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Abstra ct. [To be decided later]

1. Intr oduction

This paper was a long time in the writing. Sections7 and 8 go all the way back
to 1980,with them essentially completed at the SETOP conferencein Missisagua,
Ontario. Most of Section3 wascompletedin 1986with Fremlin's PFA breakthrough
[4]; the remainder came in 2003, along with Theorems 6.1 and 6.2 in Section 6.
Sections2 and 9 go back to 1997, shortly after seeing[1] and Eisworth's proof [3]
of the consistencyof CC22 [seesection 9 for the statement].

Con ventions: \space" means \Hausdor® space," and \closed," when applied
to functions, includes continuit y. The symbol ¤ will stand for the set of countable
limit ordinals, and theseare not taken to include 0: We let ¤ 2 stand for the derived
set of ¤; in other words, ¤ 2 is the set of limits of limit ordinals in ! 1. Thus ¤ n¤ 2 is
the set of all countable ordinals of the form ¯ + ! : We useT5 to mean\hereditarily
normal."

For ordered pairs of ordinals we usethe notation h; i and reserve parenthesesfor
intervals of ! 1 and for ordered pairs in setswhere there is no linear order. When f
is a function whosedomain consistsof orderedpairs we follow the custom of writing
f (a;b) for f (ha;bi ) and f ((a;b)).

2. Coherent 2-coloring systems: the basics

Given a set X , a subset S of X , and a collection A of subsetsof X ; we let
A ¹ S = f A \ S : A 2 Ag and call it the restriction of A to S.

De¯nition 2.1. Let X be a subsetof ! 1 and let A be a collection of subsetsof X .
A coherent 2-coloring systemon A is a collection C = f CA : A 2 Ag such that CA

is a 2-coloring of A such that if B 2 A then CA agreeswith CB on all but ¯nitely
many x 2 A \ B .

We will use the words \black" and \white" in referring to the two colors, and
let WA and BA be the set of points colored white and black, respectively, by CA :
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The usual convention is that each ordinal is the set of all smaller ordinals. Soa 2-
coloring systemon ! 1 is a collection C = f C® : ® 2 ! 1g whereeach C® is a 2-coloring
of ® = [0; ®). More generally, if X is a subsetof ! 1 and A = f ®\ X : ® 2 X g then
we we will also call C a 2-coloring systemon X .

De¯nition 2.2. Given a subset Z of X , a coherent 2-coloring system on X is
said to be uniformizable on Z if there is a 2-coloring of Z which agreeswith each
2-coloring C® in the system on all but ¯nitely many » 2 Z \ ®.

If we know any of CA ; WA or BA ; we can immediately reconstruct the other two
if we know A. So the theory of coherent 2-coloring systemson ! 1 is equivalent to
that of what is called coherent sequenceson ! 1 in [1]:

De¯nition 2.3. A coherent sequence on ! 1 is a trans¯nite sequenceW = f W® :
® 2 ! 1g such that A® \ ¯ = ¤ A ¯ for all ®; ¯ in ! 1, where X = ¤ Y meansthat the
symmetric di®erenceX ¢ Y is ¯nite.

Uniformizable 2-coloringscorrespond to what are called trivial sequencesin [1]:

De¯nition 2.4. A coherent sequenceis trivial if there is a set A ½ ! 1 such that
A® = ¤ A \ ® for all ® < ! 1.

The existenceof nontrivial coherent sequences(hence of non-uniformizable co-
herent 2-coloring systems) is deducible from the ZFC axioms: see[8] or Example
8.1. On the other hand, it is ZFC-independent whether there is a coherent 2-
coloring systemon ! 1 which is not uniformizable on any uncountable subsetof ! 1:
SeeTheorem 2.7 and Theorem 9.6 or [1].

The following concept will be used in constructing the nontrivial examples in
this paper.

De¯nition 2.5. Let S be a subset of ! 1. A ladder system on S is a family L =
f L ® : ® 2 S \ ¤g of subsetsof ! 1, of order type ! ; such that each L ®, called the
ladder at ®, has supremum ®.

