some useful notation: | f|l, := ||f|lLs(re); for a measurable set E C RY, |E|
denotes the Lebesgue measure of E and 1 is the characteristic function of E.
Also, for € R%, |z| is the Euclidean norm of z, |7|s = maxi<j<q|z;|, and
d(x, E) := infycp | — y|oo is the £>° distance of z from E C RY. Positive constants
are denoted by ¢, ¢1,... and they may vary at every occurrence; A ~ B means
ClA S B S CQA.

2. PRELIMINARIES

2.1. Localized kernels induced by Hermite functions. We begin with a re-
view of some basic properties of Hermite polynomials and functions. (For back-
ground information we refer the reader to [16].) The Hermite polynomials are

defined by

Hy(t) = (—1)"e"’ (%)"(ﬁﬁ, n=01,....

These polynomials are orthogonal with respect to e on R. We will denote the
L?-normalized Hermite functions by

ha(t) = (2"nv/m) " H,(t)e /2,
One has

/ B () ()t = (2"nl/) / Ho(8) Hyn(£)e " dt = 6.
R R
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As is well known the Hermite functions form an orthonormal basis for L?(R).
As already mentioned, the d-dimensional Hermite functions H, are defined by

(2.1) Ho(x) :=ha,(®1) - - hay(a), a=(a1,...,aq).

Evidently e‘$|2/2HQ(x) is a polynomial of degree || := a1 + - - - + ag. The Hermite
functions form an orthonormal basis for L?(R?). Moreover, H,, are eigenfunctions
of the Hermite operator D := —A + |z|? and

(2.2) DH, = (2o +d)H
where A is the Laplacian. The operator D can be written in the form

0
+$]‘, Af:i—F.Tj.

d
(A ;A7 + ATA;), where Aj =—
Z J J &vj

j=1

w\H

dz;
Let e; denote the jth coordinate vector in R?. Then the operators Aj and A7
satisfy

(2.4) AjHo = (205 +2)3Hope, and  AH, = (205)3 Ho—e,.

Combining these two relations shows that {H,} satisfy the recurrence relation

1

(2.5) 2Ha(@) = (52) Hape, (@) + (%) Haoe, (2)
and also
(2.6) (;Zj’}-[a(x) - _ (Oéj;'l) 2 Hae, (z) + (%)% Ha—e; (2).

Let W, := span{Hq : [a| = n} and V,, := @_, W;. The kernels of orthogonal
projectors on W, and V,, are given by

(2.7) Hp(z,y) = Z Ho(2)Ho(y) and Kp(z,y) = ZHj(x,y),

la|=n j=0

respectively.

An important role will be played by operators whose kernels are obtained by
smoothing out the coefficients of the kernel K,, by sampling a compactly supported
C*® function a. For our purposes we will be considering “smoothing” functions a
that satisfy:

Definition 2.1. A function a € C*°[0,00) is said to be admissible of type
(a) if suppa C [0,1 +v] (v >0) and a(t) =1 on [0,1], and of type
(b) if suppa C [u,1+v], where 0 <u <1, v > 0.

For an admissible function @ we consider the kernel
(]

(2.8) Ap(z,y) = Za(g)Hj(m,y).
=0

It will be critical for our further development that the kernels A,,(z,y) and their
derivatives decay rapidly away from the main diagonal y = z in R? x R%:
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Theorem 2.2. Suppose a is admissible in the sense of Definition 2.1 and let o €
Ng. Then for any k > 1 there exists a constant ¢ depending only on k, o, d, and
a such that

[

* TKTL vn [e% ) %Kn vn C Y %
(2.9) %An(ﬂc,y) <o (K [on]+] \+k($l$)] [ k+[ 145 (W, 9)] .
ou (1+ntle—y|)

Here the dependence of ci, on @ is of the form ci, = c(k, |al,u, d) maxo<;<g [|@°) | oo -

We relegate the somewhat lengthy proof of this theorem to §6.1.
The function
1
K, (z,x)
is termed Christoffel function and it is known (see e.g. [9]) to have the following
asymptotic in dimension d = 1:

(2.11) () ~ 2 (max{n2/3,1_\|/%}>_l/2

uniformly for n > 1 and = < v2n(1 + c’n_2/3), where ¢’ > 0 is any fixed constant.
Consequently, for d = 1 we have

1/2
(212) Kp(z,z)~ n'/? <max {nz/g, 1- z'}) , z<Von(l+ c’nfz/g).

(2.10) An(2) ==

V2n
For d > 2 one has (see [16, p. 70])

(2.13) |Ho(z,2)| < en??7 2z e R
This along with (2.7) leads to
(2.14) K(z,z) < en®?, zeRY d>1.

On the other hand, it is well known that (see e.g. [16, p. 26])
(2.15) b ()] < e, |z > (n+2)V2, >0,
and ||hy||co < en~ /12, which readily imply
(2.16) K, (z,z) < ce Il if 2] = max;<j<q|z;| > (4n +2)1/2,
where 7/ > 0 depends only on d.

Now, combining (2.9) with (2.14) and (2.16) (setting v* :=+'/2) we arrive at
Corollary 2.3. Under the hypothesis of Theorem 2.2 we have

aOL

|a|+d
n- 2

2.17 —— A (z, ‘ < cgp—————, z €RY
(2.18) ‘8—QA (z )’ <c & if |2]oo > (4(n+[vn]+|a|+k)+2)1/2
. Py n\T,Y)| = k(1+n%|x—y|)k, co Z 3
and
9 e 1Y%
2.19 ‘—Anx, < cp————— if Yoo > (4(n+ [vn] + k) + 2)1/2.
219) [ grtn(en)| £ et i Mol = (4t o] +0) 42
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Note that an estimate similar to (2.17) is proved in [3] when d = 1 and a = 0
and in the general case in [1]. Estimate (2.9) is new.
We now turn to a lower bound estimate.

Theorem 2.4. Let a be admissible in the sense of Definition 2.1 and |a(t)| > ¢« >0
on [1,1+ 7], 7> 0. Then for any e >0,

/ |An(ac,y)|2dy > cn/? for |z| < (1—¢)v2(1+7)n,
Rd

where ¢ > 0 depends only on 7, €, ¢, and d.

This theorem provides a lower bound for the range where estimate (2.17) (with
a = 0) is sharp. To indicate the dependence of K, on d, we write K, 4 = K,.
Theorem 2.4 is an immediate consequence of (2.12) and the following lemma.

Lemma 2.5. If0 < A< 1,0< p <1, and d > 1, then there exists a constant
¢ > 0 such that for n > 2/

(2.20) S W (r,2) > en'T Kppua(tt) ift=|r] <220+ 1.

m=[(1-)n]

The proof of this lemma is given in §6.1.

2.2. Norm relation. For future use we give here the well known relation between
different norms of functions from V;, (see e.g. [9]): For 0 < p,q < oo

4 —
(2.21) lglly < en=M/a=Pliglly for g €V,

with ¢ > 0 depending only on p, g, and d.
This estimate can be proved by means of the kernels from (2.8) with @ admissible

of type (a).

2.3. Cubature formula. In order to define our frame elements, we need a cuba-
ture formula exact for products fg with f,g € V,,. Such a formula, however, is
readily available using the Gaussian quadrature formula.

Proposition 2.6. [15] Denote by t,,, v = 1,2,...,n, the zeros of the Hermite
polynomial H,(t). The Gaussian quadrature formula

2

(2.22) / FOeCdt ~ > wnf(tun),  Wom = Anltun)e o,
R v=1

is exact for all polynomials of degree 2n — 1. Here A, (-) is the Christoffel function
defined in (2.10).

‘ 2

The product nature of e~1*I" enables us to obtain the desired cubature formula

on R? right away.

Proposition 2.7. Let{y n = (tayns- - tagn) and Agn = Hizl An(tay.n). The cu-
bature formula

(223) iy f(x)g(x)dx ~ Z e Z Aoz,nf(foz,n)Q(&a,n)

Oq:l Ozdzl

is exact for all f € Vi, g € Vi, with £ +m < 2n — 1.
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We next record some well known properties of the zeros of Hermite polynomials.
Suppose {&,} are the zeros of H,(t) (with n even) ordered so that

(2.24) fn < <E1<0<E <<€, £, =6,

From [9] we have {2 < v/2n+ 1 —n~'/6 and uniformly for |v| < n/2 -1
1/2 2/3 &\

2.25 vl — &1~ max{n /31— 2= .
(2.25) o1 — &1 ( { m})
Consequently, on account of (2.11)

(2.26) M)~ €t —Esr, Wl <021 (o :=0).

By [15, (6.31.19)]
(v —1) v +3

2.27 2 o< v=1,...,n/2.
(227) et D)2 Y <Gy Y n/
From this and (2.25) we have, for any € > 0,

(2.28) Eoi1— & ~nTY2 O ] < (1/2 —e)n,
and
(2.29) an V2<E, — 6, <en VO i (1/2—¢e)n < |v] < n/2.

Here the constants depend on ¢.
It also follows by (2.25) that

(2.30) o1 — &1 ~& —&a, —n/242<v<n/2-1.

