LOCALIZED POLYNOMIAL FRAMES ON THE INTERVAL
WITH JACOBI WEIGHTS

PENCHO PETRUSHEV AND YUAN XU

Abstract. As is well known the kernel of the orthogonal projector onto the
polynomials of degree n in L2(wa,[3, [—1,1]) with wg (1) = A—1)%(1+1t)P can
be written in terms of Jacobi polynomials. It is shown that if the coe [Cciehts
in this kernel are smoothed out by sampling a C°° function then the resulting
function has nearly exponential (faster than any polynomial) rate of decay
away from the main diagonal. This result is used for the construction of
tight polynomial frames for L2 (Wq,p) with elements having almost exponential
localization.

1. Introduction

A basic technique in Harmonic analysis is to represent functions or distribu-
tions as linear combinations of functions of a particularly simple nature (building
blocks), which form bases or frames. Meyer’s wavelets [6] and the ¢-transform of
Frazier and Jawerth [3] provide such building blocks on RY. A distinctive feature
of Meyer’s wavelets and the elements of Frazier-Jawerth is their almost exponential
space localization and simple structure on the frequency side. This makes them an
universal tool for decomposition of spaces of functions and distributions on RY.

Our primary goal in this article is to develop similar building blocks for decom-
position of weighted spaces on [—1, 1] with weight

Wa,p(t) = (1= %L +1)P,

and in particular, LP(wq,g), Hardy spaces HP(wq g), Besov spaces, and more gen-
eral Triebel-Lizorkin spaces. The structure of the weighted spaces on [—1,1] is
di erent and more complicated than the structure of the spaces on R due to the
fact that there are no simple translation or dilation operators in these spaces. This
creates a great deal of complications.

The Jacobi polynomials {Pr(,("’B)}g”:0 provide a basic vehicle for representation
and analysis of functions or distributions in the weighted spaces on [—1,1] with
weight wg,g. We let cq g denote the normalization constant of wqg, i.e. c;lﬁ =

Z1 Wa,p(t)dt. The Jacobi polynomials {Pr(,a'B)};;O are orthogonal with respect to
Wq,g, Namely [8],

Cap PP OPEP (wep(t)dt = 8nmh,
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where

Ma+p+2) FfMn+a+1)r(n+p+1)
Moa+Hr+1) @n+a+B+1)r[n+Hrn+a+p+1)
For f [ (wq,p) the Fourier expansion in Jacobi polynomials is

h©8) =

| — L
) 1 da(F(EP)YPEP(@), dn(F) =cap  FOPIP (D)wo s (t)dt.
n=0 -1
The nth partial sum of the expansion can be written in terms of the reproducing

kernel K{P(x,y) as
4

(a,B)y—1p (a,B) (@,B)
Sn(f;x) = di(F)(hj ™) Py () =cap  FOKTP(X, Hwgp(t)dt,
j=0 -1
where the kernel is given by
||—_Ifl(:| [
(1.1) KEPxy) = &P paPogp P y),
j=o0

One of our main results in this article asserts that any polynomial in two variables

of the form
T 0 o

(12) LiPoyy = ad- P T PIEPeoR*P (),

j=0
where & TTCI*°[0, oo) with supp & 1]1¥2, 2] (or more generally supp & 1[cld], c > 0)
has almost exponential localization around the main diagonal y = x of [—1, 1]%. To
be more precise, let

Wop(N; X) := (1 — X+ Nn"2)%*2(1 + x + n~2)P*1/2,
Then for o, > —1/2 and any k = 1, there is a constant cx > 0 such that

a,p < =3 —

(18)  In™(cos6,cosg)| =ci We,g(n;c0sB)  We,a(n; cos@)(1 + nl6 — @)k

for 0 =< 6,9 < 1. This result is a far reaching extension of the recent discovery in [7]
that L)*(x,1) (with A a half integer) has almost exponential localization around
X = 1, which is utilized in [7] for the construction of frames on the n dimensional
sphere. The above result shows that if one smooths out the coe cients of the
kernel in (1.1) by sampling a C* function then the resulting function decays away
from the main diagonal at nearly exponential (faster than any polynomial) rate.
This fact, which is well known for the trigonometric system, has apparently been
overlooked. We believe that it will play an important role in various problems for
weighted spaces.

The polynomials LSP give us a handy tool for constructing tight frames in
L2(Wq,p) and other weighted spaces (with weight wgg) on [—1,1]. Our construc-
tion of frames utilizes a semi-discrete Calderon type decomposition coupled with
discretization using the Gaussian quadrature formula (see 83). A similar scheme is
used in [7] for the construction of frames on the sphere.

Let us denote by g, § X, the constructed frame elements (83), where X =
2L X; is a multilevel index set consisting of the localization points (poles) of the
We’s. Then our frame is defined by

Wi={Ue}:xa
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We show that every function f [LF(wqg) has the representation

1 CT— L
f=  @yeldle and OFlhidw,g) = IE e
£rxa £ 0X1

i.e. Wis a tight frame in L2(Wqp).