Where there is no danger of confusion, we let each L ® be listed in its natural
order as f ®n : n 2 ! g, as in the following construction:

Construction 2.6. Let L be a ladder system on ! 1. Since the intersection of
any two ladders is ¯nite, every 2-coloring system on L is coherent. Moreover,
it can be extended recursively to a coherent 2-coloring system C on ! 1 in the
following way. With each L ® listed as f ®n : n 2 ! g, let ®¡ 1 = 0. If n is a ¯nite
ordinal, let Wn = ; ; Bn = n: If » is an in¯nite successorordinal, » = ´ + 1, let
¸ be the greatest limit ordinal < », and let W» = W¸ . Finally, if ® 2 ¤, let
W® \ (®n ; ®n +1 ) = W®n +1 \ (®n ; ®n +1 ) for all n 2 ! [ f¡ 1g, and let ®n 2 W® i®
it is colored white by the 2-coloring of L ® 2 L . It is easy to show by trans¯nite
induction that this is a coherent 2-coloring.

Here is a simple but striking application of this construction. The axiom | states
that there is a ladder system L = f L ® : ® 2 ¤g such that for every uncountable
subsetE of ! 1; there exists ® such that L ® ½ E.

Theorem 2.7. If | , there is a coherent 2-coloring on ! 1 that is not uniformizable
on any uncountable set.
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Proof. Let L be a ladder system witnessing | . With notation as in the foregoing
construction, let ®2n 2 W® and ®2n +1 2 B® for all n 2 ! and all ® 2 ! 1, and
extend this 2-coloring on L to oneon ! 1 asabove. If E is an uncountable subsetof
! 1; let CE be any 2-coloring of E and let L ® ½ WE . Then CE disagreeswith C®

on in¯nitely many elements of ®; and so it does not uniformize this 2-coloring on
E. ¤

3. Closed 2-1 preima ges of ! 1: general f acts

Two-to-oneclosedpreimagesof ! 1 have a pleasinglysimple structure that makes
many nice pictures possible,but they also have played a big role in research. The
1986proof by D. H. Fremlin that it is consistent that they all contain copiesof ! 1

openedthe gatesto a °ood of research that culminated in Balogh's solution of the
Moore-Mr¶owka problem, and Balogh's theorem that it is consistent that every ¯rst
countable countably compact spaceis either compact or contains a copy of ! 1.

I refer to 2-1 closedpreimagesof ! 1 as \sprats" after the nursery rhyme about
Jack Sprat and his wife [which, like many nursery rhymes,had an origin in political
protest]. This is becauseat each limit ordinal, whatever onepoint's neighborhoods
don't gobble up beyond someearlier stage, the other point's neighborhoods will.

To put that last bit more formally . . . every 2-1 preimageof ! 1, closedor other-
wise, can be given ! 1 £ 2 as an underlying set, whereas usual 2 = f 0; 1g. The map
to ! 1 is thought of as a projection and labeled¼even if (as is usually the case)the
topology on ! 1 £ 2 is not the product topology.

Now, if ® is a limit ordinal and wepick disjoint opennbhdsU0 and U1 respectively
of h®; 0i and h®; 1i , then closednessof ¼implies that there is no sequencefrom the
complement of U0 [ U1 whoseprojection convergesup to ®; otherwise the sequence
would be closedin the domain; but its projection is not closedin ! 1. Thus there is
» < ® such that ¼Ã (»; ®] ½ U0 [ U1. By chopping o®U0 and U1 at » we thus get a
pair of disjoint basic clopen nbhds of h®; 0i and h®; 1i . Extending these back and
using induction and the fact that ! 1 is well-ordered, we can de¯ne a partition of
¼Ã [0; ®] into two disjoint clopen sets B (®; 0) and B (®; 1). Of courseit is enough
to de¯ne B (®; i ) for one i .

The above argument also shows ¼Ã [0; ®] is countably compact. Since it is
also countable, it is compact and hence ¯rst countable. In fact sets of the form
B (®; i ) n ¼Ã [0; ¯ ] give a baseof compact clopen nbhds at B (®; i ) as ¯ rangesover
the countably many ordinals lessthan ®.

By the conventions, the two points above 0 and the two points above any suc-
cessorordinal are isolated. Thus every sprat is locally compact and countably
compact.

Example 3.1. The product space! 1 £ 2 is a sprat. We have B (®; i ) = [0; ®] £ f ig
for all limit ®.

Example 3.2. If we let B (®; 1) = fh®; 1ig for all ® 2 ! 1, then we have the
Alexandro® duplicate of ! 1 in which all the points of ! 1 £ f 1g are isolated.

It is not hard to show that this sprat is homeomorphicto ! 1. In fact the following
will be useful here and later:
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Classical Theorem. Every countable, compact space is homeomorphic to a count-
able ordinal.

