CLOSED 2-1 PREIMA GES OF !'; AND COHERENT
2-COLORING  SYSTEMS

PETER NYIK OS

Abstra ct. [To be decided later]

1. Intr oduction

This paper was a long time in the writing. Sections7 and 8 go all the way back
to 1980, with them essetially completed at the SETOP conferencein Missisagua,
Ontario. Most of Section3 wascompletedin 1986with Fremlin's PFA breakthrough
[4]; the remainder came in 2003, along with Theorems 6.1 and 6.2 in Section 6.
Sections2 and 9 go back to 1997, shortly after seeing[1] and Eisworth's proof [3]
of the consistencyof CC,, [seesection 9 for the statemert].

Conventions: \space" means\Hausdor® space," and \closed," when applied
to functions, includes cortinuity. The symbol & will stand for the set of countable
limit ordinals, and theseare not taken to include 0: We let @, stand for the derived
setof &; in other words, o, is the set of limits of limit ordinalsin! ;. Thusano, is
the set of all courtable ordinals of the form ~ + ! : We useTs to mean\hereditarily
normal."

For ordered pairs of ordinals we usethe notation hi and resene parernthesesfor
intervals of | ; and for ordered pairs in setswherethere is no linear order. When f
is a function whosedomain consistsof ordered pairs we follow the custom of writing
f (a;b) for f (ha;bi) and f ((a;b)).

2. Coherent 2-coloring systems: the basics

Given a set X, a subsetS of X, and a collection A of subsetsof X; we let
A1S=fA\ S:A 2 Ag and call it the restriction of A to S.

Denition 2.1. Let X beasubsetof! ; and let A be a collection of subsetsof X .
A coherent 2-coloring systemon A is a collection C= fCa : A 2 Ag such that Ca
is a 2-coloring of A such that if B 2 A then C, agreeswith Cg on all but "nitely
many x 2 A\ B.

We will usethe words \black" and \white" in referring to the two colors, and
let Wa and Ba be the set of points colored white and black, respectively, by Ca:
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The usual convertion is that ead ordinal is the set of all smallerordinals. Soa 2-
coloring systemon ! ; isacollectionC= fCg : ®2 | ;gwhereead Cg is a 2-coloring
of ® = [0; ®). More generally, if X is asubsetof! ; and A = f®\ X : ®2 X gthen
we we will alsocall C a 2-coloring systemon X .

De nition  2.2. Given a subsetZ of X, a coheren 2-coloring system on X is
said to be uniformizable on Z if there is a 2-coloring of Z which agreeswith ead
2-coloring Ce in the systemon all but nitely many »2 Z\ ®.

If we know any of Ca; Wa or B, ; we canimmediately reconstruct the other two
if we know A. Sothe theory of coheren 2-coloring systemson ! ; is equivalent to
that of what is called coheren sequencesn! ; in [1]:

De nition  2.3. A cohernt seguen& on ! ; is a trans nite sequenceWV = fWg :
®2!igsucthat Ag\ =" A-forall ® in!,, whereX =" Y meansthat the
symmetric di®erenceX ¢ Y is nite.

Uniformizable 2-coloringscorrespond to what are called trivial sequencesn [1]:

Denition  2.4. A coherent sequences trivial if there is a set A %2 ! ; such that
Ag =" A\ ®foral ®< ! ;.

The existenceof nontrivial coherent sequenceghence of non-uniformizable co-
herent 2-coloring systems)is deducible from the ZFC axioms: see[8] or Example
8.1. On the other hand, it is ZFC-independent whether there is a coheren 2-
coloring systemon ! ; which is not uniformizable on any uncountable subsetof ! ;:
SeeTheorem 2.7 and Theorem 9.6 or [1].

The following concept will be usedin constructing the nontrivial examplesin
this paper.

De nition 2.5. Let S be a subsetof ! ;. A ladder systemon S is a family L =
fLe : ®2 S\ ng of subsetsof ! ;, of order type ! ; such that ead L, called the
ladder at ®, has supremum ®.