A distinctive property of the jth level frame elements Ys (§ CXJ;) is their local-

ization:

— 2j/2

< | ]

(1.4) |we (cosB)| < ck o (T cos8) (L + 1[0 — arccos ¥ Kl
which is analogous to the fleegfization of Meyer’s wavelets. It is worthwhile to
point out that the factor ~ wqg(23;cos6) in the denominator in (1.4) as well as
the corresponding terms in (1.3) reflect the expected “e ect” at the end points of
[—1,1] and play a critical role in our development. Notice that this term is present
even in the case when wgp(t) =1 (a = =0).

The superb localization of the frame elements {y¢} prompted us to term them
needlets. This along with the semi-orthogonal structure of W and the increasing
number of vanishing moments of the g’s enables one to utilize the needlet system W
for decomposition of spaces other than L?(wq,g) such as Besov and Triebel-Lizorkin
spaces. We shall report on results of this kind in a follow-up paper.

We do not discuss here the literature on polynomial bases and frames on the
interval because to the best of our knowledge the elements of the existing bases
or frames do not have the localization of the needlets. It is an open problem to
construct bases in L?(wq,g) with basis elements having localization similar to (1.4).

This article is organized as follows. In 82, we establish the localization (1.3) of
the polynomials L&:F from (1.2), where in §2.1 we consider the the particular case
@ =0 (y =1), while in §2.2 we prove (1.3) in general. In §3, we construct our
polynomial frames and establish their main properties.

Throughout the article positive constants are denoted by c,cy,...; unless spec-
ified, their values may vary at every occurrence. The notation A [H means
c1A < B <A, and A := B or B =: A stands for “A is by definition equal to B”.

2. Localized polynomials in terms of Jacobi polynomials

In this section we establish the localization properties of L&-P(x,y) from (1.2)
depending on the smoothness of & e first prove (1.3) when ¢ =0 (y = 1) and
then consider the general case.

2.1. The localization of Lg"B(x,y) in the case y = 1.

Theorem 2.1. Let &1QX[0, o0) with k = 1 and supp & T [1V2,2]. Assume that
a =3 > —1/2 and define

i RN I |
(2.1) LaPosB) = a1 h{®® PP )PP (cosp).

j=0
Then there exists a constant cx > 0 depending only on k, a, B, and &such that

20+2

n
(2.2) [LSB(cosB)| < CKW, 0<6=<m.

The dependence of ¢, on &3 of the form cx = c(a, B, K) maxy<y<k @& [ 1.
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Proof. Since P{*P (1) = (a+ 1)n/n! = F(n+a + 1)/[M (o + 1) (n + 1)] [8, (4.1.1)],
it is easy to verify that

« _ TR+
@3)  LpPleosd) = mriaay
X‘E:%ﬁ%%+a+ﬁ+1WG+G+B+D (@B
ijEIn FG+p+1) P; (cos0).

Notice that since supp & 1 [1¥2, 2], the sum in (2.1) (and (2.3)) is finite; in fact it
isover n/2 <j <2n.
We first prove (2.2) for 0 < 8 < n/n. Using the fact that [8, Theorem 7.32.1]

EE}(“'B)@O[_LH [gPfand F(j+a)/rg+1) g3 tasj — oo, it follows that

Tr— 1
ILSPcos®)| <c  j2O+l < cn?o+2?
i=0
which yields (2.2).
Let 1/n < 8 < m. We will use the identity [4]:
PP (cosp)
(0( [3)(1)
_ 1
(cos @ — cos)*—1/2 a+pB a—p 1 cos® —cos@
(1 + cos @)(a+R)/2 2 2 2" 1—cosH
for 0 < 6 < mand a > —1/2, where ,F; denotes the hypergeometric function
and dog = 2@*B+D2r (o + 1)/( Tl (a + 1/2)). Recall the identity [8, (4.1.3)]
PP (%) = (=1)mP P9 (—x). Now changing first the variables ¢ 3 T — @ in the
integral, and then setting 8 3 1 — 8 and interchanging the places of a and 3, we
obtain

(2.4)

=dgp(l —cosB)™™  cos[m+ (a+ B +1)/2]¢
0

p (a8 (.
P(Big:?ls)e) dg,a(1 + cos E))_B . cos[mo — (a+ B + 1)(1m1 — ¢)/2]

1
. (cos® — cos @)P~1/2 FoOF B B—a. B+ 1 cos¢ —cos8
(1—cos)@+pyrz 21 2 2 2’ 1—cosH
since PP (1) = 1 (j + B + 1)/[T (B + 1) + 1)], we have

rg+1) rg+ra+p+1) _ 1 rg+a+p+1)
Fa+B+2) TG+B+1)  Ta+p+2) TG+
Using this and combining (2.3) Wli__tTT (2.4), we get

Pj(B'a) (1)

| ) O
LaB(cosB) = dg (L + cos6)~P cos(A@ — ATI)ASS () — sin(A@ — AT)AS" (@)
0
(2.5)

1
(cosE)—cosq))B 12 . 0(+B B f3+1 cos @ — cos 0
(1—cos)@+py/z 271 2 " 1—cos@ ¢

where dgg := 2dg o/T'(a + B +1) and

ﬂ (| + NI +2A)
©05(9) ;= = .
ALS(0) j:oDn G+ D

cosjo,
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‘%'—_(j'w\)r(j +2))

n rg+1)

ASin(g) := sinjo
j=0
with A = (a + [ +1)/2.

