SEQUENTIAL EXTENSIONS  OF
COUNT ABLY COMP ACT SPACES

Peter Nyik os

Abstra ct. The rst known examples of subsequertial countably compact Hausdor
(T2) spacesthat are not sequertial are given here, including one that is Tychono
under CH. The sequertial extensions of such spacescannot be T, but the extensions
we construct are T1. The problem of whether it is consistent for there to be a compact
T, subsequertial, non-sequertial space is discussed. It is shown that an armativ e
answer would also solve the old problem of whether it is consistent for there to be a
compact non-sequertial T2 spacein which every countably compact subset is closed.

We also give the rst known example of an in nite subsequertial, countably com-
pact T, space with no nontrivial convergent sequences. The main tool in all the
constructions is a base matrix tree of subsets of ! ; in other words, a collection of
subsets of ! whose Stone-Cech remainders form a tree -basein ! n!.

1. Intro duction

A major theme in many branchesof mathematics is that of extensionsof struc-
tures. Think of Galois eld theory, analytic cortinuation in complex analysis, and
the conceptof Ext in module theory, to name but a few examples. In generaltopol-
ogy the most extensiwely researtied exampleis that of Hausdor compacti cations
of Tychono spaces.Another exampleis that of connecti cation: the study of how
\nice" a connectedspacecontaining a given spacecan be.

Another exampleis the study of sequetial and pseudo-radial (a.k.a. chain-net)
extensions of spaces. The latter spacesare those in which the the closure of a
set A is found by iterating the processof adjoining limits of well-ordered nets. In
the sequetial casethere is an obvious restriction: the spacemust be countably
tigh t; that is, if a point p is in the closure of a subset A then there must be a
courtable subsetB of A sud that p 2 B. [As usual, overhead bars stand for
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closure.] This is becausesequential spacesare characterized by the fact that the
closure of a set is found by iterating the processof adjoining limits of convergert

sequencesand becauseevery subspaceof a countably tight spaceis courtably tight.

In cortrast, Martin Sleziak[S] has shavn that every topological [resp. To; T1] space
can be embedded in a pseudo-radial [resp. Tp; T1] space. Earlier, Jinyuan Zhou
[Zh] had given a dierent construction under p = ¢, embedding any T; space of
countable tightnessin a pseudo-radial space. But not every countably tight space
can be embeddedin a sequetial space: easyZFC examplescan be found in [FR].

The following related problem from [FR] is still unsolved.

Problem 1. Is every subsequetial compact T, spacesequetial?

A spaceis herecalled subsequential if it canbe embeddedin a sequettial topo-
logical space.In [FR] an easyexampleis given of a compact T, subsequetial space
that is not sequetial, but it is also noted that any counterexample to Problem 1
would require extra set-theoretic axioms, sincethe PFA implies that every compact
T, courtably tight spaceis sequetial. Franklin and Rajagopalan go on to give ex-
amplesof pseudaompact Tychono spaceswhich canbe embeddedin sequetial T,
spacesand explain why every countably compact subspaceof a sequetial T, space
is itself sequetial. Implicit in this is the question of whether every subsequetial
countably compact T, spaceis sequetial. This question was made explicit in [Ny].
One of the aims of this article is to show that the answer is negative [Examples 2.2
and 2.3.], but aswe have just said, the extension spacecannot itself be T».

Since most general topologists con ne themselwes to Tychono spaces,a few
commerts may be in order asto why we bother to construct such examples. In the
rst place, we are only dealing with extensionsof countably compact spaces,and
countably compact (and especially compact) T; spacesare much better behaved
than T; spacesin general. Recall, for example, Gryzlov's extension of Arhangel-
skii's celebratedtheoremto T; spaces:every compact rst countable T, spaceis of
cardinality ¢ Lesswell known but still striking is Norman Levine's theorem that
every compact space[no separation axioms assumed!] of cardinality @ is sequen-
tially compact. This is an obvious consequenc®f the secondof the following recert
theorems, which again assumeno separation axioms.

Theorem A. [AW] Every countably compact space of hereditarily Lindelof degree
< t is sgquentially compact.