Where there is no danger of confusion, we let eat Lg be listed in its natural
order asf®, : n 2 ! g, asin the following construction:

Construction 2.6. Let L be a ladder systemon ! ;. Since the intersection of
any two ladders is "nite, ewery 2-coloring system on L is coheren. Moreover,
it can be extended recursively to a coherert 2-coloring system C on ! ; in the
following way. With ead Lg listed asf®, :n2 ! g, let ® ; = 0. If nis a nite
ordinal, let W, = ;;B, = n: If » is an in nite successorrdinal, » = ~ + 1, let
. be the greatest limit ordinal < », and let W, = W . Finally, if ® 2 =, let
We\ (®;®h+1) = We,,, \ (®;® ) foralln2! [ fj 1g, and let ®, 2 Wp i®
it is colored white by the 2-coloring of Lg 2 L. It is easyto show by trans nite
induction that this is a coheren 2-coloring.

Hereis a simple but striking application of this construction. The axiom | states
that there is a ladder systemL = fLg : ® 2 &g suc that for every uncountable
subsetE of ! 1; there exists ® such that Lg 2 E.

Theorem 2.7. If | , thereis a coherent 2-coloring on ! ; that is not uniformizable
on any uncountable set.
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Proof. Let L be a ladder systemwitnessing | . With notation asin the foregoing
construction, let ®,, 2 We and ®,+1 2 Bg foralln 2 ! andall ® 2 ! 4, and
extend this 2-coloringon L to oneon! ; asabove. If E is an uncountable subsetof
I'1; let Cg be any 2-coloring of E and let Le ¥2 Weg. Then Cg disagreeswith Cg
on in nitely many elemeris of ®; and soit doesnot uniformize this 2-coloring on
E. o

3. Closed 2-1 preima ges of ! ;: general facts

Two-to-oneclosedpreimagesof ! ; have a pleasingly simple structure that makes
many nice pictures possible,but they also have played a big role in researtr. The
1986 proof by D. H. Fremlin that it is consistern that they all cortain copiesof! ;
openedthe gatesto a °ood of researd that culminated in Balogh's solution of the
Moore-Mrfiwka problem, and Balogh's theorem that it is consisteri that every rst
courtable courtably compact spaceis either compact or contains a copy of ! ;.

| refer to 2-1 closedpreimagesof ! ; as\sprats" after the nursery rhyme about
Jack Sprat and his wife [which, like many nursery rhymes, had an origin in political
protest]. This is becauseat ead limit ordinal, whatever one point's neighborhoods
don't gobble up beyond someearlier stage, the other point's neighborhoods will.

To put that last bit more formally ...ewvery 2-1 preimageof ! 1, closedor other-
wise,canbegiven! ; £ 2 asan underlying set, whereasusual 2 = f0;1g. The map
to ! ; is thought of asa projection and labeledYaeven if (asis usually the case)the
topologyon! ; £ 2 is not the product topology.

Now, if ®is alimit ordinal and we pick disjoint opennbhds Uy and U; respectively
of ®; 0i and h®; 1i, then closednes®f “simplies that there is no sequencerom the
complemen of Uy [ U; whoseprojection corvergesup to ®; otherwise the sequence
would be closedin the domain; but its projection is not closedin ! ;. Thusthere is
» < ®sud that ¥4 (»® %2 Ug[ U;. By chopping o®Ug and U; at » we thus get a
pair of disjoint basic clopen nbhds of h®; 0i and h®; 1i. Extending these back and
using induction and the fact that ! ; is well-ordered, we can de ne a partition of
¥4 [0; ®] into two disjoint clopen sets B (®;0) and B(®;1). Of courseit is enough
to de ne B(®;i) for onei.

The above argumert also shows vA [0;®)] is countably compact. Sinceit is
also courtable, it is compact and hence rst courtable. In fact sets of the form
B(®;i) n¥4 [0; ] give a baseof compact clopen nbhds at B(®;i) as™ rangesover
the countably many ordinals lessthan ®.

By the corvertions, the two points above 0 and the two points above any suc-
cessorordinal are isolated. Thus ewvery sprat is locally compact and countably
compact.

Example 3.1. The product space! ; £ 2 is a sprat. We have B(®;i) = [0;®]£ fig
for all limit ®.

Example 3.2. If we let B(®;1) = th®;lig for all ® 2 !, then we have the
Alexandro® duplicate of ! 1 in which all the points of ! ; £ f 1g are isolated.

It is not hard to shaw that this sprat is homeomaorphicto ! ;. In fact the following
will be useful here and later:
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Classical Theorem. Every countable,compact space is homeomorphic to a count-
able ordinal.

Folklore Theorem. A space is homeomorphicto ! ; i® it is the union of a strictly
gmcending sejuene of countable compact open setshK,, : » < ! ;i suchthat K- n
fK, :»< gis asingletonfor a club setof " 's.