For the construction of our frames in Section 3 we need the cubature formulae
from Proposition 2.7 with

(2.31) n=2N;, where N;:=[(1+116)(4/7)?47]+3

and 0 < § < 1/37 is an arbitrary (but fixed) constant.

Given j > 0, let as above &, v = *1,...,£Nj, be the zeros of Haon,(t). Let
X; be the set of all nodes of cubature (2.23) with n = 2N, i.e. Xj is the set of
all points &, = (§ays---»&ay), Where 0 < |a,| < N;. Also, for £ = £, we denote
briefly A¢ := Aqn,. Note that #X; = (2N;)? ~ 4%,

An immediate consequence of Proposition 2.7 is the following

Corollary 2.8. The cubature formula

d
(2:32) | J@@)dr~ Y Aef(©)9(©). Aci= [ Ao, (o),

tex; v=1
is exact for all f € Vi, g € Vi, with £+ m < 4N; — 1.
For later use we now introduce tiles { R¢} induced by the points of X;. Set
I =0, (& +&2)/2], 11 :=—1,
I =[(&-1+&)/2,(& +&41)/2], v==2,...,£N,_;, and
Ing =[N, +€n,)/2, 8N, + 27j/6]’ I-N; = —In;.
For each £ =&, = (§ays- - -5 €ay) In X we set
(2.33) Re =10, X In, X -+ X Io,,
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and also
(2.34) Q; = [e-n, —27/% &n, +277/617 = Ugey, Re.

Thus we have associated to each £ € & (j > 0) a tile R so that different tiles do
not overlap (have disjoint interiors) and they cover the cube Q; ~ [—27,27]9,
Observe that by the construction of the tiles {R¢} and (2.26) we have

(2.35) Ae ~ |Re|, €€

By (2.28) [Re| ~ 2799 if € = £, € X; with |ale < (1/2 — §/2)2N; = (1 — )N
Assume that |, < (1 +46)27T!. By (2.27)

m(lofo = 1/2) (|l —1/2)
Ao —/4) dh ZAPee  ~74)
(4N, +1)172 and hence (4N, T 1)1

Using the definition of N; in (2.31) it is easy to show that the above inequality
implies |a|oo < (1 —J)N;. Consequently, for § € X,

(2.36)  Re~E4+[-279,279]7 and  |Re| ~ 2790 i |€le < (1 +46)27FL
On the other hand, by (2.28)-(2.29) it follows that, in general,

€aloo > < (14 46)27+1,

(2.37) E4[-c1277,¢12791% C Re C €4 [—e2279/3,60279/3)0 ) € € &,
and hence
(2.38) 2794 < |R¢| < "279/3,

Finally, note that since the zeros of H, and H,4; interlace, each R, € Xj4,
¢ > 1, may intersect at most finitely many (depending only on d) tiles R¢, £ € &).

2.4. Maximal operator. Let M be the maximal operator, defined by

1/s
23 M@= sw (o [flra) . s
Q:zeqQ |Q| Q
where the sup is over all cubes @ in R¢ with sides parallel to the coordinate axes
which contain z.
We will need the Fefferman-Stein vector-valued maximal inequality (see [14]): If
0<p<oo, 0<g<oo,and 0 < s < min{p, ¢}, then for any sequence of functions

f1, f2, ... on R

240 [(Swasor) ™|, < (Ximor) ],

j=1 Jj=1

8

9

where ¢ = ¢(p, ¢, s,d).

2.5. Distributions on R?. As is customary, we will denote by S the Schwartz
class of all functions ¢ € C>°(R?) such that

(2.41) P (¢) :=sup |27 DP¢(x)| < 0o for all 7, 5.

The topology on S is defined by the semi-norms Pj.. Then the space S’ of all
temperate distributions is defined as the set of all continuous linear functionals on
S. The pairing of f € S’ and ¢ € S will be denoted by (f,¢) := f(¢) which is
consistent with the inner product (f,g) := fRd fgdx in L?(R9).

As a convenient notation we introduce the following “convolution”:
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Definition 2.9. For functions ® : R? x R — C and f : R? — C, we write
(242) ©s fla) = [ Vo)) dy.

R

More generally, assuming that f € S' and ® : R x R? — C is such that ®(z,y)
belongs to S as a function of y (®(x,-) € S), we define @ x f by

(2.43) P fz) == (f, ®(z,-)),
where on the right f acts on ®(x,y) as a function of y.

We next record some properties of the above “convolution” that are well known
and easy to prove.

Lemma 2.10. (a) If f € S’ and ®(-,-) € S(R? x R?), then ®* f € S. Furthermore
Hyx feV,.
(b) If f €S, O,
() Iff € &,
U(z,y), then

Evidently the Hermite functions {H,} belong to the space of test functions S.
More importantly the functions in S can be characterized by the coefficients in
their Hermite expansions. Denote

) e SR x RY), and ¢ € S, then (P * f,¢) = (f, ® x ¢).
s )ﬂ ( ) € S(Rd X Rd): and (I)(yaz) = (I)(‘Tay); \Il(y,x) =

(245) P1(0) = S (n 1) [Harale = S 1y (X 1o ma)?) L v 20
n=0 n=0 loo|=n

Lemma 2.11. We have
(2.46) peS = (¢, Ha)| <crl(la]+1)7%  for all a and all k.

Moreover, the topology in S can be equivalently defined by the semi-norms P} from
above.

Proof. (a) Assume first that the right-hand side estimates in (2.46) hold. Applying
repeatedly identities (2.5)-(2.6) one easily derives the estimate

2.47 sup |27 DPH, (2)| < e(|a| + 1)VH18D/2 max Holloo
@41) sl D Ha@)] < cllal + DI x|

for all indices 3 and ~, which implies ¢ € S using that ¢ = > Plaj=n(®: Ha)Ha
in L2.
(b) Suppose ¢ € S. Using (2.2) we have

1 2
/ Ho(2)b()dz = m/ﬂ{d(—A+|x\ VHo (2) () de
- e / Hal@)(=20 + [af*6(x))do

where for the last equality we used integration by parts. Repeating the above
procedure k times we obtain a representation for (¢, H,) of the form

1
e |BI<2k, [y|<2k

which yields the right-hand side estimates in (2.46).
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The equivalence of the topologies in S induced by the semi-norms from (2.41)
and (2.45) follows easily by (2.47) and (2.48). O

3. CONSTRUCTION OF BUILDING BLOCKS (NEEDLETS)

We utilize the localized kernels from Theorem 2.2 and the cubature formula from
Corollary 2.8 to the construction of a pair of dual frames consisting of localized
functions on R4,

Let @, b satisfy the conditions:

(3.1) a,be C®(R), suppd,suppb C [1/4,4],

(3.2) @(t)], [b(t)| > c¢>0 iftel1/3,3],

(3.3) a(t) b(t) +a(4t) b(at) =1 ift € [1/4,1].

Consequently,

(3.4) immw) =1, tell,oc0).
v=0

It is easy to see that (see e.g. [5]) if @ satisfies (3.1)-(3.2), then there exists b
holds true.

satisfying (3.1)-(3.2) such that (3.3)
Assuming that @, b satisfy (3.1)-(3.3), we define
e}
~( V .
(3.5) Oy :=Hy, P¢;:= Z;)a(w)'}'l,,, j>1, and
. . = 7 l/ y
(3.6) Uy i=Hy, U, := z%b(zp_l)m, j> 1.

Let X; be the set of the nodes of cubature formula (2.32) from Corollary 2.8 and
let A\¢ be the coefficients of that cubature formula. We now define the jth level
needlets by

(3.7) pe(x) = N 2®;(2,6) and  we(x) = \W;(2,6), €€ A,
Write X := U2, 4&;, where equal points from different levels &; are considered as

distinct elements of X. We use X as an index set to define a pair of dual needlet
systems ® and ¥ by

(3.8) Q= {petecx, Vi={Yc}leecx.

According to their further roles, we will call {¢¢} analysis needlets and {¢} syn-
thesis needlets.

The almost exponential localization of the needlets will be critical for our further
development. Indeed, by (2.17) we have

Ck2jd d
3.9 P, v, < —r——— R vk
(3.9) |©;(&, )], [¥;(&, )] < (1+ 27|z — &)F’ ek ’
Fix L > 0. Then by (2.19) it follows that for any & > 0
CkQ_jL . )
(3'10) ‘¢j(§am)|a |\IIJ(£7SU)| < m, HARS Rd, if |§|oo > (1 +(5>2]+1.

Here ¢, depends on L and § as well.
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From above and (2.35)-(2.37) we infer

c27/? . i
B1)  lee@)l @) < Gy I 1o < @+92,
and
9—jL . .
(312) @ @)l £ g g I e > (1 0)27,

The following proposition provides a discrete decomposition of S’ and LP(R?)
via needlets.

Proposition 3.1. (a) If f € &', then

(3.13) f= i\llj x*®;xf in S and
j=0
(3.14) F=> (frpe)be in S
fex

(b) If f € LP, 1 < p < oo, then (3.13) — (3.14) hold in LP. Moreover, if
1 < p < o0, then the convergence in (3.13) — (3.14) is unconditional.
(

Proof. (a) By the definition of ®; and ¥; in (3.5)-(3.6) it follows that WPy = Hy
and
49

— 7 U N~/ V ]
W ®j(x,y) = Z QCL(F)b(F)HV(x7y)7 j=1
v=47—
Note that ¥;(z,y) and ®;(z,y) are symmetric functions (e.g. V,(y,x) = ¥;(z,y))

since H, (z, y) are symmetric and hence U; x ®;(x,y) is well defined. Now, (3.4)
and Lemma 2.11 yield (3.13).