The idea of the proof is to derive (2.2) from the analogous localization of the
trigonometric polynomials A and A%". This in Eﬂwil!_follow by employing the
fact that any trigonometric polynomial A,(8) = i=1 aje'Je has an excellent local-
ization around zero whenever the coe cients a; come from sampling of a smooth
compactly supported function.

Define

G(t) = % if t =0,

Notice that 2A =a+pB +1 >0, sincea = > —1/2.
With the next lemma we establish the smoothness and decay as t — oo of G and
its derivatives.

Lemma 2.2. The function G is analytic on [0, o) and for any k =0
(2.6) IGR M) = et K, t=1,

where ci depends only on k and A.

Proof. We first show that forb>a>0,0:=a+1—b,andt>0,

dk I'(t+a) b—a+k) 1

S 1+
dtk F(t+h) frb—a) th—a+k
where B2 (u) (here n = 0) are the generalized Bernoulli polynomials defined in [1,

(C.4.2)]. We will slightly modify the argument from [1].
The relation between Gamma and Beta functions gives

3
r(t + a) — 1 t+a—1 b—a—1
= u (1—-u du
Mt+bh) r(b—a) o
1

.7 = (—1)'<Bg(a)r O(t™) ast - oo,

- —s(t+a) 1— —s b—a—ld )
rb-a) =) S

It is readily seen that the last integral is an analytic function for t = 0 and it can
be di erentiated with respect to t as follows

d<r(t+a) _ (-1 o
dtk F(t+b) T(b—a) ,
Now exactly as in [1, C.4, p. 615],

ka—as n
ste m’
— : Bg(a)sn 0+k’

(1—e5)°

e_Stske_Sa(l _ e_S)b_a_ldS.

[t] < 2m,
n=0

and by Watson’s lemma, we obtain the asymptotic expansion

dk r(t+ P (—qfn rb—a+k+ 1
el 7( a) 1 7Bﬁ(a) ( a n) — ast - oo,
dkT(t+b) _ "~ nl Fb—a) tatken

which implies (2.7).
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Let a := 2A — [ZN[Iwhere [XIdlenotes the largest integer less than x. Then
0 <a<1. Using that I'(1 + x) = xI"(x), we have

_(tF DAt +2N)
cO= F(t+2)
_ _ Mrt+a) _ rt+a)
=+ 1DE+AN(E+2A 1)...(t+a)7|_(t+2) = p(t)ir(t_kz),
where p(t) is a polynomial of degree [ZN[#F 2. Now by (2.7),
V I(t+a) c _
%%"I‘(t+2) ary t=1, v=0,1,...,
and hence
e T kv [(t+a)
(] ™ 9
COOI= | PO F ﬁ
Iﬂ)\&iz—v Ak
=c ———— =ct .
v t2—atk—v
v=0
Thus (2.6) is established. O

Now relying on the smoothness and localization properties of &ahd G, we derive
the desired localization of A and A",

Lemma 2.3. If A, = A% or A, = ASI", then

2A+1

n
(2.8) [An ()] = Ckm.

ol <m,

where cy is of the form cx = c(a, B, k) maxi<y<k @A™ [ with c(a, B, k) depending
only on a, 3, and k.

Proof. Let n =2 and set

1
An(®) == &lj|/n)s()G(ljle"",
ja

where s(t) = 1 or s(t) = signt. Evidently, An(6) = 2AZ*(9) if s(t) = 1 and
An(B) = 2iASIN(B) if s(t) = signt. O
Set &ntt) = &t|/n)s(t)G(|t]) and define On(t) := L - SntE)ede. Clearly,

é{t) CAX(R) and supp & [C]32n, —n/2] C]A/2, 2n]. Consequently,
ik

k
ton® = — L _ggeeitae

2n RdE_k
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and using (2.6),

K ]
o< Ek[ﬂﬂ/n)@(é)]a

I 1
= |&@E/nG P (®)lde
R

j= 1 M

=
=2 nﬂj B 189 ()G &P (nu)|du
j=0

< Cr.]27\—k+1 ) |@(U)|U2)\+j_kdu
j=o J 1/2

< cn? K+ max @M L3 = cn? K+,
0=j=k

Therefore, |Pn(t)] < ckn?~K+1t|7K. As above (with k = 0) but easier, we obtain
|Pn ()] < cn®*1. Combining these, we get
n2}\+1
(1 +nft))’
Applying the Poisson summation formula

2n  f(2mj) = '_f@'