Theorem B. [Ny2] If X is a compact space with a network N of cardinality  t;
suchthat every point of X is in fewerthan t memters of N, then X is sequentially
compact.

Theorem C. [Ny2] Every countably compact space of cardinality < h is sejuen-
tially compact.



SEQUENTIAL EXTENSIONS OF COUNT ABLY COMPACT SPACES 3

Theorem D. [Ny2] If every splitting tree hasa chain of length h, then every com-
pact space of cardinality  h is sequentially compact.

The cardinal t is, asin [vD] and [V], the least cardinality of a complete tower on
I'. Closelyrelated is h, the least height of a splitting tree on! . [Theseconceptsare
de ned in Section2.] A good referenceto h is [BPS].

The above theorems are relevant to Examples 2.4, 2.9, and 3.1, which are se-
quertial T, extensionsof countably compact, Hausdor spaceshat are not sequen-
tially compact (hence not sequettial). Examples 2.4 and 2.9 are constructed in a
uni ed fashion along with a T; pseudo-radial extension of a countably compact O-
dimensional space(Example 2.1) which hasa nicer structure than the more general
constructions mertioned above.

Example 3.1 is quite dierent. It is a countably compact sequetial scattered
(henceT,) spaceX with a countably compact subspaceY which has no nontrivial
convergert sequencest all. No subsequetialY with this stronger property can be
Hausdor. The whole spaceX is locally countable, weakly rst countable, and of
scattered height and sequetial order ! ;. In fact, the Cantor-Bendixson level of
ead point is the sameasits sequenial order.

TheoremsA through D warn us not to expect the examplesto be \v ery small.”
Even more to the point is the following theorem, a rephrasing of Theorem 1 of [A].

Theorem E. LetY be a subs@uential T, space and let y be a nonisolated point
of Y. If X is a countably compact T, space containing Y; then there is a nontrivial
sguen@ in X convermging to y.

To prove this theorem, Elena Aniskovic useda penetrating analysis of the con-
vergencestructure of a subsequetial space. The sequetial extensionof Y, even
though it neednot satisfy any of the usual separation axioms, still exerts a strong
in uence on which lIters on Y corvergein Y and evenin X. Franklin and Ra-
jagopalan[FR] showed this in a somewhatdi erent way through the useof quotient
maps.

An immediate corollary of Theorem E is that every countably compact subse-
quertial T, spacecortains a nontrivial cornvergern sequence.This shovsthat noneof
the usual (consistert) compact T, countably tight non-sequetial spacesare subse-
quertial. TheoremE is alsorelevant to Example 3.1, in which a countably compact
subsequetial T; spaceis constructed in which every corvergert sequencas trivial;
such an example could not be T, by what we have just seen. This also follows from
another corollary of Theorem E:

Corollary. In a subsguential T, space, every countably compact subsetis closel.

This corollary is provenin Section4, whereit is alsoexplained how it shedslight
on just how dicult Problem 1 is, unlessthere is somehav an easypositive answer
in ZFC.
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Section 2. A unied trio of constructions

Eadh of the three examplesin this section featuresa pseudo-radial(a.k.a. chain-
net) T, spaceX with a countably compact Hausdor subspaceY that is not se-
guertially compact. In Example 2.1, X and Y are compactand Y is O-dimensional.
Example 2.4 is a subspaceof a special caseof Example 2.1, and exists if CH is
assumed;in it, X is countably compact and sequetial. In the natural ZFC gen-
eralization of Example 2.4, X is just pseudo-radial. To make X sequettial in ZFC
(Example 2.9), | had to sacri ce regularity of Y while using the sameunderlying
set with a ner topology.

These three exampleshave ! as a densesubspace,and disjoint subspacesD
and T, ead with underlying set the same (up to order isomorphism) c-ary tree.
In Example 2.4 this is the full c-ary tree of height ! ;. In all three examples,the
relative topology on D is the interval topology. In Examples2.1and 2.4, the relative
topologyon T is the coarsewedgetopology, which hasasa basethe Booleanalgebra
generatedby all wedgest” = fs2 T :t sg sud that t is not on a limit level of
T. In Example 2.9 we add the wedgest™ wheret is a limit ordinal of uncourtable
co nalit y to the set of generators. In all these examples,the topologyonD [ T is
an example of what Steve Watson calls a resolution of T, a generalization of the
Alexandro duplicate.