To establish (3.14), we note that ¥, (x,-) and ®,(y, -) belong to V; and applying
the cubature formula from Corollary 2.8, we obtam

Ve Ben) = [ 00
£EX; §EX;
Consequently,

Uy Djx f =Y (f,0e)te
£ex;
This along with (3.13) implies (3.14).

(b) Representation (3.13) in LP follows easily by the rapid decay of the kernels
of the nth partial sums. We omit the details. Then (3.14) in L? follows as above.
The unconditional convergence in LP, 1 < p < oo, follows by Proposition 4.3 and
Theorem 4.5 below. O

Remark 3.2. It is well known that there exists a function a > 0 satisfying (3.1) —
(3.2) such thata®(t)+a2(4t) = 1, t € [1/4,1]. Suppose that in the above construction
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b=13a and @ > 0. Then e = e. Now (3.14) becomes f = dex<fa Ye)e. It is
easy to see that this representation holds in L? and

/
17l = (S krwel) " rer?,

fex

i.e. {¢}ecx is a tight frame for L*(R?).

4. HERMITE-TRIEBEL-LIZORKIN SPACES (F-SPACES)

In this section we introduce the analogue of Triebel-Lizorkin spaces in the context
of Hermite expansions following the general approach described in [17, §10.3] and
show that they can be characterized via needlets. In our treatment of Hermite-
Triebel-Lizorkin spaces we will utilize the scheme of Frazier and Jawerth from [5]
(see also [6]).

4.1. Definition of Hermite-Triebel-Lizorkin spaces. Let the kernels {®;} be
defined by

o0 N v .
(4.1) ®y:=Hy and &, := ZQ(F)H”’ j>1,

v=0
where {H, } are from (2.7) and @ obeys the conditions:
(4.2) a€ C™[0,00), suppaC [1/4,4],
(4.3) [a(t)| >¢>0, iftell/3,3].

Definition 4.1. The Hermite-Triebel-Lizorkin space Fy'? := F(H), where a € R,
0<p<oo,0<q< oo, is defined as the set of all f € S’ such that

(4.4) e = || (i, 1) ), <o
j=0

where the £9-norm is replaced by the sup norm when ¢ = 0.

As will be shown in Theorem 4.5, the above definition of Triebel-Lizorkin spaces
is independent of the specific selection of @ satisfying (4.2)-(4.3) in the definition of

Proposition 4.2. The Hermite-Triebel-Lizorkin space Fg'? is a quasi-Banach space
which is continuously embedded in S’ (Fg? — S').

Proof. We will only establish that Fj*Y < S’. Then the completeness of F;? fol-
lows by a standard argument using in addition Fatou’s lemma and Proposition 3.1.

As in Definition 4.1, let {®,} be defined by a function @ obeying (4.2)-(4.3). As
already indicated there exists a function b such that (3.1)-(3.3) hold. Let {¥,} be
defined as in (3.6) using this function. After this preparation, let {p¢} and {i¢}
be needlet systems defined as in (3.7)-(3.7) using these {®;} and {V;}.

Let f € F?. By Proposition 3.1 f = 3372 ¥; + ®; + f in S and hence

(f,0) = (W x®5 f,0) =D (B [,U; %), ¢€S.

=0 =0
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Applying the Cauchy-Schwarz inequality and (2.21) we obtain, for j > 2,
(@) 0 5 B)] < | @ Fllal| T # Blla < 2792y x fll, > (1M * 2

v=47-2
< 27| fllpga Pl (),

whenever r > |a| +d/p + 1. This leads to [(f, ¢)| < c| fllpee P7(¢), which yields
the claimed embedding. [J
Proposition 4.3. We have the following identification:
(4.5) FP~LP, 1<p<o,
with equivalent norms.

The proof of this proposition can be carried out as the proof of Proposition 4.3 in

[10] in the case of spherical harmonics and will be omitted. It employs the existing
LP? multipliers for Hermite expansions (see e.g. [16]).

4.2. Needlet decomposition of Hermite-Triebel-Lizorkin spaces. In the fol-
lowing we will use the multilevel set X' := U2,X; from §3 and the tiles {R¢}
introduced in (2.33).

Definition 4.4. Let « € R, 0 < p < 00, 0 < q < oo. The Hermite-Triebel-
Lizorkin sequence space f,? is defined as the set of all sequences of complex numbers
s = {s¢}ecx such that

@e)  Wlgge = (2 S [sellrel21a,)]")

Jj=0 §EX;

< 0
P

with the usual modification when q¢ = co.

Assuming that {¢¢}, {¢)¢} is a dual pair of analysis and synthesis needlets (see
(3.7)-(3.8)), we introduce the operators: S, : f — {(f, p¢)}ecx (Analysis operator)
and Ty : {s¢heex — Doccx Sete (Synthesis operator).

We now come to our main result on Hermite-Triebel-Lizorkin spaces.

Theorem 4.5. If o € R and 0 < p < 00, 0 < ¢ < oo, then the operators S, :
Ft — fytand Ty : fr9 — Fg are bounded and T, o S, = Id. Consequently,
assuming that f € §', we have f € Fg'? if and only if {(f,e)} € f3'? and

(4.7) [fllzge ~ I{(fs e Hl gge-

Furthermore, the definition of Fg'9 is independent of the specific selection of @
satisfying (4.2) — (4.3).

For the proof of this theorem we adapt some techniques from [5].

Definition 4.6. For any collection of complex numbers {a¢}ecx;, we define

* o ‘a’n|
(4.8) a; (x) := nEZXj —(1 i — )
and
(4.9) ag = aj(§), &€ A,

where o > d is sufficiently large and will be specified later on.
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We will need a couple of lemmas whose proofs are given in §6.

Lemma 4.7. Suppose s >0 and o > dmax{2,1/s}. Let {b,}uex;, j >0, be a set
of complex numbers. Then

(4.10) b () < CMS( 3 |bw\]lRw)(x), z e R
weX);
Moreover, for £ € Xj,
(4.11) byl g, (x) < cM5< 3 |bw|]13w)(w), z € R
weX);
Here the constants depend only on d, 8, o, and s.
Lemma 4.8. Let g € V4 and denote

Me := sup |g(z)], €&, and my:= inf |g(z)], I € Xjye
TER, TERA

Then there exists £ > 1, depending only d, 6, and o, such that for any & € X;

(4.12) Mg <cem)  forall \€ Xjiy, R\ Re #0),
and hence
(4.13) MZ1g(z) <c > milg, (z), = €RY

)\EXjJrz,R)\ﬂRg#@

where ¢ > 0 depends only on d, §, and o.

Proof of Theorem 4.5. Suppose g < oo (the case ¢ = oo is easier) and pick s, o,
and & so that 0 < s < min{p, ¢} and k > o > dmax{1,1/s}.

Let {®,} be from the definition of Hermite-Triebel-Lizorkin spaces (see (4.1)-
(4.3)). As already indicated in the beginning of §3, there exists a function b satis-
fying (3.1)-(3.2) such that (3.3) holds as well. We use this function to define {¥;}
exactly as in (3.6). We further use {®;} and {¥,} to define just as in (3.7) a pair
of dual needlet systems {¢,} and {1, }.

Let {¢n}, {Jn} be a second pair of needlet systems, defined as in (3.5)-(3.7) from
another pair of kernels {ij}, {\T/J}

Our first step is to establish the boundedness of the operator T$ D fp = B
defined by Tﬁs = dex 351;5. Proposition 4.2 and the fact that finitely supported
sequences are dense in f imply that it suffices to prove the boundedness of T@
only for finitely supported sequence. So, assume s = {s¢ }ecx is a finitely supported
sequence and let f := Tgs. Evidently &, * @5 =0if{ e X, and |j —v| > 2, and
hence

Jj+1
ixf= Y > se®ixte (X :=0).
v=j—1£€X,

Let £€X,,j—1<v<j+1,and || < (1+6)2YTL. Then using (3.9)-(3.11)
we get

Okl < 23jd/2/ 4 ,
i@l A AT Y — A+ D — o)

1 < c2Jd/2
V=027 —a)F
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Hence, on account of (2.36)

c|Re| /2

T Rd.
A+ 2jE—ap *F

(4.14) |®; e ()] <

IféeX, j—1<v<j+1,and [f|e > (14 6)2"", then by (3.9)-(3.12)

- , 2id 27k
D, % e (x SCQ*]L/ » dy < j
@ * e ()] o (1 27z — g (1 2 [E — g|)F (1 + 27]€ — z|)F

for any L > 0. Consequently, in view of (2.37), estimate (4.14) holds again.
Denote S¢ := s¢|R¢|~/2. Then by (4.14) we have

A & |sellRe| /2
D, < D, < — s
B % f(2)] < D> > Isell s e (w)] < c >y (527 —a])F
v=j—1£€X, v=j—1¢€€X,
Jj+1
(4.15) <c > Six)  (S-1:=0),
v=j—1

where S (z) is defined as in (4.8). We insert this in (4.4) and apply Lemma 4.7
and the maximal inequality (2.40) to obtain

8

Il < [ (S=is;ne) "

<

Hence the operator T@ : fy® — Fp' is bounded.