(2.9) |®Pn (D] = ck

jrza jra
to the function f(t) := ®,(t + 6) (then fig) = dnlt)ei®®), we get
- 1
An(0) = j)e’® =2n  o,2nj +0).
it jval

Now using (2.9), we obtain for |6] < m,

HI:I ] EE 1+
Aa(®)] =21 Pn(@n] +6) Cj |z:|(1 + n|2mj + 6]k

jjval
n2A+1 P11 n2A+1
= oK +cC . K
(1+nje)) jor @+n@I—1m
n2A+1 n2A+1 1
<c +c jK
(L+njepk @+
n2)\+1
sSCr———
(1+n[o)«
and estimate (2.8) follows. O

We are now in a position to complete the proof of estimate (2.2) in the case
m/n <0 <m. Since 0 < (cos® —cos®)/(1 —cosB) <1 for 6 < ¢ < m, the absolute
value of the oF; term under the integral in (2.5) is bounded by a constant. Hence,
using (2.5) and Lemma 2.3, we infer

Ijﬂ‘ no+B+2 (COSG—COS(p)B_l/Z

a,p <= —B
(2.10) |[LaP(cosB)] < c(1 + cosB) . L+ no)X (1—cosg)e P72 deo.
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In the following we will use the identities cos 6—cos @ = 2sin eJ“T‘P sin 9_7"’, 1—cos@ =
2sin® 2, and 1+ cos¢ = 2cos? £.
Consider first the case 1/n <08 <mn/2. Then for8 <@ <,
2 + + - - —
%(6+¢)SSineT(pseT(p and (pTGSSin(pTGS(pTG_
Using these in (2.10), we get
Ld, 5 — A2\p—1/2
E“’B(cos G)EL cno+B+2 udcp
" o (1+ nwl)_]ijtpwﬁ
928 Kl (u2 __1)5—1/2
< cno+P+2 du
(nB)kga+B uk+a+p
n20(+2 (U2 __1)8—1/2 n2a+2
= C(ne)k+cx—|3 1 uk+oa+B du= C(l + ne)k+a—|3 '
In the case /2 < 6 < m, estimate (2.10) evidently gives
+B+2 L 9 — B—172
ap B( n< N B (cos 8 — cos @)
En (cosB) =< 07(1 The)K (1 +cosb) . T —cosg)P deo.

Let 8= m—0. Then 0 < 87< n/2. Hence, for 0 < ¢ < 8Y (87+ @)/n <
sin[(8™ ¢)/2] < (8™ @)/2. Consequently, substituting ¢ 3 1 — @ gives

_ (cos® —cos@)P~2 Ld (cos @ — cos P12

s A—cos@@P 0T | T @rcosg)o?

1

<c (e@ _ (p2)|3—1/2d(p — Ce@B
0

Since 1+ cos® = 1 — cos ™= 2sin?(872) (A2, this shows that

do

a+pB+2 n2cx+2
<
L+ nB)k — “(T+n@)<ra—b
as /2 < 8 < 1. The proof of Theorem 2.1 is complete. O

Eﬂ"ﬁ(cos G)Bs c

2.2. The localization of LS{'B(x,y) in the general case. Recall the definition

of L%B(x,y) from (1.2):

L4
LePooy) = &l h®P pERegp B y),
=0 "
In this subsection we estimate the localization of L3P (x,y) around the main diag-

onal y = x of [—1, 1]?, which depends on the smoothness of &_ITo this end we will
need the quantity

(2.11)  Wap(n;x) == (L —x+n"2)*2(1 4+ x + n~2)P*1/2 —lsx<1.
Notice that since sin & [sih6 on [0,2n/3] and cos § [sih6 on [/3, 1], then
(2.12) Wo,p(N;cos8) C(EING +n~1)29*" 0<6 <2n/3,

and

(2.13) Wo p(n;cos8) C(EING+n"1)2P*"1 n/3<g<m.
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Theorem 2.4. Let a,B > —1/2 and let &1AX[0, oo) with k = 2a + 2B + 3 and
supp & I 1¥2, 2]. Then there is a constant cx > 0 depending only on k, a, 3, and
&such thatfor0<6,p=m

2.14)  |L%P(cos8, cos9)| < cx—— —1 ,
( ) I 9l K Wq,g(N;c0s0)  wq g(n;cos@)(l+ nl6 — @[)°

n

where 0 = k — 2a — 23 — 3. Here the dependence of cx on &% of the form cx =

C(a! B! k) maxlS\)Sk m IE
Proof. We need the product formula of Jacobi polynomials [5]: For a >3 > —1/2,

(a,B) (a,B) -
Pn ()Pn () = Cap P,ﬁo"B)(t(x, y, r, u))dm(r, g),
Pé“’ﬁ)a) 0 o

where 1
(Y. N W) = 3L+ XA +Y) + 3L =)A=y +r 1-x2 1-ycosy—1,
the integral is against
dm(r, ¢) = (1 — r?)* P18+ (sin ) ?Pdrdy,
and the constant cq g is selected so that