Folklore Theorem. A space is homeomorphic to ! 1 i® it is the union of a strictly
ascending sequence of countable compact open sets hK » : » < ! 1i such that K ¯ nS

f K » : » < ¯ g is a singleton for a club set of ¯ 's.

Example 3.3. For each limit ordinal ® let h®n : n 2 ! i be an increasingsequence
of successorordinals converging up to ®: Let

B (®; 1) = fh®; 1ig [ fh®n ; 0i : n 2 ! g:

Unlike the ¯rst two examples,this sprat is not hereditarily collectionwiseHausdor®:
¤ £ f 0g is a closedcopy of ! 1 and if we remove it, the points of ¤ £ f 1g comprise
a closeddiscrete subset of what remains, which cannot be expandedto a disjoint
collection of open setsbecauseof the PressingDown Lemma.

Despite its seemingsimplicit y, Example 3.3 is su±ciently complicated that it is
ZFC-independent whether it is hereditarily normal (T5); seeSection 6.

Since ¼ is a closedmap, every uncountable closedsubset of a sprat has a club
subsetof ! 1 as an image. The pigeonholeprinciple then gives:

Lemma 3.4. If a sprat has two disjoint uncountable closedsets, then there is a
club C ½ ! 1 such that both setsmeet each ¯b er over C exactly once.

If F0 and F1 are a pair as in Lemma 3.4, and ­ i = ¼Ã C \ Fi then ­ 0 and ­ 1

are disjoint closedcopiesof ! 1. This is becausethe restrictions of ¼to ­ 0 and ­ 1

are one-to-one, continuous, and closed, and becauseevery club subset of ! 1 is a
homeomorphiccopy of ! 1. This givesus:

Corollary 3.5. If a sprat doesnot have two disjoint closedcopiesof ! 1, then it is
normal.

Thus Examples3.2 and 3.3 are normal, and Example 1 is obviously normal also.
But it is unusual in one way:

Theorem 3.6. If a sprat does have two disjoint copies of ! 1, then it is normal
( ) the copies can be put into disjoint open sets ( ) it is homeomorphic to
! 1 £ 2.

Only the last =) requires work, and the Folklore Theorem doesmost of it for
us.

4. More connections

In this section we study someconnectionsbetween 2-colorings, ladders, sprats,
and two other important concepts: Aronszajn trees and the Stone-·Cech remainder
of the discrete spaceof cardinalit y @1:

We begin with a simple construction which producesa sprat with two disjoint
copiesof ! 1 from a given coherent 2-coloring system, and which is non-normal i®
the system is non-uniformizable.
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Construction 4.1. Let C be a coherent 2-coloring system on ! 1. List A = (! 1 n
¤) £ f 0; 1g in lexicographical order, A = f a» : » 2 ! 1g. For each ® 2 ¤ let

B (®; 0) = fh¯ ; 0i : ¯ 2 ¤ ; ¯ · ®g [ f a» : » 2 W®g:

This givesa sprat X C in which F0 = fh®; 0i : ® 2 ¤g and F1 = fh®; 1i : ® 2 ¤g are
disjoint copiesof ! 1: If C is uniformizable by C! 1 , then F0 [ f a» : » 2 W! 1 g and
F1 [ f a» : » 2 W! 1 g are complementary clopen sets. Conversely, if V0 and V1 are
complementary clopen sets containing F0 and F1 respectively, and W = f » : a» 2
V0g, B = f » : a» 2 V1g, then (W; B ) is a uniformization of C:

This construction of X C hasan inverse. Given any sprat Y in which ¤ £ f 0g and
¤ £ f 1g are disjoint copiesof ! 1, and an assignment of 0th neighborhoods B (´ ; i ),
we can de¯ne CY by letting (WY )´ = f » : a» 2 B (´ ; 0)g for all ´ 2 ! 1. It is routine
to verify that X CY = Y and CX D = D for all coherent 2-coloring systemsD and all
sprats Y described in this paragraph.

5. Special classes of spra ts

De¯nition 2. A sprat is banded if B (®; i ) can be de¯ned to contain every ¯b er
¼Ã f »g that it meetswhenever » < ®.

De¯nition 3. A sprat is symmetrical if B (®; i ) can be de¯ned to meet every ¯b er
¼Ã f »g (» · ®) in exactly one point.

Clearly Example 3.1 is symmetrical while Example 3.2 is banded. Example 3.3
is neither but can easily be shown homeomorphic to a banded sprat with the help
of the ClassicalTheorem.