Assuming that the space F* is defined via {®,} instead of {®;} we next prove
the boundedness of the operator S, : F*9 — fi*. Let f € F77 and set

p

I
<

o 5 1)) < e

§EX;

i

Il
o

f;" q.

J

Me := sup |®; « f(z)], £€X;, and my:= inf |®;x* f(z)|, A€ Xjis,
i r€R; TERN

where £ is the constant from Lemma 4.8. We have
[(F,0e)] < el Rel/2[@; 5 F(E)] < el Re['/> Mg < ¢ Re|'/? M.

By Lemma 2.10, ®; * f € V};, and applying Lemma 4.8 (see (4.13)), we have

M¢1g (v) <c Z milg, (z), z€R%
AEX; 1 ¢, RANR#D
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We use the above, Lemma 4.7, and the maximal inequality (2.40) to obtain

[{{fi o)l faa < € (Zgajq( Z Mg]le) )1/q p
ex;
< (X 2 m))”,
=0 AEX 1o
s ¢ (iM (2 3 maln,) )1/"
AEXj e p
S 1/q
< ¢ (Z(zaﬂ Z mAle))
J=0 NEX; 4y P
< (S o)), = st

§=0
Here for the second inequality we used that each tile Ry, A € X}, intersects no
more that finitely many (depending only on d) tiles R,,, n € X;. The above confirms
the boundedness of the operator S, : F'9 — fire.

The identity Ty o S, = Id follows by Theorem 3.1.

We finally show the independence of the definition of Triebel-Lizorkin spaces from
the specific selection of @ satisfying (4.2)-(4.3). Let {®;}, {®,} be two sequences
of kernels as in the definition of Triebel-Lizorkin spaces defined by two different
functions a satisfying (4.2)-(4.3). As in the beginning of this proof, there exist two
associated needlet systems {®,}, {¥,}, {@e}, {ve} and {®,}, {¥,}, {octh {Jg}
Denote by || f[| pea(9) and ||f||Faq the F-norms defined via {®;} and {<I> }. Then
from above it follows that

£l Ega @y < el @)l gpe < cllfll paa @)

The claimed independence of the definition of F*? of the specific selection of @ in
the definition of the functions {®,} follows by interchanging the roles of {®;} and
{®;} and their complex conjugates. O

The Hermite-F-spaces embed in one another similarly as the classical F-spaces.

Proposition 4.9. (a) If0<p< o0, 0< q,q1 <00, a € R and e > 0, then
(4.16) Fotea o, o,

(b) Let 0 < p<p1 <00, 0<q,q1 <00, and —o0 < a1 < a < 00. Then we have
the continuous embedding

(4.17) F— P2 if a—d/p=a; —d/p:.

The proof of this embedding result uses estimate (2.21) and Theorem 4.5 and
can be carried out exactly as in the classical case on R™ (see e.g. [17], p. 47 and
p. 129). We omit it.

4.3. Comparison of Hermite-F-spaces with classical F-spaces. We next use
needlet decompositions to show that the Hemite-Triebel-Lizorkin spaces of essen-
tially positive smoothness are different from the corresponding classical Triebel-
Lizorkin spaces on R%.
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Theorem 4.10. Let 0 < p < 00, 0 < ¢ < 00, and o > d(1/p — 1)4. Then there
exists a function f € Fy'? such that ||f|\F;q(H) =00 and hence f & F¥(H). Here
F3 and F9(H) are the respective classical and Hermite Triebel-Lizorkin spaces.

Proof. For any y € R? and a function f we define

aw (X2 3 (1R eelnnc ) ") ]

J=0 EEX;, [E—yI>yl/2

Choose a function h € C°(R?) such that ||kl = 1 and supph C B(0, 1), where
B(0,1) :={x ¢ R?: |z| < 1}.

Theorem 4.10 will follow easily by the following lemma whose proof is given in
§6.2.
Lemma 4.11. With the notation from above, we have

(4.19) IR =)l pgary — o0 as |yl — oo, and
(4.20) [h(- =)

;=0 as |yl — oo

By this lemma it follows that there exists a sequence {y;};>1 C R? such that 0 <
] < lyol < ... and |y 1| > 3ly; |, 1h( =)l pgr ) > 2%, and [[A(-—y;)llr; <1,
j=1,2,....

We now define f(z) := 3272, f;(x), where f;(x) := 277h(x — y;), = € R%. Set
7 := min{p,q,1}. Evidently, h belongs to all classical Triebel-Lizorkin spaces,
which are shift invariant, and hence

o0 oo
1 7or < 302797 (= ) [Fow = [Bllfer 32797 < el < oo,
j=1 j=1

Here we use that || >_; gj||71;qap <> ngH}qap. Thus f € F2P.
On the other hand, for any ¢ > 1,

(Szer S (R voltn)')
v=0

E€Xy, [E—ye|<lyel/2

o0
(I Fellzgr ey — Z 155117 )

=27 7||A¢ — ye)llzer o) — ZQ NG = yi) s

T

||f||}gP(H) 2c »

> CQ@T 76227]'7' 2 c2f‘r 7C/.
j=1
Here for the second inequality we used that if |€ —y,| < |y,|/2, then |{ —y;| > |y;|/2
for all j # ¢. Consequently, ||f|\;ap(H) —00. O

5. HERMITE-BESOV SPACES (B-SPACES)

Besov type spaces are natural to introduce in the context of Hermite expansions
(see e.g. [17, §10.3]). We will call them Hermite-Besov spaces. To characterize
these space via needlets we use the approach of Frazier and Jawerth [4] (see also
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[6]) to the classical Besov spaces. We refer to [11, 17] as general references for Besov
spaces.

5.1. Definition of Hermite-Besov spaces.

Definition 5.1. Let the kernels {®;} be defined by (4.1) with @ satisfying (4.2) —
(4.3). The Hermite-Besov space Byl := By4(H), where a € R, 0 < p,q < 00, is
defined as the set of all f € 8" such that

(5.1) g = (3 (210, 11,)") " < e,
j=0

=
where the £2-norm is replaced by the sup-norm if ¢ = oo.

Similarly as for Hermite-Triebel-Lizorkin spaces (§4) Theorem 5.3 below implies
that the above definition of Hermite-Besov spaces is independent of the specific
selection of @; also By is a quasi-Banach space which is continuously embedded in
S’

5.2. Needlet decomposition of Hermite-Besov spaces. As for the Hermite-
Triebel-Lizorkin spaces we employ the tiles { R¢} introduced in (2.33) in the follow-
ing. Also as before X' := U372 Xj.

Definition 5.2. The Hermite-Besov sequence space bgq, where a € R, 0 < p,q <

00, is defined as the set of all sequences of complex numbers s = {s¢}eca such that

oo

(5.2) ||3||b§‘1 — (Z [21'&( Z ‘R£|1*p/2‘sf|p> l/p]q>1/‘1 < 0

=0 cex;

with obvious modifications when p = 0o or ¢ = 0.

In the following, we assume that {®;}, {U;}, {¢e}, {¢e} is a needlet system
defined by (3.5)-(3.8). Recall the analysis operator: S, : f — {(f,¢e)}ecx, and

the synthesis operator: Ty : {s¢}eea — D oecn Se¥e

Theorem 5.3. [f o € R and 0 < p,q < oo, then the operators S, : Byl — by?
and Ty : by? — Bp? are bounded and T, o S, = Id. Consequently, assuming that
f €S, we have f € By? if and only if {(f, ¢)} € b9 and

(5:3) [l g ~ [ e Hlpga-

Furthermore, the definition of By? is independent of the choice of @ satisfying
(4.2) — (4.3).

For the proof of this theorem we need one additional lemma.
Lemma 5.4. Forany g€ Vi, j >0, and 0 <p < o0
1/p
(5.4) (> el max g@)) " < cllgll
EEX; ¢
The proof of this lemma is given in §6.