-

Ca,p ldm(r,p) =1.
0 0

Once (2.14) is established for a > 3 > —1/2, the case f > a > —1/2 will follow from
the relation PP (cos8) = (=1)"PP" O (cos(m — 8)). In the case a = B = A — 1/2
we use the product formula of Gegenbauer polynomials [2, Vol I, Sec. 3.15.1, (20)]

A A
Cj'(cos e))\C’ (cosp) _ cx  Cp(cosBcosg + usinBsin)(1 —u*)*tdu,
Cir(» —1
where c, is the normalization constant of the weight function (1 — u?)*~*. Since
the case a = 3 is much easier, we shall only give the proof when a > (3.
The product formula allows us to write L%-P(cos8,cosg) in terms of L&P(t)
defined in Theorem 2.1, namely,

(2.15) LEP(X,y) = Cap . LB (tex, y, rw)dm(r, v).

v
For t = cos6 with 0 =6 < m, we have 6 [Sih8/2 [ 11 —t, and consequently
the estimate of |LSP(t)| from Theorem 2.1 can be rewritten as

20+2
a,B B< \? —
(2.16) En )k e T = 1<st<1.

We will apply this estimate with t = t(x,y,r,§). Let x = cos8 and y = cos@,
0=<6,p<Tm. Then

1—1t(x,y,r,p) =1 —cosBcos@ —sinBsin@
2.17) + %(1 —cos8)(1 —cos@)(1 — r?) +sinBsing(l — rcos )
=2 sin2 9_—([’

S+ 2sin? g sin? g(l —r?) +sinBsin (1 — rcosy),

yielding
1—t(x,y,r,P) = 2sin? G—T(p C@— g)2.
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Then by (2.15)-(2.16), we get
Cn2a+2

(1+n| —@[krap’

Our next step is to show that this estimate can be substantially improved away
from the end points of the interval.

Case (a): 0=8=2n/3 and 0 < ¢ < /2. By (2.17), we have
1—t0xy, r,P) =c(|8 — > +sin8sin@(1 — r cos P)).
Then by (2.15)-(2.16),

(2.18) [LSP(cos 8, cos9)| < 0<0,¢p=<T.

|:1] — r2\O—B—1,.2B+1(qj 2B
|LSB(cos 8, cos @)| <cn?9*? 5 ) T (siny)~drdy ,
o 1+n[8—@]2+sin6sin@(l—rcosy)]/2
where 0 = k+a—f. Set F(u) := 1/(1 +n(]6 — ¢|? +sinBsin ¢(1 — u))?)°. In the
following we evaluate the double integral by changing the variables several times:
=
F (r cos)dm(r, ) = F(rs)(1 — r?)@P=1p2B+1(1 — s2)B~12qsqr
0 o0 -

= F(u)r(l — r?)*P=(r? — u?)P~2dudr
e I
= F) r(1—r)* P —u?)P~2drdu
1

lul

L4
=c  F@u)—u?)%2qy,
1

)

where ¢ = (1/2) ,VvP72(1 —v)*F~1dv (here v = (r> — u?)/(1 — u?) is the last
substitution). This gives

I:II (1 _ u2)c(—1/2du

—1 (1 +n[8 — ]2 +sin8sing(l — u)]/2)c’

We now split up the last integral into two integrals: one over [—1, 0] and the other
over [0, 1]. For the first integral, 1 —u =1 and hence

“—g'B(COS 0, cos (p)l <cn29+2

c
(1 + n[|6 — @|2 + sin B sin @]1/2)°
c
<
~ (n2sin@sin@)a*+1/2(1 + n|f — @[)k—a—B—-1"

To estimate the integral over [0, 1] we apply the substitution t =1 — u and obtain

Fu)(@ —u?)*Y2du <
1

I::l] I::I:| —no—1/2
F(u)(1 — u?)* Y24y < ¢ (1 = u™"du
o (A1 +n[6—@]?2+sindsing(l — u)]/2)°

_ c L sin@sing o172

= (nZsinBsin@)o+/2 a+ [nz%: 0)2 + t]1/2)0

- c t(x—l/Zdt

~ (nZsinBsin @)o*2(1 +n|6 — @[)o"20—2 , (1+ )9+l

c
< .
~ (nZsinBsin @)°*+1/2(1 + n|6 — @[)k—o—B—2
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Putting these estimates together, we get
cn
(sinBsin @)°*1/2(1 + n|@ — @|)k—o—B—2"

Our last step here is to show that estimates (2.18)-(2.19) imply (2.14). Observe
first that since 0 < 6, ¢ < 2n/3, we have by (2.12),

(2.20) Woi, 5 (N; COS B)Wq g (N; cos @) [(SING + n~1)29* (sin @ + n~1)2a+1
qﬁl'F r.‘—1)20(+1((p + n—l)20(+l.

(2.19) [LSB(cos 8, cosg)| <

We need the following simple inequality
(2.21) @+nHe+nH)<=300+n"2)(L+n|o—9|), 6,0=0.