The subspaceY =! [ T in Example 2.1 is a special caseof a construction that
usesa splitting tree of subsetsof ! . A setS is said to split a set A if both A\ S
and AnS areinnite. A splitting family on ! is a family of subsetsof ! suc
that every in nite subsetof! is split by somemember of the family. The family is
called a splitting treeif it is a tree by reversealmost inclusion. The least cardinality
of a splitting family is denoteds, while least height of a splitting tree is denoted h.
It is easyto shovthat !'; t h s. Dordal [D] constructed models of ZFC in
which t = ! ; and h is an arbitrarily high aleph.

The construction of Y in Example 2.1 was independertly discovered by Fremlin,
Bourgain, myself, probably Petr Simon, and perhapsothers. There is somequestion
about who was the rst to do it, Fremlin or Bourgain, with Haydon favoring the
former and Diestel the latter. Our construction works for any splitting tree, but the
proof is simpler if we usea base matrix tree, a particular kind of splitting tree suc
that every in nite subsetof ! almost contains somesomemenber of the tree. The
existenceof basematrix treesin ZFC is a deepresult of Balcar, Pelant and Simon
[BPS].

In Example 2.1, we let T be the order completion of a tree that indexes the
members of a basematrix tree of minimal height. The order completion of a tree
is de ned by giving every downwards closed chain a unique suprenum if it does
not already have one. In the caseof a splitting tree, every chain without a greatest
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elemen fails to have a unique suprenmum; if it is bounded above, the part of the
tree above it has a collection of uncountably many minimal members, which can
and will be take%to be cmany. Thus, if we let T( ) represent the th level of T
andlet (T)= fT( ): isalimit ordinalg, then the splitting tree consists of
fA{:t2Tn (T)g In examples2.4 and 2.9, all maximal members are removed
from the order completion to produceT.

2.1. Example. Let T bethe order-completion of a basematrix tree in which eah
non-minimal member has c-many immediate successors.To eath t in T, assaiate
anewpoint d; = h; 1li andlet D = fd; :t 2 Tg. If t is not on a limit level, basic
neighborhoods of d; are the setsof the form fd;g[ A;nF whereF is a nite subset
of I : Thus fdig[ A: is the one-point compacti cation of A;. Of course,if s > t
then Ag A; and sothe space! [ D fails to be Hausdor in a big way.

If t 2 ( T), then basic neighborhoods of d; are the sets of the form D (s;t] =
fdy :s< x tg[ AsnF. As before,F isa nite subsetof! . It is easyto seethat
this makesthe relative topology on D the interval topology it acquiresas a tree.

Now we are ready to de ne the neighborhoods of t 2 T in the whole space
X=1[D[T.Foreaht2 TletV.(t)=1t [ fds:s2t g[ A;. For eath nite set
of (not necessarilyimmediate) successors,;:::;sp oft, let S=1t n(s; [ [ s,)

F whereF isa nite setthat doesnot includet, and the s; areimmediate successors
of t.

If t ison alimit level then its basic neighborhooods are of the form

where x is on a successotlevel and x < t, and the s; are immediate successor®f t
(not of x). It is important to omit the members of D indexed by t* becausethese
arein the closureof any in nite subsetof! that is indexedby somes on a successor
level above t. Failure to omit them would meanthat s and t do not have disjoint
open neighborhoodsin Y = ! [ T.