Proof of Theorem 5.3. Let 0 < s < p and o > dmax{l,1/s}. Just as in the
proof of Theorem 4.5 we assume that {®;}, {U;}, {¢,}, {¢¥,} and {®;}, {¥;},

{&n} {7:[;77} are two needlet systems, defined as in (3.5)-(3.7), which originate from
two completely different functions @ satisfying (4.2)-(4.3).
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We first prove the boundedness of the operator T$ 0 by? — By, defined by
Tes == D cex 55{/;5, assuming that B is defined by {®;}. As in the Triebel-
Lizorkin case due to the embedding By? — S’ it suffices to consider only the
case of a finitely supported sequence s = {s¢}ecx. Let f := Tgs. By (4.15) and
Lemma 4.7 we get

Jj+1

I flly < e > Mo D0 IR s l1r )|
v=j—1 WEX, P
j+1

0),

<e 3 (X mrp)

v=j3—1 weAXx,

which leads to [|f[[gge < ¢[[{sy}[pz+ and hence to the boundedness of Tg.
To prove the boundedness of the operator S, : By — by? we assume that B¢
is defined in terms of {®;}. Observing that

L _
(Fo0e)l = A2 (@, F(E)] ~ |Re[V2[®; % f(E)], €€,
and ®;  f € V;, we get using Lemma 5.4
_ 1/p — 1/p _
(IR 21 Fpe)?) T < e 3 1RI®;  F©1) T < el Sl
geXJ Ser

This yields [[{(f, p¢) }Hlyas < c|| fl[pgs and hence the operator S, is bounded.
The identity Ty o S, = Id is a consequence of Proposition 3.1.
The independence of the definition of B¢ from the particular selection of @

follows from above exactly as in the case of Triebel-lizorkin spaces (see the proof of
Theorem 4.5). O

The Hermite-Besov spaces embed similarly as the classical Besov spaces.
Proposition 5.5. (a) If 0 < p,q,q1 <00, « € R and ¢ > 0, then
(5.5) Bg‘*g’q — By

(b) Let 0 < p <p; <00, 0< g <00, and —00 < a1 < a < 0o. Then we have
the continuous embedding

(5.6) Byt — Byl if a—d/p=a;—d/p:.
() If0<p<oo0,0<qg<oo, a€R, then
(5.7) Bgﬁmm{p,q} — Fo Bg,maX{p’q}.

Part (b) of this proposition follows readily by estimate (2.21). The proofs of
parts (a) and (c¢) are as in the classical case.

‘We now show that under some restriction on the indices the Hemite-Besov spaces
are essentially different from the classical Besov spaces on R<.

Theorem 5.6. Let 0 < p,q < o0, and o > d(1/p — 1)4. Then there exists a
function f € By? such that || f||goe(ry = oo and then f ¢ By4(H). Here By and
By(H) are the respective classical and Hermite Besov spaces.



DECOMPOSITION OF SPACES INDUCED BY HERMITE EXPENSIONS 19

Proof. We proceed quite similarly as in the proof of Theorem 4.10. Given y € R¢
and a function f we define

oo

(5.8) ||f||Bij = (Z2j°‘q( Z \R5|1*P/2‘<f’ %Mp)q/”)l/q'

Jj=0 EEX;, |E—yl>yl/2

Pick h € C*°(R%) such that ||h||s = 1 and supph C B(0,1).
The theorem follows easily by the following:

(5.9) 1A(- = w)llga(y — o0 as [yl — oo, and
(5.10) Ih(- = y)llB; =0 as |yl — oc.

To prove (5.9) we will show that there exist € > 0 and r > 1 such that
(5.11) BYI(H) — F?(H).

Then the result follows by the argument from the proof of Lemma 4.11.

Let p > 1. Pick € > 0 so that a > 2¢. Then by Propositions 4.9, 5.5 we have
the following embeddings By? < B2*? < [P — [F¢2 which confirms (5.11).

Let p < 1. Then o > d(1—1/p) and hence (as in the proof of Lemma 4.11) there
exist €,0 > 0 such that a — d/p = 3¢ — d/(1 + J). Then Propositions 4.9, 5.5 give
us the following embeddings By — Bfi’g — Bfi’;"’é — Ffi’ﬁl'“s — F?5, which
leads again to (5.11).

The proof of (5.10) is similar to the proof of (4.20) and will be omitted. O

We finally want to link the Hermite-Besov spaces with the LP-approximation
from linear combinations of Hermite functions. Denote by E,(f), the best approx-
imation of f € LP from V,,, i.e.

(512 Eu(f)y = inf [1F =gl

Let A77 be the approximation space of all functions f € L for which

= 1/q
(5.13) 1 lags = 11+ (D@ Eas(£),)7) " < o0
7=0

with the usual modification when ¢ = oo

Proposition 5.7. Ifa >0, 1 < p < o0, 0 < ¢ < oo, then By? = Af,‘/z’q with
equivalent norms.

Proof. Let f € By9. We first observe that under the conditions on «, p, and g,
Bp? is continuously imbedded in LP, i.e. f can be identified as a function in L?
and || f[l, < c||f|pze. The proof of this is easy and standard and will be omitted.

By a well known and easy construction there exists a function @ > 0 satisfying
(4.2)-(4.3) such that a(¢t)+a(4t) = 1 for ¢ € [1/4,1] and hence > > ja(4~"¢t) = 1 for

€ [1,00). Assume that {®,} are defined by (4.1) using this function @. By The-

orem 5.3 the definition of the Besov spaces B, is independent of the selection of
a and hence they can be defined via these functions {®;}. Similarly as in Proposi-
tion 3.1 f = Z]O i« f for f e LP.

Now, using that (I) « f € Vis, we have By (f), < 352,11 |9 % fllp, m > 0.
A standard argument employing this leads to the estimate ||fHAa/2 . < c||fHBaq

To prove the estimate in the other direction, let g € V,;-2 (] > 2). Evidently,
®;x f = @« (f — g) and the rapid decay of ®; yields ||®; = f|l, < ¢||f — gllp-
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Consequently, ||®; * f|l, < cEg-2(f)p, j > 2, and ||®; * f|, < c[|f||p- These lead
to [fllzge < clflfarea- O
P
6. PROOFs

6.1. Proofs for Section 2.1.

Proof of Theorem 2.2. This proof hinges on an important lemma from [16]. Let
1) be a univariate function. The forward differences of v are defined by

Ap(t) = (t+1) —(t) and AFp=AA1y), k2.

For a given function 1 we define
My(z,y) == Zw(u)Hy(a:,y), and then Mk, = Z AFY(V)YH,,.
v=0 v=0

Lemma 6.1. [16, p. 72] Let A;I) and A;y) denote the operator A; applied to the
x and y variables, respectively. Then for any k > 1,

20—k
(6.1) 2 (a; —y) My(y) = > cl,k(A;w_A;@) Maiy(,y),
k/2<i<k

where ¢, are constants given by

cp = (=) lk=t 2k — 21 — 1) <2l ]i k)

Proof. This lemma is proved in [16] except that the constants ¢;j are not deter-
mined explicitly there. For k = 1 one has [16, (3.2.20)]

(6.2) 2(x; — y;) My, y) = (AP = AP) May(@,y).
The general result is obtained by induction using the identity [16, (3.2.23)]

T T r—1
(6.3) (x5—y;) (AY = AP) = (AW = AP (@ —yy) = —2r (4 = A0)
Assume that (6.1) holds for some k > 0. Then using (6.3) we get

21—k
2K (g, — y FTIM,, = 2(z; — ) Z Clk (A;_y) — Ag_ﬂﬂ)) My,
k/2<I<k

W _ @) F
= Z Cl,k |:(AJ — AJ ) 2(LEJ — yj)MAW)
k/2<i<k

2l—k—1
—4(21 — k) (Agw - AJ@) me}

k+1
= Ck,k (AEy) - A;z)) MAk+1w

2l—-k—1
+ Z [01717]€ — 4(21 — k)Cl’k] (Agy) — A;T)) MAZ?/)’
(k+1)/2<I<k

where ¢ := 0 if [ < k/2. Consequently, the coefficients satisfy the recurrence
relations

Cht1,k+1 = Ch.k> 1 =c-1e —4QU—k)ark, (K+1)/2<1<k.
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It follows from this and (6.2) that ¢, = 1 for all k. Furthermore, the recurrence
relation above shows that
k—1
Chojk = =4 Y (V=2 +2)chji1u,

v=2j—1

from which one uses induction and the fact that Zl’f;; (‘j’) =
stated identity for ¢; . O

(g+1) to derive the

The case a = (0,...,0). Assume k > 2. By Lemma 6.1, we have

Fa g e = ew o Aa(L) (49 a0) ),

k/2<i<k v=0

where Ala(%) is the [th forward difference applied with respect to v.
Note first that applying the Cauchy-Schwarz inequality, we have

‘ Z Hatp(2)Haty (y ‘ Z [Hatp(z Z [Hat (y

|a]=n |a]=n lal=n
(6.4) < Mot 151 (T, &) Hon 1 (U, 9)-
We next consider the action of A; on H;(x,y). Using repeatedly (2.4) we get
m
(6.5) (457) " Hg = TT1208; + 1) + 2 *Hme,.
r=0

This along with (6.4) leads to

(AP (AT, () \Z_

HEI
_l’_
O
N
=
~
2
+
3
+
)
N

X Ha+i€j (y)HOé+7n€j (SC)

< [2(1/ +1+ m)]Zer Z |Ha+iej (y)Ha+mej (Z‘)}
|| =v
< 2w+ i+ m)] " i (Y, y) Ho g (2, 7).
Hence the binomial theorem and the Cauchy-Schwarz inequality give
20—k

‘ (AE:’/) - A§w)>2l*kHU(x’y)‘ <y (21 - k) ‘(AEH))i(AEI))ZlfkfiHu(x’y)
1=0

7

Nl=
=

(Hoyt21—k—i(z, )]

20—k 90— k
< (20 441 — 2k)H-D/2 R ( , ) (Hovi(y, )]

- (3
1=0

=0

21—k % 20—k l
< CV(Ql_k)/Q lz Hl/-i-i(y Yy ] [Z HV+Z x,T ]