To prove this we assume that @ = 6 and define y = 1 from ¢ = y8. Suppose
y = 3. Then (2.21) will follow if we show that (8 + )n—! < 3n~2n|8 — ¢|, which is
equivalent to y + 1 < 3(y — 1). But this holds since y = 3.

Let now 1<y < 3. Then it su ces to show that (8 + )n~! < 2(8p + n~2). In
turn this inequality holds if 46n~! < 2(8% + n—?2), which is apparently true. Thus
(2.21) is established.

It is now readily seen that (2.18)-(2.19) yield (2.14) by using (2.20)-(2.21).

Case (b): /306 <=m and /2 < ¢ < m. In this case, we have by (2.17)

(2.22) 1=ty ny) =c(®— 2+ (@ —r)+r( —cosy)sinbsing)

upon writing 1 —rcosy =1 —r +r(1 —cosy). In particular,
1=t(x,y,r,¥) =c(l8 — o> + (1 — 1)),

which shows, using (2.15)-(2.16) , that

L4 o (1 — r2)a—B—1y2B+1qy

0 1+n[e =P+ (-}

|LSP(cos 8, cos @)| < cn?9+2

with 0 := k + a — [ as before. Applying the substitution n?(1 —r) = s, we get

1—r)o—BF-1gr
. B(cosh, cosp)| < cn —
(223)  |LSP(cos8,cosg) < on2ar? 5 L7D) =
o 1+n(8—9@2+(1—r))2
2 p— —
< cn?P+2 — S0P ds
o 1+ (n?|6—¢q|+s)12
n2[3+2 Sa—B—ldS
= C(l +nlf— )0 2@ B-172 | (1+s)a—B+i/a
n2|3+2

=cC .
Furthermore, using (2.15)-(2.16) and (2.22), we obtain
[LSP(cos 8, cos 9)|

20+2 HH — (1- rZ)G_B_lFZB+1(Sin UJ)ZBdldeI’

=cn =
o o 1+n[8—¢2+@—r)+r(l—cosy)sinbsin@]t/2
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The inner integral can be estimated by changing the variables. Set A := |8 —¢|*> +
1—r. Then

IjT\|/2 _ Ijl‘ (1 _ S)B—l/ZdS
0 o (L+n[A+r(l—s)sinBsin@]/2)°
1 Irﬁlzrsinesin(p tB—1/2t
= (ngr sinBsin (p)[3+l/2 0 (1 + ﬂnj%f\ + t)l/2)o
1 P~/ 2dt
<
~ (n?rsinBsin@)P+1/2(1 + nAl/2)o—28—2 (1 +t)P+1
c
< — ,
(n2rsinBsin @)B+1/2(1 + nAl/2)k+a—3p—2
andsincel—s=1for -1<s<0,
= _ = (1—s)P~12¢s - c
w2 —1 (+n(A+r(1—s)sin8sing)® ~ (1 + n(A+ rsin@sin@)/2)°
c
< .
= (n2rsinBsin @)B+1/2(1 + nAl/2)k+a—3p—2
Combining these, we get
20+2 Ijl‘ 1— 2yoa—B—1 [3+1/2d
|L%B(cos8, cosp)| <c n L) r r

(n2sinBsin@)P+/2 T+ n(8 — 2 + (1 — r))/2
where T := k+a—3B —2. The last integral (with ¢ in place of T) has already been
estimated in (2.23). Consequently,

Cn2|3+2
(nZsinBsin @)P+1/2(1 + n|B — @|)k—o—B—5/2"

|LSB(cos 8, cos@)| <
As in Case (a), this estimate along with (2.23) implies (2.14), using (2.13) and
(2.21).

Case (c): EitherO0=8<sn/3andn/2=¢p<mor2n/3s=06<=s=mand0< ¢ < 1/2.
In this case, we have |6 — @| = n/6, so that

1—t(x,y,r,P)=cld—¢>=c>0.
Hence, by (2.15)-(2.16),

cn2a+2 - cn
(1 + n)k+0(—[3 - (1 + n)k—or—B—l’

|LSP(cos®, cos @)| <

which yields (2.14) since wg,g (N; cos 8)wq,g(N; cos @) < c. The proof of Theorem 2.4
is complete. O

The estimate of |L%B(x, y)| from Theorem 2.4 allows us to control its LP integral.