Lemma 5.1. No banded sprat contains two disjoint copies of ! 1 but if a symmet-
rical sprat contains a copy of ! 1 it contains two disjoint copies.

Corollary 5.2. Every banded sprat is normal, while a symmetrical sprat with a
copy of ! 1 is normal i® it is homeomorphic to ! 1 £ 2.

In Section8 there is a ZFC exampleof a non-normal symmetrical sprat with two
disjoint copiesof ! 1. [Note that by Theorem 3.6, the last clauseis redundant!] D.
H. Fremlin [4] showed that the PFA implies every sprat contains a copy of ! 1. This
has the consequence:

Theorem 5.3. The PFA implies that for every sprat X there exists a club C
such that X ¹ C is either banded or symmetrical. In the former case, X ¹ C is
homeomorphic to (the Alexandro® duplicate of) ! 1.

Problem 2. Does the PFA imply that every sprat is homeomorphic to either a
banded sprat or a symmetrical sprat?

Under } there is a wealth of sprat spacesthat have no copies of ! 1 and are
not homeomorphic to either a banded sprat or a symmetrical sprat, nor are their
restrictions to any club.

In [4], Fremlin published an example (due to the author) of a banded sprat
without a copy of ! 1 that exists in any model of ZFC obtained from a model of |
by ccc forcing. The original Solovay-Tenenbaum model of MA( ! 1) is such a model.
De¯nition 4. A continuous preimage X of ! 1 is monolithic if every closed un-
bounded subsetof X contains a preimageof a club.



6 PETER NYIK OS

Lemma 5.4. Every monolithic perfect preimageof ! 1 is hereditarily collectionwise
normal and hereditarily countably paracompact.

Theorem 5.5. A symmetrical sprat is monolithic i® it does not contain a copy of
! 1.

There are easyexamplesunder | of monolithic symmetrical sprat spaces,and I
recently showed they also exist under an axiom compatible with MA + : CH; see
Section 8. In Section 7 we will show that monolithic banded sprats exist under
the following axiom, recently shown by Hernandezand Ishiu to be compatible with
MA( ! 1):
Axiom 1. There is a ladder systemf L ® : ® 2 ¤ \ ! 1g such that for every club set
C there is a club subset K (C) such that L ® ½¤ C whenever ® 2 K (C). [A ½¤ B
meansthat A n B is ¯nite.]

6. Mar tin's axiom and T5 vs. heredit aril y str ongl y cwH

Theorem 6.1. If 2@0 < 2@1 , then Example 3.3 is never T5.

Theorem 6.2. If MA (! 1), then Example 3.3 is alwaysT5.

Proof of Theorem 6.1: Recall a theorem of Devlin and Shelah [2]: if L is a ladder
system on a club subsetof ! 1, then there is a piecewisemonochromatic 2-coloring
of L which cannot be uniformized if 2@0 < 2@1 . ¤

Part of the key to Theorem 6.2 is the theorem [2] that MA( ! 1) implies every
2-coloring of a ladder system on ! 1 is uniformizable. Another part is that the
following axiom is a consequenceof MA( ! 1):

Axiom 2. If L = f L ® : ® 2 ! 1 \ ¤g is a ladder systemon ! 1 and C is a club subset
of ¤, there is a choiceof a co¯nite K ® ½ L ® for each ® 2 C0 sothat

S
f K ® : ® 2 C0g

meetseach interval betweensuccessive members of C in a ¯nite set.
Here C0 denotesthe derived set of C:

Theorem 6.3. MA( ! 1) implies Axiom 2.

Proof. Let (P ; · ) be the following poset. Elements of P are pairs (A ; B) such that:

(1) A is a ¯nite collection K ®1 ; : : : K ®n where the ®i are distinct members of C0

and each K ®i is a co¯nite subsetof L ®i and
(2) B is a ¯nite collection of intervals (c0; c1) where c0 and c1 are successive

elements of C.
The order on P is given by:
(3) (A 0; B0) · (A 1; B1) ( ) A 0 ½ A 1; B0 ½ B1; and (

S
A 1) \ (

S
B0) =

(
S

A 0) \ (
S

B0).