It follows from this description that the relative topology on T is the coarse
wedge topology. It is also easyto seethat Y = ! [ T is Hausdor (indeed, O-
dimensional). Becausethe Ag indexed by the immediate successor®ft are a MAD
family of subsetsmod nite of A, no sequencdrom ! corvergesto any point of T.
On the other hand, every in nite subsetof ! hasuncountably many points of T in
its closure: each S 2 [!' ' almost cortains someA, and with it every Ag; s> t, so
that the whole of V;(;) is in the closureof S exceptperhapsfor a nite subsetof! .
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Compactnessof T is part of the basictheory of the coarsewedgetopology [Ny1,
Theorem 3.4], and compactnessof ! [ T is an easyconsequenceagiven the above
description of the basic nbhds of points of T. The rest follows quickly from two
lemmas:

2.2. Lemma. D[ T is radial; that is, if x 2 A then there is a well-ordered net in
A converging to x.

2.3. Lemma. Ift2T;S ! andt2S; thent 2 (S\ D).

From thesetwo lemmasit follows that X is pseudo-radial, of order 2. In fact, if
S ! andt 2 S then there is a well-ordered net from S\ D corverging to t, while
d2S () S\A;isinnite () any sequencehat lists S\ A; convergesto d;.

Proof of Lemma 2.2. For D this is trivial: the neighborhood fds : s 2 tfg is a
copy of an ordinal. In [Ny1] it is shown that ewvery tree is radial in the split wedge
topology, which coincideswith the coarsewedgetopology for treesthat are order-
complete. A minor adaptation of this proof shaws that every point t 2 T in the
closure of a subsetS of D is the limit of a well-ordered net from D. Speci cally,
if t is not on a limit level, then t is in the closureof Si S meetsin nitely many
basic Vs(; ) basedon immediate successor®f t; and then every choice function with
domain ! for in nitely many of theseVs(;) convergesto t. If t is on a limit level,
then either the samething occurs, or elsethere is a well-orderednets : < iin
T corverging up to t from below, sud that Sn(t" [ t¥) meetsV, for all . But
every neighborhood of t cortains V, nt" for conally many < . So another
choice function givesa well-ordered net from S converging to t.

Proof of Lemma 2.3. The preceding proof can be modi ed to characterize those
S ! that havet in their closure. Simply replace\meets" with \hits," i.e., \meets
in an in nite set." Then we get a family of appropriately situated dyx having t in
their closure, with ead dy in the closure of S. The only part that needsspecial
attention is the last case,where S hits only setsof the form V, nt". But in this
case,if Ay Sthenx 2t#. The setsA, comefrom a basematrix tree and sothere
are enoughwell situated dy in this casetoo.

Examples 2.4 and 2.9 use a subsetof Example 2.1 formed by removing the top-
most points (\leaves") of T and D. In the relative topology, this givesusa countably
compact pseudo-radialspace.If T wasof height ! ; + 1 the resulting subspaceof X
is sequettial; this is our secondexample.

2.1. Example. Let T bethe full cary tree of height ! ; + 1, and let ( T) denote
the points of T on limit levels. We invoke CH to index a index a basematrix tree
by Tn ( T). More generally we could usethe axiom h = ! ;, becausethe least
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height of a basematrix tree is also the least height of a splitting tree [BPS]. The
individual levelsof T n ( T) then index MAD families of subsetsof ! .

In the particular caseof Example 2.1 that results from T, we let X be the
subspace! [ C[ S where S is the full binary tree of height ' ; and C is the
corresponding subset of D, and let Y be the subspace! [ S. Removal of the
topmost points of D and T doesnot a ect the argumert that every point of ! hasa
cluster point in Y, nor the argumert that no sequencdan ! can convergeto a point
inY.

2.5. Theorem. X is seuential of order 2 and countably compact, and Y is count-
ably compact.

This theoremis an easyconsequenc®f the foregoingremarks and of the following
lemma.

2.6. Lemma. C|[ S is countably compact and Frechet-Urysohn.
This lemmain turn follows easily from the next two:

2.7. Lemma. A rooted tree is Hausdor in the coarse wedgetopology i it is a
semilattice (equivalently, a complete lattice) with respect to greatest lower bound.

2.8. Lemma. A Hausdor treeis countably compact in the coarse walge topology
i it has nitely many minimal elements,and every branch (i.e., maximal chain)
of countable co nality has a greatest element.

SinceS satis es all the hypothesesin thesetwo lemmas, it is countably compact.
Lemma?2.7is trivial, while the secondconclusionin Lemma2.6is clear from Lemma
2.2 and the fact that ewvery point of S hasonly countably many predecessors.