Proposition 2.5. Let k =3a+ 33 +5. Then for 1 < p < oo,

I::I:| B np—1
a, ] —
(2.24) . Lo (X y)[Pwe, g (Y)dy < C(Wa,B(n; )P l=s=x<1.
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Proof. We will prove (2.24) only in the case 0 Sté <1, since the case —1=<x <0
is the same. Let x =: cos® and denote Ijqp == ILSB (X, y)|PWa,p(y)dy. We first
estimate lj—,/5 1. Using Theorem 2.4 and (2.12) and substituting y = cos ¢, we get
npP I;lr(/:% (sin (p)2u+1d(p

Wog(M;X))P2 o (sing +n~1H)©@+/2p(1 +n|f — g[)oP
with 0 = k — 2a — 2 — 3. Denoting the last integral by J, we use the relation
sing [C@lfor 0 < ¢ < 2n/3 and apply the substitution u = n8 to obtain

If](0(+1/2)p I;ll'l/ZS

l—1pyy=cC

J=s=C——7— do
n2o+1 0 (1 + n(p)(or+1/2)(p—2) (1 + nle — (pl)op
n(o(+1/2)p n/3 du
- n2o+2 0 (1 + u)(a+1/2)(p—2) (1 + |u - nel)op '

If p = 2, then we split the last integral into two integrals: one over [0,n6/2] and
the other over [n8/2,2n1/3]. We have

|:-=|e/2 B c |:-=|e/2 du - I
0 - (1 + nB)op 0 a+ u)(0+1/2)(p—2) - 1+ ne)Gp—l
and
I3n1'r/3 I I3nﬁ/3 du c

< <
nosz (L4 n@)©E+AE=2 o, (1+|u—nB|)°P T (1+ ne)E+1/2k=2)’

using that the last integral is bounded by I?’oo(l + [u])7°Pdu =c.
The assumption k = 3a + 3 + 5 yields op— 1 = a(p — 2) and hence
n(or+1/2)p c
=cC n2cx+2(1 + ne)(a+1/2)(p—2) - n(e + n—l)(cx+1/2)(p—2)
= ¢ .
N(We,g(N; cos))p/2—1

If p <2, then we have

n(a+1/2)p Izlnnls (1 + u)(c>(+1/2)(2—p)du

- n2o+2 (L + |u—ne@[)op

nla+1/2)p I%F‘(ZH/S—G) (1 +V+ ne)(a+1/2)(2—p)dv
N2+ _ng 1+ |v)op

Using the inequality (A + B)? < 22(A% + B?) we conclude that

3 <Cn(a+1/2)p i, dv + (ng)@+ /2P & dv -
- n2o+2 oo (1 + |V|)op—(cx+1/2)(2—p) oo (1 + |V|)0p

n(a+1/2)p

<O (1 ng)(@+1/22-p) <

J<c

=cC

c
N(Wq,g(N; cos B))P/2-1"
which is the same as in the case of p = 2. Here we have used that k = 3a + 33 + 5,
which yields op — (a + 1/2)(2 —p) > 1.
Putting these estimates together, we conclude that

| nPJ nP—1

_ <c <c .

2= Wop (0:0)P72 7 (Wor (05 X))~

(2.25)
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To estimate I;—; 1,2 We again apply the substitution y = cos¢. Notice that
since 0 < 8 < n/2 and 2n/3 < @ < m, we have |6 — @] = /6. Employing
Theorem 2.4 and (2.13), we obtain as above

nP n([3+1/2)p Ijﬂ‘ (Sin(p)2[3+1
l—1,—12=¢C - do
’ (Wa,g(N;X))P2 - NP 55 (14 nsing)B+1/2)p
nP n(B+1/2)p 1 np_l

<c =cC )

using the trivial inequalities N~ < wq g(n;cos0) < ¢ for 0 < 6 < n/2 and
the fact that k = 3a + 33 + 5. The last estimate coupled with (2.25) yields (2.24).
The proof of Proposition 2.5 is complete. O

3. Tight polynomial frames in L?(Wq,g)

We now turn to the construction of polynomial frames. In addition to the lo-
calized polynomials from §2, we shall need the Gaussian quadrature formula. Let
& = cos0j, 1 =< j =< n, denote the zeros of the Jacobi polynomial Prﬁa’B)(t), ordered
so that

0=:0p<01 < --<0On<Bp+1 =T.
Let An(t) be the Christo el function and b, = An(§y). It is known that
By+1 — 6, [CAT! and hence 6, CvA~ (1 <v <n);
and also
by mlwa,ﬁ(zv)(l - 63)1/2 III_1W1:x,|3(n; &v).
Here the constants of equivalence depend only on o, (cf. [9, p. 282]). These
quantities appear in the well-known Gaussian quadrature:

Proposition 3.1. For each n =1, the quadrature

L4 | —
3.1 Ca,p F(t)wg,p(t)dt 1 by F(Ey)
-1 v=1
is exact for all polynomials of degree 2n — 1.

We shall uti_Iize Proposition 3.1 with n = 2J. Let us denote by &j,v and bjy
(v=1,2,...,29) the knots and the coe cients of the Gaussian quadrature when
n=2, and set

Xj={v:v=12...,2} and bg:=bj, ifE=¢,.
Then the Gaussian quadrature

L4l —
(3.2) Cap  FWop(t)dt T bef(§)
-1 £0xy

is exact for all polynomials of degree at most 20+1 — 1.
Let & shtisfy the conditions:

(3.3) &M T”(R), &=0, suppal[1¥2,2],
(3.4) a >c>0, if t []3/5,5/3),
(3.5) &2(t) + &2t) = 1, if t C[/2,1).
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It follows from these conditions that

1
(3.6) apvt) =1, t [0, o).
v=0
It is easy to construct functions that satisfy properties (3.3)-(3.5). Indeed, a
standard construction (e.g. in wavelets) shows that there exists a function g with
the properties: g CA*(R), suppg = [—1,1], g(t) > 0 on (—1,1), g(—t) = g(b),
g(0) =1 and |g(t)|?> + |g(t + 1)|> = 1 on [—1,0]. Then the function &(f) := g(log, t)
has the required properties.
We introduce the orthonormal Jacobi polynomials P{B which are given by

PEPY () := (P 7H2P{*P) ().