The proof that P is " -c.c.c. usesclassicaltechniques except perhaps in the last
step. Given an uncountable subset of P , we can cut it down to an uncountable
subset in which the ¯rst and secondcoordinates are all of size n0 and n1; respec-
tiv ely, and form ¢-systems with roots A r and Br respectively. We can further cut
it down to an uncountable subsetC in which all the \leaves" A n A r are ladders to
ordinals greater than those to which the ladders in A r converge,and similarly each
B n Br consistsof intervals beginning further up than the intervals in Br .
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Cut C down to an uncountable D so that for each (c;c0) 2 Br there is a ¯nite
subset Fc such that if (A ; B) 2 D then [

S
A \ (c;c0)] = Fc, and such that either

(1) B = Br for all (A ; B) 2 D or (2) A = A r for all (A ; B) 2 D or (3) distinct
members of D have both distinct ¯rst coordinates and distinct secondcoordinates,
and if (A ; B) and (A 0; B0) are distinct membersof D then the ordinals on which the
members of A n A r are ladders are all di®erent from each of the ordinals on which
the members of A 0n A r are ladders.

If (1) holds then any two members of D are " -compatible. If (2) holds then all
(A r ; B) 2 D such that c > sup(

S
A r ) for all (c;c0) 2 BnBr are pairwise compatible.

Finally, if (3) holds, cut D down further to a family f (A ®; B®) : ® < ! 1g
such that whenever ® < ¯ then every element of

S
(A ® [ B®) is < every element ofS

(B¯ nBr ). Then (A®; B®) can only be " -incompatibile with (A ¯ ; B¯ ) if
S

(A ¯ nA r )
meets

S
(B® n Br ). But

S
A ¯ is of order type ! and henceA ! +1 must miss someS

(B® n Br ) (® < ! + 1). This completesthe proof that P has the " -c.c.c.

Using MA( ! 1), we obtain a subsetG of P generic for the following densesets:

DB = f (A ; B) : B 2 Bg (B = (c;c0) for successive c;c0 2 C)

D® = f (A ; B) : K 2 A; K is a co¯nite subsetof L ®g (® 2 ¤ 2 \ C0)

Let G be generic for these sets, and for each ® 2 ¤ pick any (A(®); B(®)) 2 G
such that someco¯nite subsetM ® of L ® is in A . Sinceany two members of G are
" -compatible, M ® is uniquely determined. Next, given a pair (c;c0) of successive
members of C; pick any (A ; B) 2 G such that (c;c0) 2 B. Then any (A 0; B0)
compatible with (A ; B) must have [

S
A 0 \ (c;c0)] ½ [

S
A \ (c;c0)]; with equality if

(c;c0) 2 B0: And [
S

A \ (c;c0)] is ¯nite becausethere is no member of C0 in (c;c0]
and A is a ¯nite collection of ladders basedon points of C0. ¤

Proof of Theorem 6.2

7. Constr uctions of banded spra t spaces

Given a ladder systemL on S, we de¯ne the bandedsprat spaceX L by induction
on ® 2 ! 1. For ¯nite ®, we let B (®; 1) = fh®; 1ig and, as standard, let B (®; 0) be
the complement of B (®; 1) in [0; ®] £ f 0; 1g. If ® is not a limit point of S, we do
the same. If ® is a limit point of S, then we de¯ne:

B (®; 1) = fh®; 1ig [
1[

n =0

(¾®(2n); ¾®(2n + 1)] £ f 0; 1g:

Hencewe also have:

B (®; 0) = fh®; 0ig [ ([0; ¾0] £ f 0; 1g) [
1[

n =1

(¾®(2n ¡ 1); ¾®(2n)] £ f 0; 1g:

This construction is universal for banded sprats: it is possible,given a banded
sprat spaceX , to ¯nd a ladder system on a subset of ! 1 such that X L is homeo-
morphic to X . In fact, every sprat spaceis homeomorphicto one in which h®; 0i is
never isolated for any limit ordinal ®. In a banded sprat spacelike this, a ladder
system for X L arisesnaturally for any given choice of f B (®; 0) : ® 2 ! 1 \ ¤g.
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To simplify the description, we put the ¯b er over 0 in B (®; 0) for all ®; this
obviously does not a®ect the topology. Each B (®; 0) consists, except for its last
point h®; 0i , of complete ¯b ers f »g £ f 0; 1g. If all ¯b ers over ordinals < ® are
represented, or more generally if there is some» < ® such that all ¯b ers strictly
between» and ® are in B (®; 0), then we leave ® out of S altogether.

Otherwise, we let ¾®(0) be the supremum of the ordinals » such that all ¯b ers
over ordinals · » are in B (®; 0). This supremum ¾®(0) is lessthan ® becausewe are
in the \Otherwise" case.Moreover, this supremum is actually a maximum, because
B (®; 0) is closedand compact: at least one h¾®(0); i i has to be in the closure of
B (®; 0) and since¾®(0) < ® the whole ¯b er is in B (®; 0).