Example 3.3. For ead limit ordinal ® let ®, : n 2 ! i be an increasingsequence
of successoiordinals converging up to ®: Let

B(®1)=fh®lig[ th®,;0i:n2!g:

Unlikethe “rst two examples,this sprat is not hereditarily collectionwise Hausdor®:
o £ f0g is a closedcopy of | ; and if we remove it, the points of @ £ f1g comprise
a closeddiscrete subset of what remains, which cannot be expandedto a disjoint
collection of open sets becauseof the PressingDown Lemma.

Despite its seemingsimplicity, Example 3.3 is suxciently complicated that it is
ZFC-independent whether it is hereditarily normal (Ts); seeSection 6.

Since Yis a closedmap, every uncourtable closedsubsetof a sprat has a club
subsetof ! ; asan image. The pigeonholeprinciple then gives:

Lemma 3.4. If a sprat has two disjoint uncountable closedsets, then there is a
club C %! ; sudc that both setsmeet each b er over C exactly once.

If Fo and F; are a pair asin Lemma 3.4,and - ; = YAC\ F; then - g and - ;
are disjoint closedcopiesof! ;. This is becausethe restrictions of ¥%to - g and -
are one-to-one, cortinuous, and closed, and becauseewery club subsetof ! ; is a
homeomorphiccopy of ! ;. This givesus:

Corollary 3.5. If a sprat doesnot have two disjoint closedcopiesof! 1, then it is
normal.

Thus Examples 3.2 and 3.3 are normal, and Example 1 is obviously normal also.
But it is unusual in one way:

Theorem 3.6. If a sprat does have two disjoint copies of ! 1, then it is normal
() the copiescan be put into disjoint open sets () it is homeomorphic to
I1£ 2

Only the last =) requireswork, and the Folklore Theorem doesmost of it for
us.

4. More connections

In this section we study some connectionsbetween 2-colorings, ladders, sprats,
and two other important concepts: Aronszajn trees and the Stone-Cec remainder
of the discrete spaceof cardinality @:

We begin with a simple construction which producesa sprat with two disjoint
copiesof ! 1 from a given coheren 2-coloring system, and which is non-normal i®
the systemis non-uniformizable.
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Construction 4.1. Let Cbe a coheren 2-coloring systemon ! ;. List A= (I 1 n
a) £ f0; 1g in lexicographical order, A = fa, :»2 ! 19. For eath ®2 =z let

B(®O0)=fh ;0i: 28; - ®&[ fa,:»2 Weg:

This givesa sprat X ¢ in which Fp = th®;0i : ®2 ngand F; = fh®;1i : ®2 ogare
disjoint copiesof ! 1: If Cis uniformizable by C, ,, then Fo[ fa, : » 2 W, ,g and
Fi[ fa, :»2 W, g are complemenary clopen sets. Conversely if Vo and V; are
complemernary clopen sets containing Fo and F; respectively, and W = f»: a, 2
Vog, B = f»:a, 2 Vi1g, then (W; B) is a uniformization of C.

This construction of X ¢ hasan inverse. Given any sprat Y in which & £ f 0g and
o £ f1g are disjoint copiesof ! 1, and an assignmen of Oth neighborhoods B(” ; i),
we cande ne G, by letting (Wy)- = f»:a,2 B(";0)gforall” 2! ;. It isroutine
to verify that X¢, = Y and G, = D for all coherernt 2-coloring systemsD and all
sprats Y described in this paragraph.

5. Special classes of sprats

De nition 2. A sprat is bandel if B(®;i) can be de ned to contain ewvery ber
Y4 f»g that it meetswhenewer » < ®.

De nition 3. A sprat is symmetrical if B(®;i) can be de ned to meetevery b er
Ya f»g (» - ®) in exactly one point.

Clearly Example 3.1 is symmetrical while Example 3.2 is banded. Example 3.3
is neither but can easily be shovn homeomorphicto a banded sprat with the help
of the Classical Theorem.

Lemma 5.1. No bandel sprat contains two disjoint copiesof ! ; but if a symmet-
rical sprat contains a copy of ! 1 it contains two disjoint copies

Corollary 5.2. Every bandel sprat is normal, while a symmetrical sprat with a
copy of I ; is normal i® it is homeomorphicto ! ; £ 2.