A well known property of the difference operator gives

~(V I~ —In~
(6.6) 2% (2)| = n @O @) < 0! a®
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By Definition 2.1 it follow that Ala(%) =0if0<v<un-—1Iorv>n+wvn, where
0<wu<1andov >0 (Herew =1ifaisof type (a).) Using this, the above
estimates, and the Cauchy-Schwarz inequality we infer

(2 =y An(,y)| < e D Jerln ™ @? [oon®—F72
k/2<I<k

n+fvn] 20—k 3 20—k 2
X Z [Z Huﬂ'(yay)] [Z Hyyi(z, 35)]
v=[un]—1 Li=0 1=0
—k/2 3 3
< cgn [K7L+[U7L]+k(ya y)] : [Kn+['un]+k(x> ZL’)] 2,
where ¢, > 0 is of the form ¢;, = c(k, u, d) maxo<;<y, [|a"||oo. Consequently,

1 1
[Kn-i-[vn]-‘rk(ya y)] ? [Kn-&-[vn]-i-k(x’ I)] ?
(Vnlz —y|)* ’
We also need estimate |Ay(z,y)| whenever x and y are close to one another.
Applying the Cauchy-Schwarz inequality to the sum in (2.7) which defines H, we
get

(6.7) [An (2, y)| < ek z#y.

nton]
|Ap(z,y)] < +Z ‘a(%)‘Hl,(x,m)l/zHl,(y,y)l/Q

< clloe [t tom) 0 9)]* Ko pong (2]
which coupled with (6.7) yields (2.9) in the case under consideration.

The case |a| > 0. We will make use of the relation 9; = x; — A;, where as
usual 0; := a%j. In the following we again denote by Ag-m) the operator A; acting
on the x variables, and A? is understood as the identity operator; by definition
(A@)a = (Ao (Agm))o‘d. We also identify the operator of multiplication by
x; with z;. In order to use Lemma 6.1, we will need two commuting relations.

Lemma 6.2. Let k,r,s be nonnegative integers. Then

v LR k! . =i
68) @ (47 -aY) =3 C) Gy (A7 - AY)

and

(6.9) (x; —yj)* (AE’”))S = i (j) G ]i' B (AE'I))Sii (zj —y)",

=0

where kK!/(k —1i)! =0 if k < i.

Proof. To prove (6.8) we start from the identity:

1

(6.10) z; (A0 - A§.y))k =k (4l - Ag.y))ki + (4l - A(.y)>k 2.

For k = 1 this follows from the obvious identities
(6.11) xjA§x) =Ild+ Agx)xj and :chgy) = Agy)xj.

In general it follows readily by induction.
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We now proceed by induction on r. Suppose (6.8) holds for some r > 1 and all
k > 1. Then

k r k! k—i )
r+1 [ 4(@) ®\" _ r : () ) r—i
(- = S (e (4 )

= XT: (:) (k ]j' i) {(A}r) _ A§_y))k,z- 25T g (k- ) (A;_m _ A§_y))k7i71 x;i]

< [(r r KL 4@ o) i
B ._0[(2'>+<i—1)] (k—i)!( i T ) i

which completes the induction step as (})+(,",) = ("T'). Thus (6.8) is established.
To proof (6.9), we start from

(2 — y)* AV = k(zy —yp)*t + AV (2 — )"

For k = 1 this identity follows from (6.11) and, in general, by induction. Finally,
one proves (6.9) by induction on s similarly as above. We omit the details. O
The next lemma is instrumental in the proof of Theorem 2.2 in the case |a| > 0.

Lemma 6.3. Ifa,3 € Nd and k > 1, then

|| +]8] 1
n 2 [Kngonltlal+181+4 (@ 2)] 7 [Knpn) 1y, 9)]

(1 + Vnlz —y[)*

Nl

‘ (A(r))a xﬂAn(x,y)‘ <cg
Proof. We first show that for 1 <: <d
(6.12) [z - )" (49)" 2" Ao, )

1
< Ckn(ik+|a‘+lﬁ|)/2 [Kn+[vn]+\a|+|6|+k(xa (E)] 2 [Kn+[vn]+k(y»y)}

[N

Clearly (A@)% 28 = (A@)* %% gf-fiei . (AZ(.‘T)> "% and the two operators

(2

separated by a dot commute. Using (6.9) and Lemma 6.1, we have

6.13) 24—y (A9) A (ay) =20 (4@)T g
a; o k! @)\ %~ j :
X;(])(k—j)! (A9)" i @i = ) M)

o (i) 27k — i~
- (a' ) G b e L Aa(g)
] (k—j)/2<1<k—j v=0

y (A(w))a‘jei o (A9 - Agm))”‘k” Ho (2, y).

Furthermore, by (6.8),

(AZ@)“” o (49 - 4 )2l ki Z <M> /§l+ jk_Jrj)')

v (Agm )az -J (Al(y) _Agm))Ql k+j— #xfiiu.
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As (A(I))a_aiei xP=Bici commutes with A§x) and x;, we then conclude that

. . Bi .
@\ () _ g@\P _ Bi\ (=1)*(2l — k + j)!
(A ) v (Al A ) Hy(z,y) I;) p) @ —k+j—p)!

x (@) o (49 - 4®) T vty (2.

Using relation (2.5) repeatedly, it follows readily that

foA(x) = Z bm,T(Ai)HA-‘r(T—Qm)% (‘T)’

m=0

where by, () are positive numbers satisfying by, »(A;) ~ )\;/ 2 Applying this
identity to all variables we obtain

(6.14) 2P () = YD buny(N) D Hay—2u(z)HaA(Y),

w1=0 wqg=0 [A|=v

where v; = 3 for j # i and v; = 8; — p, and by, 4(A) = by, 41 (A1) -+ buy va (Aa).
Clearly, |bw,’y()\)| S Cy(lﬁlf“')/Z.
We now use the binomial formula and (6.5) to obtain

‘ (A(I))a_jei (Az(,y) B Az(m)>21—k+j—/t H/\Jr,y,gw(x)?'l,\(y)‘

21—k+j—p 2l—k+j—p—q a—je;+qe;
<o 3 Q)T ) oo
q=
2l—k+j—p
<ec Z y(la‘+21_k_u)/2|H)\+772W*j€i+qei (@) HA+ @k +i—p—q)e: (y)’
q=0
and hence

a—je; — i Bi
’ (A(“')> J zxﬁ (Al(y) —AEI))QZ k+j #'Hu(%y)’ < Czy(zl_k+|a\+\ﬁ|—2u)/2
pn=0

Ya 20—k+j—p

71
XY YT D [ Haky—awramientae (T) Mok @ikt pegyes 1) -

w1=0 wg=0 q=0 A |=v
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As before Al?i(%) =0if0<v<un—Ilorv>n-+wvn, where 0 <u<1andv>0.
Also, by (6.6) |AG(%)] < n7![@9)||o. We use all of the above to conclude that

‘(m yi)* (A@v) 22 A (2, y)‘ < en(—Hk+lal+18) /22 )

=0 (k—j)/2<I<k—j

[N

n+vn] B m Yd 2l—k+ji—p
D IEDID DR [ Y Mutialtir—20l+e-5(®:2)
v=[un]—Il p=0w1=0 wa=0 q=0
2—k+j—p 2
X [ Z Hu+2l—k+j—u—q(yvy)]
q=0

1
2

< cn(_k+|a‘+lﬁl)/2 [Kn+[vn]+\a|+|ﬁ\+k(‘r7x)] 2 [Kn+[vn]+k(y y):l

where we again used the Cuachy-Schwarz inequality. This proves (6.12).
On the other hand, using (6.14) with p = 0 and (6.5) we can write

n+[vn]

(49) @A) = (4)" 3 a ()
v=0
X Z i Z bw,8(AN)ca(M[Hatatp—20(@)HA(Y)],

|A|=v w1=0 wa=0

where ¢, () ~ |A[*/2. Hence, using the fact that b, 5(\) ~ |A[P/2 we conclude
that
n+{vn]

@) 2B, ()| < c (V) Uel+18)/
() | <3 ()
x Z 21: Z [Ha+at8—20 () HA(y)]

|)\‘—1/OJ1 0 wqg=0

(NI

< enleH B2 (K it jal 1 (25 @)

This along with (6.12) completes the proof of Lemma 6.3. O

[KnJr[vn] (y7 y)] z.

The last step in the proof of Theorem 2.2 is to show that the operator 0% can
be represented in the form

(6.15) 0= > cp, A%,
B+y<a
where f+7v < ameans 3;+7v; < a; for 1 < j < d, and cg, are constants (depending
only on «, 3, 7).
By (2.3) 9 = ; — A; and hence 0} = (z; — A;)". The operators z; (multiplica-
tion by ;) and A; do not commute, but it is easy to see that x3A; = 51:‘;_1 +A;x;.
Applying this repeatedly one finds the representation

o v_1
0; = E CV,lLijj'

0<v+u<r

Since the operator A%z

sentation (6.15).

commutes with A$x¢ if j # 4, this readily implies repre-
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Evidently, Lemma 6.3 and (6.15) yield (2.9) whenever |a| > 0. The proof of
Theorem 2.2 is complete. [

Proof of Lemma 2.5. Observe first that it suffices to prove (2.20) only for n
sufficiently large since it holds trivially if 2/A < n < c.