With ¾®(n) < ® de¯ned, and the ¯b er over it in B (®; i ), let ¾®(n + 1) be the
greatest » > ¾®(n) such that ¼Ã f ´ g 2 B (®; 1 ¡ i ) whenever ¾®(n) < ´ · ». As
with ¾®(0), a greatest such » exists and is lessthan ®.

In this way, the ¯b ersover successive¾®(n) keepalternating betweenB (®; 0) and
B (®; 1). Both B (®; 0) and B (®; 1) arecompact, sothe ¯b er over supf ¾®(n) : n 2 ! g
contains points of both sets. But this is possibleonly if supf ¾®(n) : n 2 ! g is ®.
Thus ¾® is a ladder at ®, and if we de¯ne it for all limit ®, the resulting ladder
system L on ! 1 givesus back our spaceX with X L .

Example 7.1. If L witnessesAxiom 1, then the resulting banded sprat is mono-
lithic.

8. Constr uctions of symmetrical spra t spaces

For symmetrical sprat spacesthere is no ladder system as intimately connected
with the topology as the one for banded sprats. As partial compensation, we have
the following property for symmetrical sprats, due to the fact that B (®; 0) and
B (®; 1) split every ¯b er over [0; ®] betweenthem: if ¯ < ® and h̄ ; i i is in B (®; 0)
then there exists ° < ¯ such that

B (®; 0) \ ¼Ã (° ; ¯ ] = B (¯ ; i ) \ ¼Ã (° ; ¯ ]:

Of course this is equivalent to B (®; 1) \ ¼Ã (° ; ¯ ] = B (¯ ; 1 ¡ i ) \ ¼Ã (° ; ¯ ]: We
expressthis by saying that \ ® respects ¯ on (° ; ¯ ]."

It is easyto construct a ladder ¾® at any limit ordinal with the property that ®
respects ¾®(0) on [0; ¾®(0)] and also respects ¾®(n + 1) on (¾®(n); ¾®(n + 1)]. One
can also use ladders in the opposite way, as in the following example.

Example 8.1. This is the promised ZFC example of a non-normal symmetrical
sprat space. The key idea is (1) to de¯ne B (®; 0) so that it contains all h̄ ; 0i
whenever ¯ is a limit ordinal · ® and (2) to de¯ne B (®; 0) at limits of limit
ordinals in such a way that if h̄ n i n 2 ! is a sequenceof limit ordinals converging to
®; and ® respects ¯ n on (»n ; ¯ n ] then the sequenceof »n convergesto ®.

To seethat this strategy works, we ¯rst note that (1) implies that the relative
topology on ¼Ã ¤ is the product topology and so ¤ £ f 0g and ¤ £ f 1g are disjoint
closed copies of ! 1. Becauseof this, the inverse of Construction 4.1 gives us a
coherent 2-coloring system on ! 1 which is not uniformizable.
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Next, (2) implies that if U is an open set containing ¤ £ f 0g, and ° (®) < ® is
chosenfor each limit ordinal so that B (®; 0) \ ¼Ã (° (®); ®] ½ U, the pressing-down
lemma gives° such that ° = ° (®) for uncountably many ®. However, due to insuf-
¯cient respect betweenthe various ®'s, U must contain the ¯b er over uncountably
many ordinals, and so the closureof U meets¤ £ f 1g; contradicting normalit y.

To implement this strategy, we let h¾® : ® 2 ¤ i be a ladder system such that
¾®(0) = 0 for all ® 2 ¤ and we de¯ne each B (®; 0) by induction to satisfy the
stronger condition:

(2+ ) If ¯ 2 ¤ ; ® 2 ¤ 2; ¾®(k) < ¯ · ¾®(k + 1);
then ® doesnot respect ¯ on (¾®(k); ¯ ):

In a forthcoming paper, we will show that the following axiom is enough to
produce a monolithic symmetrical sprat space.

Axiom 3. There is a baseB for the club ¯lter on ! 1 such that B ¹ ®(= f B \ ® :
B 2 Bg) is countable for all ® 2 ! 1:

This axiom has been tentativ ely designatedK H + becauseit obviously implies
the existenceof Kurepa families (and henceof Kurepa trees) as de¯ned in [6], and
becauseit is easily shown to be satis¯ed by any ccc forcing extensionof a model of
§+ . Henceit is compatible with M A(! 1).