Proof of Lemma 2.8. Necessiy is clear. Conversely let A be an in nite subset of
S. If A hasan in nite chain, then its supremum is a limit point of A. If not, s be
the g.l.b. of A. There are two elemerts ag; by in A whoseg.l.b. is s [Nyl1, Theorem
3.2]. If there is an an in nite subsetB of A such that all pairs in B have s as
their g.L.b., then any 1-1 sequencein B cornvergesto s. If not, we can inductiv ely
de ne elemerns s,4+1 > s, beginning with sp = s, and in nite subsetsA,.1  Ap
with Ap = A and a, 2 A, sud that g.l.b.(a,;am) = sn whenewer n < m. Then
a, ! supnpsn. This suprenmum exists since the s, are bounded above, and S is
Hausdor .

Lemma 2.6 now follows by applying the sameargumert to subsetsof D, to get
every in nite subsetA of D a limit point in T unlessA has an in nite chain. In
this case,A hasa limit point in D itself.

2.9. Example. If h>!; then something needsto be done about the points of
D and T on limit levels of uncountable co nalit y. The onesin D can be omitted
without a ecting the countable compactnessargumert, as can the leaves of T.
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Howewer, the others cannot be removed without destroying countable compactness:
ead t like this has uncountably many immediate successorsand these would no
longer have a limit point. What we do instead is to re ne the topology by adding
setsde ned like Vi (s1;:::sp) n! to the topology as a weak baseat t. That is, if
cf (ht(t)) > ! welet Z(t) be the collection of setsof the form:

Zi(st;iisniF) =t n(s; [ [ sy)l= S)[ fd:s2 SgnF (F nite, t 2F)

and declarea set U to be openi it contains a member of Z (t) for eadh t in U at a
limit level of uncountable co nalit y and is a neighborhood (in the original topology)
of every other point it contains.

BecauseX is Ty; this is equivalent to t being in the closureofa H X nftg
i it isin the closure of the members of Z{(s:1;:::sy;F) nftg that are themselhes
in the closureof H. In Z{(s1;:::sn;F), all points exceptt have neighborhoods in
the original topology that meet X n! in a subsetof Z;(s;;:::sn; F) itself. Thuswe
needonly add points of I to expandZ;(s;;:::sn; F) to make an open neighborhood
of t. Now Lemma 2.3 cortinuesto hold in this ner topology (in fact, there are
fewer casesto consider)and soit follows aswith Example 2.4 that X is sequettial.
The proof that Y is countably compact in this topology is substartially the same
aswith Example 2.4.

In the (very common!) modelswheret = h; the setsof the form Z(sy;:::sn;F)[
A, form a basefor the neighborhoods of t. This is becausejf a subsetl of ! meets
Ay for all x < t, then | will also hit in nitely many sets of the form A where s
is an immediate successof t: were it not so, we could subtract o nitely many
As from I, and then the sets A would trace a complete tower of conality t
on what is left of I, contradicting t = h = ht(T). And now it follows that every
neighborhood of t meets| .

Similarly, if | l andt 2 I, then t hasin nitely many immediate successors
s such that | has a subsequencecorverging to dso for somes® s, If t < h then
the neighborhoods of t are more complicated, but if t doesnot have in nitely many
successorasdescribed just now, then someset of the form Zi(sy;:::sn;F)[ (! nl)
is an open neighborhood of t missing | .

Section 3. An example with no nontrivial convergent sequences.

3.1. Example. This exampleis built by trans nite induction on the courtable
ordinals, onelevel at atime, levelsalternating in their basicdescription. Begin with
I =Y ;andlet T index a basematrix treeon!. Let Do = fd; :t 2 Tg and let
a baseof neighborhoods for eat d; be de ned as before: it consistsof all sets of
the form fd;g[ At nF whereF is a nite subsetof A;. Then Yy is alsoindexed by
T, and for ead y; we pick a set S; of denumerably many s indexed on the level
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of T immediately above t, and let a weak baseat y; consist of all sets of the form
fyig[ St nF whereF is a nite subsetof S;.