{+P)yee s an orthonormal basis in L2(weg, [—1,1]) with inner

=
MoC=cap _ FOIOWap(D)

The sequence {P
product

Assuming that & shtisfies conditions (3.3)-(3.5), we write LS"B '=1and

0, OJ _
(3.7) LB (x,y) = i PR (x)PLP(y), j=1,2,....
v=0

We now define our frame elements (needlets) by
1 ]
(3.8) Pe(x) = g L§'P(x,&) for & Xy, j=0,1,...,

where Xj is the set of knots and the bg’s are the weights in the Gaussian quadra-
ture (3.2).

Denote X = [ZLX;, where every two points {,n X from di erent levels
Xj 8 Xk are considered to be di erent elements of X even if they coincide. We use
X as an index set in the definition of the needlet system

Wi={Ue}:xa

which as will be shown in Theorem 3.3 below is a tight frame in L2(wqg).

We next show that each Qg has nearly exponential (faster than any polynomial)
rate of decay away from &. This property of needlets is critical for their implemen-
tation to decomposition of spaces other than L?(wq,g).

Theorem 3.2. For any k = 1 there exists a constant ¢y depending only on k, a, 3,
and & slich that for & [X;, j =1,2,...,

2j/2
3.9 cosf)| = ek B=———= - ) 8 T,
(39 Iwe( N = c We,p(21; cosB)(1 + 216 — arccos §|)k 0. m

and, consequently, for v=1,2,...,24,

2j/2
3.10 . (cos0)| = ck B=——"—= - —, 8 , ).
@10) W, (c0sO)| < e C{0,7]
Proof. Estimates (3.9)-(3.10) follow immediately from the estimate in Theorem 2.4,
taking into account the simple fact that 1 +2}|6 £ c27J| LI 20 if0<0<m
and the fact that by 2T wq g(274;&). Since by assumption &1i3 in C*, estimates
(3.9)-(3.10) holds for every k = 1. O
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Remark. It is worthwhile to mention that the estimate (3.9) or (3.10) (also Propo-
sition 2.5 with p = 2) immediately yields [Q; | [ 3w, ) < C.

Our next theorem shows that W is a tight frame in L?(wq,p).

Theorem 3.3. If f [CLP(Wq,p), then

§ G 1 _
(3.11) f= g, Wi, = Fwgly in L2(Wo,p)
j=o0v=1 £xa
and
LI LA
(3.12) L, o) = [ENTIG I
£rxi
Proof. Suppose f [1?(wggp). Then f = 72, d\,(f)P\(,“’B), where d, (f) =

i, PSP [0 Here and elsewhere in the following the convergence is in L2(Wq,g).
Denote briefly

(Lj CA)(X) := Cap 1L}”B(x, O (wa,p (Ddt,

where L}’"B are defined in (3.7). One can regard this as a nonstandard convolu-
tion which is evidently associative but not commutative. We next show that the
following Calderon type decomposition holds

(3.13) f= Lj"[; o O,
j=0
Indeed, clearly for j = 1,

j—

1, 1
LP o= e do(FPEP
J 1 7V v
v=1

and then )
— 0, O
L§HP rosP o = E—zj_l dy (F)PSP),

v=1
Consequently,

Ao O
%‘ [OF 08 = do(F)PS™P) + 81— dy(FPP)

. ) 2j—1
j=0 j=1lv=1

PP Ly, 1

= do(F)PSP + oy dy(F)PEP)

v=1j=1

1
= dy(F)PLP =,
v=0
where we used (3.6). Thus (3.13) is established.
As we already mentioned L}"B IZIZ]P‘"3 fl= (L}""3 EE]P"B) [F1 Since LJ?"B(X, t) L}"B(t, y)
is a polynomial of degree at most 0¥ — 1 in t and the quadrature formula (3.2) is
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exact for such polynomials, we have

(L5 PPy =cap  L5POG L (L y)Wap (Ot

_ LB £y Lo
g Ly (%8 be-LyT(Ey)

W QW (Y)-
£0x3

Here we also used that L{**(x,y) = L{*P(y,x) and the definition of the frame
elements in (3.8). Consequently,

S B 1
Lj Eﬂj = (], We [,
g X4
which along with (3.13) yields (3.11). | — _
For the proof of (3.12) we denote F;f := i=0 g [, e [fis. Evidently,

11 1
P f 3 | e
=08 X3
and passing to the limit as J — oo we arrive at (3.12). O
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