The construction of the monolithic example is a re¯nement of the technique
in Example 8.1. At each limit stage ®, we list the countably many sets in B ¹
® that are unbounded in ®, and in the nth step in the construction at stage ®
we make sure that the ¯rst n members of B ¹ ® get both points over ® in the
closure. The reason we do not do the construction here in detail is that it is
a protot ype for a more sophisticated construction of a hereditarily collectionwise
normal, countably compact 2-manifold compatible with M A(! 1), and the two are
best presented together. The manifold construction is in contrast to the main
theorem of [7], which is that the PFA (which implies M A(! 1)) implies that every
normal, hereditarily strongly cwH manifold of dimension > 1 is metrizable.

9. Par tial unif ormiza tion of coherent 2-coloring systems on ! 1.

Coherent 2-coloring systemscloselycorrespond to P-idealson ! 1 whose! -ortho-
complements are also P-ideals:

De¯nition 9.1. A collection I of countable subsetsof a set X is a P-ideal if it is
downward closedwith respect to ½, closedunder ¯nite union, and has the property
that, if f I n : n 2 ! g is a countable subset of I , then there exists J 2 I such that
I n ½¤ J for all n. [Here, A ½¤ B meansA n B is ¯nite.]

De¯nition 9.2. Given an ideal I of subsetsof a set S, a subsetA of S is orthogonal
to I if A \ I is ¯nite for each I 2 I . The ! -orthocomplement of I is the ideal
f J : jJ j · ! ; J is orthogonal to I g and will be denoted I ? .

When restricted to idealswhosemembersarecountable, ! -orthocomplementation
is a Galois correspondence,which meansthat it is order-reversing and each ideal
is a subideal of its double dual. That is, if I ½ J then J ? ½ I ? and we have



10 PETER NYIK OS

I ½ I ?? . As in all Galois correspondences,this has the easy consequencethat
I ? = I ??? .

If A = f A® : ® 2 ! 1g is a coherent sequenceon ! 1, it generatesa P-ideal on ! 1,
and its ! -orthocomplement on ! 1 is generatedby A ¤ = f ®nA® : ® 2 ! 1g together
the singleton subsetsof ! 1. This ! -orthocomplement is also a P-ideal.

To show the correspondencementioned in the opening sentence of this section,
we use the fact that A ¤ is itself a coherent sequence,and that both ideals are
countable-covering:

De¯nition 9.3. An ideal J of subsetsof a set X is countable-covering if for each
Q 2 [X ]! , the ideal J ¹ Q is countably generated.

In other words, for each countable subset Q of X , there is a countable subcol-
lection f J Q

n : n 2 ! g of J such that every member J of J that is a subset of Q
satis¯es J ½ J Q

n for somen.
The P-ideals in all but the last sectionof [1], aswell asthe P-ideals in this paper,

are all ! -orthocomplements of countable-covering ideals. There are no exceptions
in the opposite direction:

Theorem 9.4. The ! -orthocomplementof a countable-covering ideal is a P-ideal.

Proof. Let J be a countable-covering ideal on the set S and let I = J ? . If
f I n : n 2 ! g ½ I ; let Q = [f I n : n 2 ! g; and let f Jn : n 2 ! g be as in De¯nition
9.3. Then by the Dubois-Reymondproperty of P(! )=¯n, there is a subsetH of Q
such that I n ½¤ H for all n 2 ! while Jn \ H is ¯nite for all n. It is easy to see
that H 2 J ? ; as required. ¤

It follows that if J is a countable-covering ideal on ! 1 that is alsoa P-ideal, then
its ! -orthocomplement also enjoys both properties. Moreover, for each ® there is
a single member J ® of J such that every member of J ¹ ® is almost contained
in J ® (that is, J µ J for each J 2 J ¹ ®). Thus J is generatedby the coherent
sequencef J ® : ® 2 ! 1g together with the singleton subsetsof ! 1. Now to produce
a coherent 2-coloring, we have C® color the elements of J ® white and all the other
elements of ® black.

To get a better handle on the uniformizabilit y of coherent 2-colorings,we recall
the following axioms from [3]:

De¯nition 9.5. The following axiom is denoted Axiom P11:
For every P-ideal I on a stationary subsetS of ! 1, either

(i) there is an uncountable A ½ S such that every countable subset of A is in
I , or

(ii) there is an uncountable B ½ S such that every countable subset of B is
in I ? .
Axiom P12 [resp. Axiom P21] substitutes \stationary" for \uncountable" in (ii)
[resp. (i)], while Axiom P22 makesthe samesubstitution in both (i) and (ii).