After this, if Y hasbeendened, and = + 1, weletM beaMAD family
of countable subsetsof Y , while if is a limit ordinal and D and Y have been
de ned for alb < ,welet M beaMAD family of countable closeddiscrete
subspacesof fY : < g@g. In either case,foreach M 2 M | let Ty, index a
basematrix tree on M, and let Ty, be the union of all the Ty, (M 2 M ) with
the direct sumorder. Let D = fd; :t 2 Ty g and let a weak basefor eat d; be
de ned asthe basewas de ned for di 2 Mgy. Y and the weak basesof its points
are de ned just asthey werefor = 0, with Ty replacing T.

LetY = SfY 1 <ljgandlet Z = Y| S<! . D :SinceZ is weakly
rst countable, it is sequetial. It is T; and scattereg; in fact, it has! asa dense
set of isolated points, and it is easyto seethat Z = fD [ Y : < gisopenin
Z forall 2!',;andthat each Y and D is discretein its relative topology, with
Y closedin Z 4; and D, closedin Z [ D . As de ned here, Z is not countably
compact, but it is easyto extend it to a weakly rst countable (hence sequenial),
countably compact T, space.

Claim. Y is a countably compact subspce in which every convergent sequene is
eventualy constant.

Proof of claim. Countable compactnessis proven similarly to the previous ex-
amples, as follows. Let fy, : n 2 ! g be an innite subsetof Y. We may assume
that either there exists suc that y, 2 Y for all n or elsethat y,+1 isin a later
Y than isy,. In the latter case,fy, : n 2 ! gis a closeddiscrete subspacein the
relative topology of Z where is the suprenum of the involved, and so there
existsM 2 M that meetsfy, :n 2! gin aninnite set. In the former case,there
trivially existssudh an M in M

In either case,there existsA;; t 2 Ty , almost corntained in the setofall y, 2 M;
Sotoo Ag fyn:n2!1 g\ M for every s immediately succeedingt in Ty ; and so
yi is alimit point of fy, :n21!g.

Although it is not strictly neededfor showing that Y hasonly trivial convergert
sequencesijt is corveniert to show that Z; is locally countable and locally para-
compact. Each basic neighborhood of d; 2 Dy is the one-point compacti cation of
a countable discrete space. This is also true of every weak basic neighborhood of
Vi 2 Yp. The points of S; are all on the samelevel of T; sotheir basicneighborhoods
are almost disjoint. There thus exist basic nbhds, one for ead point of S;, that
form a disjoint collection. The union of this collection, together with y;; is an open
nbhd of y; that is homeomorphicto the well-known Arens spaceS,; this is a regular
spaceand, being countable, it is paracompact. No sequenceof isolated points of U
can corvergeto y;: the corresponding fact about S, is well known. SinceU is open,
there is no sequenceof distinct points of Y corverging to y;:
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Let 1 < < !'; and supposethat, for all < ; no sequenceof points in Y
can cornvergeto any point of Y . Each point of Y has a weak neighborhood W
in Z homeomorphicto S,, constructed in the sameway as an actual neighborhood
of a point of Yy. List the relatively isolated points of W asfy, : n 2 !g. If

= + 1ltheny, 2 Y, for all n; while if is a limit ordinal, theny, 2 , for
some , < ;andthe , corvergeto . To make an actual neighborhood for y, we
attach neighborhoods to ead y,,. Let V,, be an opeg neighborhood of y, with all
other points takenfrom Zy, [resp.Z | ]. LetU =Y\ ., V,. Then U isaY-open
neighborhood of y; and it is enoughto show that no sequencdrom U nW corverges
to y:

The rest of the proof is a faint edio of the proof of [Ny2, Theorem 1.1]. Let
hp, :n 2 !i bea 1-1 sequenceof points of U nW with y in its closure. Sincethe
sequencaloesnot corvergeto yp; thereisanin nite Co ! sudithat fp, : n 2 Cpg
doesnot haveyy in its closure. Contin ue to inductively de ne Cy+1 2 [Ck]' sothat
fpn : N 2 Ck+1 g doesnot have yx+1 in its closure. Finally, let C be an in nite set
almost contained in Cy for all k. Then fp, : n 2 Cg doesnot have any y, in its
closure,soU nfp, : n 2 Cg is a neighborhood of y witnessingthat fp, :n2 !g
doesnot corvergeto vy.