In Section8 there is a ZFC example of a non-normal symmetrical sprat with two
disjoint copiesof! ;. [Note that by Theorem 3.6, the last clauseis redundart!] D.
H. Fremlin [4] showed that the PFA implies every sprat contains a copy of ! ;. This
hasthe consequence:

Theorem 5.3. The PFA implies that for every sprat X there exists a club C
suchthat X t C is either banded or symmetrical. In the former case, X * C is
homeomorphic to (the Alexando® duplicate of) ! ;.

Problem 2. Doesthe PFA imply that every sprat is homeomorphicto either a
banded sprat or a symmetrical sprat?

Under } there is a wealth of sprat spacesthat have no copiesof ! ; and are
not homeomorphicto either a banded sprat or a symmetrical sprat, nor are their
restrictions to any club.

In [4], Fremlin published an example (due to the author) of a banded sprat
without a copy of ! ; that existsin any model of ZFC obtained from a model of |
by cccforcing. The original Solovay-Tenerbaum model of MA(! ;) is such a model.
De nition 4. A cortinuous preimage X of ! ; is monolithic if every closedun-
bounded subsetof X contains a preimage of a club.
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Lemma 5.4. Every monolithic perfect preimageof ! ; is hereditarily collectionwise
normal and hereditarily countably paracompact.

Theorem 5.5. A symmetrical sprat is monolithic i® it doesnot contain a copy of

.

There are easyexamplesunder | of monolithic symmetrical sprat spaces,and |
recertly showved they also exist under an axiom compatible with MA + : CH; see
Section 8. In Section 7 we will shav that monolithic banded sprats exist under
the following axiom, recertly showvn by Hernandezand Ishiu to be compatible with
MA(! 1):

Axiom 1. Thereis aladder systemflLg : ®2 &\ ! ;g such that for every club set
C there is a club subsetK (C) sud that Lg ¥2° C whenewer ® 2 K (C). [A 2" B
meansthat A nB is nite.]

6. Mar tin's axiom and Ts vs. heredit aril y str ongl y cwH

Theorem 6.1. If 2@ < 2@ then Example 3.3 is never Ts.
Theorem 6.2. If MA(! 1), then Example 3.3 is always Ts.

Proof of Theorem 6.1: Recall a theorem of Devlin and Shelah[2]: if L is a ladder
systemon a club subsetof ! 1, then there is a piecewisemonochromatic 2-coloring
of L which cannot be uniformized if 2@ < 2@, o

Part of the key to Theorem 6.2 is the theorem [2] that MA(! ;) implies every
2-coloring of a ladder system on ! 1 is uniformizable. Another part is that the
following axiom is a consequencef MA(! 1):

Axiom 2. IfL=fLg:®2 !\ agisaladdersystemon! ; and Cds a club subset
of o, there is a choiceof a co nite Kg % Le for ead ® 2 COsothat fKg: ®2 CYh
meetsead interval betweensuccessie menbers of C in a nite set.

Here C° denotesthe derived set of C:
Theorem 6.3. MA(! ;) implies Axiom 2.
Proof. Let (P;- ) bethe following poset. Elemerts of P are pairs (A; B) sud that:

(1) A isa nite collectionKg,;:::Kge, wherethe ® are distinct members of co
and ead Kg, is a co nite subsetof Lg and

(2) B is a nite collection of intervals (cp;c;) where ¢y and c¢; are successie
elemerts of C.

The order on P is given by: S S

5@ (AogBo) - (A1;B1) () Ao %2 A1 Bo %2 By and (- Ag)\ ( Bo) =
(- Ao)\ ( Bo).

The proof that P is "-c.c.c. usesclassicaltechniques except perhapsin the last
step. Given an uncountable subsetof P, we can cut it down to an uncountable
subsetin which the rst and secondcoordinates are all of sizeng and ny; respec-
tively, and form ¢-systems with roots A, and B, respectively. We can further cut
it down to an uncountable subsetC in which all the \leaves" A nA, are laddersto
ordinals greater than thoseto which the laddersin A, converge,and similarly ead
B n B, consistsof intervals beginning further up than the intervalsin B, .
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Cut C down to an uncountable D so tgat for eath (c;c%) 2 B, there is a nite
subsetF¢ sud that if (A;B) 2 D then [ A\ (c;c9] = Fc, and sud that either
(1) B= B, forall (A;B) 2 D or (2) A = A, for all (A;B) 2 D or (3) distinct
menmbers of D have both distinct “rst coordinates and distinct secondcoordinates,
and if (A;B) and (A% B9 are distinct membersof D then the ordinals on which the
membersof A nA, are ladders are all di®erert from ead of the ordinals on which
the membersof A°n A, are ladders.