We next prove (2.20) for d = 1. The Christoph-Darboux formula for the Hermite
polynomials ([15, (5.59)]) shows that

Kp(2,2) = (27 mt) " [Hy o (2) oo () — HY (2) Hop ()]

Using the fact that H),,,(x) = 2(m + 1)H,,(z) ([15, (5.5.10)]) and H,q1(z) =
2eH,,(z) — 2mH,—1(z) ([15, (5.5.8)]), we can rewrite K,,(z,z) as

Ko (z,z) = (2" m) ™" [2(m + 1) H}, (2) — dmaH -1 (x) Hy (2) + 2m°HY, ()] .
Written in terms of the orthonormal Hermite functions, the above identity becomes
(m + D)2 (z) + mh2,_ | (2) = Kp(z, ) + V2m 2 by (2) 1 ().

In particular, it follows that for |z| < 2v/2m + 1

(m+ A2, () + b2, (2) > Kon (2, 7) — 22020 F 1y (2)] - o1 (2)
and hence
(3m 4+ 2012, () + 3mh2, () > Ko 2) + (VI T 1| (2)] — V2| (2)])

> Kp(z,x).

Consequently, for |z| < 2v/2n+ 1

n n

1
m=[(1=M\)n] m=[(1=M\)n]
c n
> — Z Km(xvx) > K[pn](xwx)a

n
m=[(1-X)n]
which proves (2.20) when d = 1.

For d > 1 we need the following identity which follows from the generating
function of Hermite polynomials (see e.g. [16]):

1—7r

S Myl a)rh = w921 = )26 I 2 ),
k=0

where t = |z|. Let us denote Hy 4(z,r) = Hy(z, ) for z € R? in order to indicate
the dependence on d. Then it follows from above that

(6.16) Z T [Hy.a(z,2) — Hg—2,a(z, )] = (1 —17) Z "My, a(z, )
k=0

k=0
=(1- 7"2)Fd(r, t) = w_le,g(r, t).

Notice that H,, 4(z, z) is a radial function and hence a function of . Thus comparing
the coefficients of r* in both side shows that

Hia(z,2) — Hp—2.4(z, ) = 7 "Hp g—a(z, ),
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which implies

k
Hia(z,x) + Hi—1,4(z, z) = a7t ZHj,d,g(x, z) = W_lKk’d,g(;m x).
j=0

Now, summing over k we get

S Healw) >y Y [Mealen) Mol o)

k=[(1-\)n] k=1 Nnl+1
. [(—)n]
>c Z Kya—2(z,7) > cnK|1_cyn),a—2(7,2) > cn Z Hi,a—2(x, ),
k=[(1—A\)n]+1 k=[(1—\)n]

where € := (1 — p)/d. Evidently, by induction this estimate yields (2.20) for d odd.

To establish the result for d even, we only have to prove estimate (2.20) for d = 2.
By the definion of Fy(r,t), we have

Fo(r,t) = Tt = 2 (1 =) V2R (r,t)
0 00 0o k
1/2 Y
— ql/2 Z ( . )(_I)JTQJ Z hi(t)rk — 71/2 Z ak_jh?(m) rkv
—o N7 n=0 k=0 | j=0

where ag; = (—1)7 (1§2) and azj_1 = 0. Hence, using (6.16)

k
Hio(x,2) — Hy_go(x,z) =7 /2 Z ak,jh?(t).

§=0
Consequently,
ko1 k k—j
Hyo(x, 2)+Hy_10(z, x) = 7~ /2 Z Z a—;h5(t) = Z h3(t) Z ag.
1=0 =0 j=0 1=0

A simple combinatorial formula shows that
j)/2 —j
ZJ e (1/2) I+ 457
= = L(3)0(1+[52)

which is pos1t1ve for all 0 < j < k. Furthermore, by I'(k + a)/T'(k + 1) ~ k71 it
follows that Zz o ar > ck™ 1/2 for 0 < j < ak for any o < 1. Therefore,

ak
Hyo(x,2) + Hp—12(x,x) > ck™/? Z b3 (t)
=0

and summing over k we get

n
Z Hi2(x, x) > cnl/QK[pn]’l(t,t),
k=[(1-A)n]

which establishes (2.20) for d =2. O
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6.2. Proofs for Sections 4-5.
Proof of Lemma 4.7. Let

b
(6.17) bj(@) = n;j 1+ 2J‘|d(nx|, R’
where d(z, E) stands for the £>° distance of z from E C R?. Evidently,
(6.18) bj(w) <cbj(z) and bilg.(z) <cbj(z), =€ RY €€ X,
We will show that
(6.19) b2 (x) < M, (Z Ibo |15, ) , zeR
weX;

In view of (6.18) this implies (4.10)-(4.11), and hence Lemma 4.7.
By the construction of the tiles {R¢} in (2.33)-(2.34) it follows that there exists
a constant ¢, > 0 depending only on d such that

Q; = UgerR,g C [—COQj,COQj]d.
Fix x € R%. To prove (6.19) we consider two cases for x.

Case 1. |z|s > 2¢,27. Then d(z, R,) > |z|oo/2 for n € X; and hence

b
b = i/ b
0= 3 Tt = < @y 2

C4]d/\

(6.20) < Bl ( Z b )

where X := 1 — min{1,1/s} and for the last estimate we use Holder’s inequality if
s > 1 and the s-triangle inequality if s < 1.
Denote Q := [~|Z|oo, |7]oo]?. Notice that Q; C Q,. From above we infer

c4jd)\‘x|d/3

1/s
56 < G (i (Z'b Lrclv)) )
< c2j<2d“>|x\d/s—ws( > ool ) (@) < eMa (D Il L) (@)

neX; nEX;

as claimed. Here we used the fact that o > dmax{2,1/s}.

Case 2. |x]|0o < 2¢,27. To make the argument more transparent we first sub-
divide the tiles {R;},cx, into boxes of almost equal sides of length ~ 277. By
the construction of the tiles (see (2.33)) there exists a constant ¢ > 0 such that
the minimum side of each tile R, is > ¢279. Now, evidently each tile R, can be
subdivided into a disjoint union of boxes Ry with centers 6 such that

O+ -2 @27 Cc Ry c O+ 277,827

Denote by /'?j the set of centers of all boxes obtained by subdividing the tiles from
X;. Also, set by := b, if Ry C R,,. Evidently,

o [ o]
62 5@ =Y qrmi S 0% (1 + 2d(x, By))7

neX;

J
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and

(6.22) > lbylig, = > |bolLr,.

neEX; nek;
Denote Yy := {0 € X; : 270 — x| < &},
Y i={0€X;: 32" ' <290 — x|, <327}, and
Qm ={yeR%: |y — x| <E@m+1)277}, m>1.
Clearly, #Y,, < 2™ Ugey,, Ry C Qpn, and X = Um>0Yy,. Similarly as in (6.20)

b mo moaom S
2 (1—1—2J|d(9m| Ry =% D Ibol <2772 dA( D oo )

0€Y ., 0€Y 0€Y

chm(ad,\d/s)(le'/ ( Z |b9\]lR9(y))sdy)1/s

0€Y

< 62_m(g—dmax{171/3})MS( Z |bn|]1Rn)($)

neX;

where we used (6.22). Summing up over m > 0, taking into account that o >
dmax{2,1/s}), and also using (6.21) we arrive at (6.19). O

Proof of Lemma 4.8. For this proof we will need an additional lemma.

Lemma 6.4. Suppose g € Vy; and & € X;. Then for any k > 0 and L > 0 we have
for ', " € 2R

(6.23) l9(2') — g(=")] < 2’z — 2" Z m

and

(6.24) |g(z")—g(z")| < e279L |2’ —2”| Z l9(n)| =, if [€]oe > (1420)27F1

(1+27]€ = nl)

Here c, ¢ depend on k, d, and 6, and ¢ depends on L as well; 2R¢ C R? is the set
obtained by dilating Re by a factor of 2 and with the same center.

Proof. Let Ay be the kernel from (2.8) with n = 47, where @ is admissible of type
(a) with v := 4. Then Ay * g = g, since g € V;, and Ay (z,-) € Vj14s)1s]- Note
that [(1 +6)47] + 47 < 2N; — 1. Therefore, we can use the cubature formula from
Corollary 2.8 to obtain

o@) = [ Auleng@ids = 3 Ao (gl
R? nEX;
where the weights A¢ obey (2.35) (see also (2.36)-(2.37)). Hence, for =/, 2" € 2R,
lg(a") = g(&")| < D AglAws (2',m) = Ay (27, 0)[lg(n))|

neX;

(6.25) el =2 ) A, s VAL (2, n)llg(n)].
neX; TE2R
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. 1/2 .
Note that (4([(1 +0))+k+1)+ 2) < (1 + 6)27*1 for sufficiently large j
(depending on k and d). Therefore, we have from (2.17)-(2.18)

23 (d+1) p
(6.26) VA4 (z,m)] < A 2=k © eRY, nedj,
and for any L > 0 (we need L > k)
CQisz . j+1 j+1
(6.27) |VAy(z,n)| < S if [2]0o > (140)27 or ] > (148)27FL.