The following theorem is immediate from the de¯nitions:

Theorem 9.6. If P11, then every coherent 2-coloring on ! 1 is uniformizable on
someuncountable subsetof ! 1.

Clearly, we could have put CC11 in place of P11:
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De¯nition 9.7. Axiom CC11 is the axiom that for each countable-covering ideal
J on a stationary subsetS of ! 1, either:

(i) there is an uncountable A ½ S such that [A]! ½ J ; or

(ii) there is an uncountable B ½ S such that [B ]! ½ J ? .

Similarly, Axioms CC12, CC21 and CC22 are de¯ned analogously to the corre-
sponding Pmn axioms. It is not hard to show that Pij implies Cj i for f i; j g ½ f 1; 2g.
We can add 3 to the latter set oncewe de¯ne:

De¯nition 9.8. Axiom P31 [resp. Axiom CC13] is the following axiom.

For every P-ideal I [resp. for every countably covering ideal J ] on ! 1, either

(i) there is a closedunbounded A ½ ! 1 such that every countable subsetof A is in
I [resp. in J ? ], or
(ii) there is an uncountable B ½ ! 1 such that every countable subsetof B is in I ?

[resp. in J ].

Axiom P32 [resp. Axiom CC23] is obtained from Axiom P31 [resp. Axiom CC13]
by substituting \stationary" for \uncountable" in (ii).

We do not yet know whether any or all of the axioms in 9.8 are compatible with
CH. This was claimed in an early version of [5], where it is designated \( ¤c) for
µ = ! 1," but the proof was faulty. This proof was, however, adequateto show that
theseaxioms follow from the PFA [5]. Also, substituting a stationary set for ! 1 in
each casegivesan axiom which is compatible with CH.

The following strengthening of P21 was the main axiom in [1]:

(¤) For every P-ideal I on ! 1, either
(i ) there is an uncountable subsetA of ! 1 such that every countable subsetof A

is in I , or
(ii ) ! 1 is the union of countably many sets f Bn : n 2 ! g such that Bn \ I is

¯nite for all n and for all I 2 I .

Of course,any set X of cardinalit y ! 1 can be substituted for ! 1 here, while if X
is countable, (ii ) is trivially satis¯ed. The axiom (¤) follows from the PFA and is
compatible with CH.

Now supposeCC23 holds. If W is any nontrivial coherent sequenceon ! 1, then
we can apply CC23 to both W and W ¤, and get one of the following to hold:

CaseI. There is a club subsetC of ! 1 on which the coherent 2-coloringassociated
with W is uniformizable, with all of C colored either white or black.

Case I I. There is a stationary set S on which the coherent 2-coloring associ-
ated with A is uniformizable, with the white points of S forming a stationary,
co-stationary subsetof S.

Either casecan be broken down further. Supposewe are in CaseI with the club C
almost all white. Applying (¤) to the still nontrivial sequencesW ¹ (! 1 n C) and
W ¤ ¹ (! 1 n C), we either have:

CaseIA: ! 1 nC can be partitioned into countably many sets,all of which can be
colored white, or all of which can be colored black, and coherewith the 2-coloring
associated with W.
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CaseIB: There is an uncountable subsetZ of ! 1 n C with a 2-coloring cohering
with that associated with W, in which uncountably many points of Z are white
and uncountably many are black.

Case IA is de¯nitiv e, but IB still leaves the restriction of W to ! 1 n (C [ Z )
nontrivial. To streamline the subsequent analysis, it is helpful to note that H =
f H 2 ! 1 : W ¹ H is trivial g is an ideal to which every set that is almost included
in somemember of W or of W ¤ belongs.

De¯nition 9.9. A coherent sequenceA is tame [resp. almost tame] if ! 1 [resp.
someclub subsetC of ! 1] is the union of countably many setsZn such that A ¹ Zn

is trivial.

Problem 3. Is it consistent that every coherent sequenceis tame, or at least
almost tame? Doeseither conclusion follow from (¤) or from a combination of (¤)
with CC23?

Problem 4. Does ZFC imply the existenceof a coherent sequenceA such that
A ¹ C is nontrivial for each club C ½ ! 1?

If the answer is negative, then a model that witnessesthis would satisfy the
restriction of CC23 to countable-covering ideals that are also P-ideals.
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