If (1) holds then any two mgrrbers of D are "-compatible. If (2) holds then all
(A;;B) 2 D sucdhthat c> sup( A;) for all (c;c% 2 BnB;, are pairwise compatible.

Finally, if (3) holds, cut D down further toga family f(A@;Be) : ® < !1g
ch that whenewer ® <~ then every elemert of  (Ae[ Be) is < everyelemert of
(B- r@r). Then (Ae; B@) canonly be"-incompatibile with (A-;B-) if (A-nA;)
eets (BpnB;). But A- isof ordertype! and henceA, .1 must miss some
(BenB;) (®< ! + 1). This completesthe proof that P hasthe "-c.c.c.

Using MA(! 1), we obtain a subsetG of P genericfor the following densesets:
Dg = f(A;B):B 2Bg (B = (c;cY for successiec;c’2 C)

De = f(A;B) : K 2 A;Kis aco nite subsetof Leg (®2 a,\ C9

Let G be genericfor these sets, and for each ® 2 & pick any (A(®);B(®)) 2 G
such that someco nite subsetMg of Lg isin A. Sinceany two members of G are
"-compatible, Mg is uniquely determined. Next, given a pair (c;c% of successie
members of C; pick any (A;B) 2 G sud that (c;g) 2 B. Then any (A%B9)
compatible with (4;B) must have [~ A%\ (¢;c9] %[ A\ (c;c9]; with equality if
(c;c%) 2 B%And [ A\ (c;9)] is nite becausethere is no member of C%in (c;c9
and A is a nite collection of ladders basedon points of C° o

Proof of Theorem 6.2

7. Constr uctions of banded sprat spaces

Givenaladder systemL on S, we de ne the bandedsprat spaceX | by induction
on®2 !,. For nite ®, welet B(®;1) = th®; lig and, as standard, let B(®;0) be
the complemen of B(®;1) in [0;®] £ f0;1g. If ®is not a limit point of S, we do
the same. If ®is a limit point of S, then we de ne:

5
B(®;1) = th®; lig [ (¥a(2n); ¥p(2n + 1)) £ f0; 1g:
n=0
Hencewe also have:

B(®;0) = th®;0ig [ ([0; %] £ f0;19) ‘ (Yo(2n i 1);%(2n)] £ f0; 1g:
n=1
This construction is universal for banded sprats: it is possible,given a banded
sprat spaceX, to nd a ladder systemon a subsetof ! ; suc that X is homeo-
morphic to X . In fact, every sprat spaceis homeomorphicto onein which h®; 0i is
newver isolated for any limit ordinal ®. In a banded sprat spacelike this, a ladder
systemfor X arisesnaturally for any given choice of fB(®;0) : ®2 ! 1\ ©g.
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To simplify the description, we put the b er over 0 in B(®;0) for all ®; this
obviously does not a®ectthe topology. Each B(®;0) consists, except for its last
point h®;0i, of complete bersf»g£ f0;1g. If all "bers over ordinals < ® are
represerted, or more generally if there is some» < ® sud that all "b ers strictly
between» and ® are in B (®;0), then we leave ® out of S altogether.

Otherwise, we let ¥(0) be the supremum of the ordinals » such that all b ers
overordinals - »arein B(®;0). This supremum ¥(0) is lessthan ® becausewe are
in the \Otherwise" case.Moreover, this supremum is actually a maximum, because
B (®;0) is closedand compact: at least one h¥(0);ii hasto be in the closure of
B (®; 0) and since ¥(0) < ® the whole b er is in B(®;0).

With ¥s(n) < ® de ned, and the ber over it in B(®;i), let ¥%s(n + 1) be the
greatest » > ¥g(n) sudh that ¥4 f"g2 B(® 1 i) whenewr ¥(n) < ~ - » As
with ¥%(0), a greatestsuch » exists and is lessthan ®.

In this way, the "b ersover successie ¥&(n) keepalternating betweenB (®; 0) and
B (®;1). Both B(®;0) and B(®; 1) arecompact, sothe ‘b eroversupf¥g(n) :n2 ! g
cortains points of both sets. But this is possibleonly if supf¥g(n) :n 2 ! gis ®.
Thus ¥ is a ladder at ®, and if we de ne it for all limit ®, the resulting ladder
systemL on! ; givesus badk our spaceX with X .