Suppose |€|oe > (1 +28)27+1, then 2R C {z € R? : |z]oe > (1 +6)27F1} for
sufficiently large j. Combining (6.25) with (6.27) and (2.37) we get
9—J(k+L)

6.28 g(z") — g(a")| < 27993 — & sup —————
628 lgfa’) — gla”) - T

lg(m)],

where we used that diam (2R¢) < ¢277/3. However, for any = € 2R we have
L+2Je—n S1+2(|E—a|+]e—nl) < 1+2 (279 4o —n|) < 2 (142 |z —1]).

We use this in (6.28) to obtain (6.24) for sufficiently large j.
One proves (6.23) in a similar fashion. In the case j < ¢ estimates (6.23)-(6.24)
follow easily by (6.25). O

We are now prepared to prove Lemma 4.8. Let g € V5. Pick ¢ > 1 sufficiently
large (to be determined later on) and denote for { € X

(6.29) Xjpe(€) := {ne Xire: RyNRe # P} and

(6.30) de :=sup{|g(z') — g(z")| : &', 2" € R, for some n € X;1¢(£)}.

We first estimate dg¢, { € Xj.

Case A: |€]oo < (1 +36)2911. By (2.36) it follows that for sufficiently large £
(depending only on d and §) Upex,, )Ry C 2Re. Hence, using Lemma 6.4 (see
(6.23)) with k > o, we get

(6.31) de < c27° Z —
v 1+2J\€ nl)

for sufficiently large j (depending only on d and ¢), where ¢ > 0 is a constant
independent of £.

Case B: || > (1436)27T1. By (2.36) || > (1+26)271! for z € Uyen,,, )Ry
if j is Suﬁi(nently large. We apply estimate (6.24) of Lemma 6.4 with k£ > ¢ and
L =1 to obtain

To estimate Mg‘ , £ € X, we consider two cases for &.

Case 1: |€| < (1 +46)27FL. By (2.36), we have for sufficiently large j:
(633) Re~€+[-277,27909 and Ry~ [-279-0,270 5 e ;006
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By the definition of d¢ in (6.30) it follows that Mg < my + d¢ for some A € X 0(€)
and hence, using (6.33),

M < de =: d =c(d,é,0,0).
3 ng\; 1_|_2J+IZ|€ |) + dg G,g-l— ¢, C C( ,0,0, )

Consequently,
(6.34) Mg < Gg + dg.

Write X/ := {n € &} : [n]ec < (1+36)27T'} and X := &; \ X]. Now, we use
(6.31)-(6.32) to obtain

. dy ¢ lg(w)]
k=2 (1+2J|§ nl)” =2 ) Z (1+27[€ =n)7(1+ 27[n —w|)7

neEX; nNEX; weX]

j lg(w)
REEID DID DI o e gy e

neEX; weX)

replacing Xjf and X;' by X; above and shifting the order of summation we get

1

(6.35 di <c(2 4277 g(w
b ) 2 0N 2 e mh e
0 g |9(w)| R N
<C(2 + 2 ])ZWSC(Q + 2 J)Mg.
UJEXJ'

Here the constant c is independent of £ and j, and we used that
Z 1 </ C2jd
A+ =n)7(1+Yn—-w)” = Jrga (1+27|¢ —y[)7(1 4+ 27|y — wl)

neX;

(6.36)

c
<—7———
T 1+ Y -w])
These estimates are standard and easy to prove utilizing the fact that the tiles

{R;}nex; do not overlap and obey (2.36).
To estimate G we use again (2.36) and (6.36). We get

. G, my,
Ge= D @xol—uy S22 2 EETE—araTvh-e)r

neX; NEX; WEXj ¢

(o > d).

1 mey,
Se DM G e g Tl —e = 2 TE Dk —wlr

WGX]+[ UGX WGXj+g

o m, *
< 2t Z (1+2j+f|u;\—w|)0 =cm) for each A € X;1¢(¢).
wEX; 1,

Combining this with (6.34)-(6.35) we obtain

ME < emj + 2278 +27)ME for A € Xj44(8),
where ¢o > 0 is independent of ¢ and j. Choosing ¢ and j sufficiently large (de-
pending only on d, §, and o) this yields Mg < em] for all A € Xjye(€). For j <c

this relation follows as above but using only (6.23) and taking ¢ large enough. We
skip the details. Thus (4.12) is established in Case 1.
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Case 2: |€]oo > (1446)2711. In this case for sufficiently large j (depending only
ond, §, and o) [zee > (1436)2/T! for & € Uyex,,,(e)Ry. Hence, using (6.24) with
L =1, we have

- lg(n)] -
Me <my, + 277 < my, + 27 M for all w e X;4(8),
‘ Z; (1+27]¢ —nl)° ‘ ril®

where ¢ > 0 is independent of j. Fix A € X;,(§) and for each n € &;, n # &,
choose w;, € Xj¢(n) so that |\ —wy,| = mingex,,,(n) |A — w|. Then from above
My, ) M*
637 MY T ey M,
iew, (L2716 —nl) ew, (L2706 —nl)
By (2.30) it easily follows that w,, from above obeys |A — w,| < ¢[{ — | and hence
My m
6.38) A < - < 27 - < eymy.
o E;: T oh oo =2 2 Teorhoy < o™
J

wEXjJrz

On the other hand, using Definition 4.6 and (6.36), we have
M,

R A DI D e 7Ty T

£ S U+ =) T+ 2 —w))
. 1

<27 ) Mo Y G 4
5 o G vl A+ 2l —wl)
) M )

< 277 Y — 27 M

- Z;f T+ 2 —w)e 27 e
w 3

where ¢g > 0 is independent of j. Combining this with (6.37)-(6.38) we arrive at
M < cexm} + 27/ M for A € Xj14(8).

Choosing j sufficiently large we get Mg < cymj for each A € Xje(€). For j <c
this estimate follows as in Case 1 but using only (6.23). This completes the proof
of Lemma 4.8.

Proof of Lemma 4.11. To prove (4.19) we first show that there exit £ > 0 and
r > 1 such that

(6.39) FM(H) — F2*(H).

Indeed, if p > 1, using that o > 0, Proposition 4.9 (a) yields F'¢ — szz for
any 0 < € < a. On the other hand, if p < 1, then o — d/p > —d and hence
there exist § > 0 and & > 0 such that, first, « — d/p > —d/(1 + ¢) and then
o« —d/p=e—d/(1+40). Now, by Proposition 4.9 (b) we have F¥ < F{?;. Thus
(6.39) is established.

Denote hy(z) := h(x —y). It follows by Proposition 4.3 and Theorem 4.5 that

gl ~ (3 (1210 00lnR (0))
fex

Fix J > 1 and denote V; := Up<;<sX;. By the decay of needlets (see (3.11)) it
follows that

=: N(hy).

r

max |(hy, pe)l — 0 as |y| — oo.
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Hence there exists A > 0 such that if |y| > A,

(6.40) [(3 (el 1, w1 0)) | <
ey

7N(hy)-

Evidently, h, being C*° and compactly supported belongs to all Hermite-F-spaces
and by (6.39) ||hyllpeaay = cllhyllpe2(ar). We now use Theorem 4.5 and (6.40) to
obtain, for |y| > A,

lhyllmeacmy = cllbyllpezcery > cH(izsj Z <|R£‘—1/2|<hy7<P£>|]].R§(-))2)1/2

=0  ¢€X;

(X% (1 p0ie0))”

J=J+1eeX\Y;

> (1722 (3 (IRgl‘”QWLy»ws>|ﬂRs<'>)2)l/2

fex
> ¢2%|hy |l = 27¢||R]l - (k] > 0),

r

Z CQJE

T

r

where ¢ > 0 is independent of J. Letting J — oo the above implies (4.19).

We next prove (4.20). Choose k > max{a + d,d/p}. Using (3.11)-(3.12) we get,
for £ € &; and | — y| > |y|/2, and sufficiently large |y|,
2id/2 ¢9id/2
By, < : < : f h z € Re.
[(hy pe)| < A+ 2]y —¢)F = (11 27y —a|)* or each x ¢

Hence, using also (2.38) we have that for |z — y| > |y|/4 and |y| sufficiently large

=t 3 (1B e La (@)

£€X;,|E—yl>1yl/2

<ec 2& " < ° > oritkremda < ¢
TS A4 Yy ek Ty — e = = |y — alka’
while
G(z) =0 if [z —y[ <[yl/4
Hence,
|- < (/ dx )1/p< c
F* S C —_— S T
v le—y|>|yl/a Y — z[FP ly|k—d/p

which yields (4.20). O

Proof of Lemma 5.4. Let g € Vy; (j > 0) and 0 < p < co. We will utilize
Definition 4.6 and Lemmas 4.7-4.8. To this end choose 0 < s < min{p,1} and
o > dmax{2,1/s}. Set M := sup,ep, |9(2)], £ € &), and my := infaer, [9(2)],
A € X4y, where £ > 1 is the constant from Lemma 4.8. Using Lemmas 4.7-4.8 and
the maximal inequality (2.40) we get

(ZIRsI sup. lg( ) _HZME]IRgH <cH Z milg,

EEX; £eX;
) < clgll, O

o 5 man)l, <o) 5 mtel, <
NEXj1e P NEX;jte P
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