Section 4. More about subsequential T, spaces

Now we will show the corollary of Theorem E mertioned in the introduction.
Here they are again.

Theorem E. LetY be a subsguential T, space and let y be a nonisolated point
of Y. If X is a countably compact T, space containing Y; then there is a nontrivial
segquen@ in X converging to .

Corollary. In a subsguential T, space, every countably compact subsetis closel.

Proof. Let S beT, and let Z be a courtably compactsubsetof S. If p2 ZnZ, then

Y = Z[ fpgis countably compactand p is nonisolatedin Y but there is no sequence
in Y convergingto y. By TheoremE, Y cannot be embeddedin a sequetial space,
and so neither can S.

In the terminology of [IN], this corollary says every subsequetial T, spaceis
C-closed:

4.1. De nition. A topological spaceis called C-closeal [resp.a KC-space] i ewvery
countably compact [resp.compact] subsetis closed.

A well-known elemernary fact is that every T, spaceis a KC-space,while every
KC-spaceis clearly T;. The property of being C-closedis much more restrictiv e.
For instance, in [IN] it wasshown that a sequetially compact T, spaceis sequetial
i it is C-closed. The proof obviously extendsto:
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Theorem F. A countably compact KC-space is sequential i it is sequentially com-
pact and C-closa.

The following simple examplesshow that \K C-space" cannot be weakened to
\ T1-space" nor even to \convergert sequencedave unique limits."

4.2. Example. Let S, be the Arens spacemertioned in the preceding section,
with underlying setfxg[ (! (! + 1)), with the product topologyon! (! + 1)
and the co nite subsetsof fxg[ (! f! g) containing x forming a weak basefor
the neighborhoods of x.

Let Z bethe one-point compacti cation of! (! + 1) with 1 asthe extra point.
Let X be the quotient spaceof S, and Z formed by identifying the two copies of
I (! + 1). Convergert sequencesn X have unique limits, and X is sequettial,
becausesequetialit y is presened by quotient maps, and S, is sequetiial. Any
in nite  subsetof X meets either the top row or ! I in an in nite set, and so
either x or 1 is an accurnulation point, so X is countably compact (and courtable,
hencecompact).

Howewer, X is not a KC-space,and a fortiori not C-closed,becauseg(! ! )[ fxg
is compact but not closed.

4.3. Example. This time, let Z bethe one-point compacti cation of! ! with 1

asthe extra point. Let X be the quotient spaceof S, and Z formed by identifying
the two copiesof ! ! . This spacehas all the properties listed for the preceding
one, except that ead column is a sequenceconverging to two points, one of which
is1 : Howewer, X is Ty:

Example 4.3 has a subspacerelevant to the following rephrasing of Theorem F:

Theorem FC A countably compact, KC-space is sequential () it is sequentially
compact and every countably comact subsetis compact.

Here too, weakening \K C-space" to \convergert sequencesave unique limits"
results in a false statemert, but in the opposite direction from Example 4.2, even
for subsequetial spaces.

4.4. Example. Let Y be the subspaceof Example 4.3 obtained by removing
I fl'g. Convergert sequencesn Y have unique limits, and Y is sequenially
compact and countable, so every countably compact subset (including Y itself) is
compact. Also, Y is subsequetial sinceit is a subspaceof Example 4.3, but it is
not sequenial becausex is in the closureof ! ! while every sequencen Y that
cornvergesto x is evertually constart.

The following problem, rst posedat the 1980 Spring Topology Conference,re-
mains unsolved:

Problem 2. Is every C-closedcompact T, spacesequetial?
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In any model where the answer to Problem 2 is Yes, sois the answer to Problem
1: seethe Corollary. Thesemodelsinclude those where MA or 2' < 2"t [IN] holds.
More generally:

Theorem G. [vD, Corollary 6.4] If 2' < 2! then every C-closel compact T, space
is sequentially compact, hene sequential.
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