Example 7.1. If L withessesAxiom 1, then the resulting banded sprat is mono-
lithic.

8. Constr uctions of symmetrical sprat spaces

For symmetrical sprat spacesthere is no ladder systemas intimately connected
with the topology asthe one for banded sprats. As partial compensation, we have
the following property for symmetrical sprats, due to the fact that B(®;0) and
B (®;1) split every b er over [0; ®] betweenthem: if — < ® and h ;ii is in B(®;0)
then there exists° < = sud that

B(®0)\ ¥4 (°;71= B(5i)\ % (7T
Of coursethis is equivalert to B(® 1)\ YA (°:7] = B(;1i i)\ YA (°; ] We
expressthis by saying that \® resgcts ™~ on (°; ]."

It is easyto construct a ladder ¥ at any limit ordinal with the property that ®
respects ¥ (0) on [0; ¥»(0)] and alsorespects ¥s(n + 1) on (¥&(n); ¥»(n + 1)]. One
can also useladdersin the opposite way, asin the following example.

Example 8.1. This is the promised ZFC example of a non-normal symmetrical
sprat space. The key idea is (1) to de ne B(®;0) so that it cortains all h ;i
whenewer ~ is a limit ordinal - ® and (2) to de ne B(®;0) at limits of limit
ordinals in such a way that if h i, is a sequenceof limit ordinals converging to
®; and ® respects” , on (™,; n] then the sequenceof », corvergesto ®.

To seethat this strategy works, we rst note that (1) implies that the relative
topology on ¥4 @ is the product topology and soa £ f0g and @ £ f 1g are disjoint
closed copiesof ! ;. Becauseof this, the inverse of Construction 4.1 givesus a
coheren 2-coloring systemon ! ; which is not uniformizable.
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Next, (2) implies that if U is an open set cortaining o £ f0g, and °(®) < ®is
chosenfor ead limit ordinal sothat B (®;0)\ ¥4 (°(®);®] % U, the pressing-davn
lemmagives® such that ° = °(®) for uncountably many ®. Howewer, due to insuf-
“cient respect betweenthe various ®s, U must contain the “b er over uncountably
many ordinals, and sothe closureof U meetsa £ f 1g; cortradicting normality.

To implemernt this strategy, we let ¥ : ® 2 =i be a ladder system suc that
¥»(0) = 0 for all ® 2 = and we de ne eah B(®;0) by induction to satisfy the
stronger condition:

(27) I 20 ®28,¥%((k) < - Ya(k+ 1)
then ® doesnot respect  on (¥e(k); ):

In a forthcoming paper, we will show that the following axiom is enough to
produce a monolithic symmetrical sprat space.

Axiom 3. There is a baseB for the club Tter on!; such that B1 ®&= fB\ ®:
B 2 Bg) is courtable for all ®2 ! ;:

This axiom has beententativ ely designatedK H* becauseit obviously implies
the existenceof Kurepa families (and henceof Kurepa trees) asde ned in [6], and
becauseit is easily shawvn to be satis ed by any cccforcing extension of a model of
§*. Henceit is compatible with M A(! ;).

The construction of the monolithic example is a re nement of the technique
in Example 8.1. At ead limit stage ®, we list the countably many setsin B 1!
® that are unbounded in ®, and in the nth step in the construction at stage ®
we make sure that the “rst n members of B * ® get both points over ® in the
closure. The reasonwe do not do the construction here in detail is that it is
a prototype for a more sophisticated construction of a hereditarily collectionwise
normal, courtably compact 2-manifold compatible with M A(! ;), and the two are
best presenied together. The manifold construction is in cortrast to the main
theorem of [7], which is that the PFA (which implies M A(! 1)) implies that every
normal, hereditarily strongly cwH manifold of dimension> 1 is metrizable.

9. Partial unif ormiza tion of coherent 2-coloring systems on ! ;.

Coheren 2-coloring systemscloselycorrespond to P-idealson! ; whose! -ortho-
complemerts are also P-ideals:

De nition  9.1. A collection | of countable subsetsof a set X is a P-ideal if it is
downward closedwith respectto Y2, closedunder nite union, and hasthe property
that, if fl, : n 2 ! gis a countable subsetof | , then there existsJ 2 | such that
In %° J for all n. [Here, A 2* B meansA nB is nite.]

De nition 9.2. Givenanideal | of subsetsof asetS, a subsetA of S is orthogonal
tol if A\ | is nite foreah | 2 | . The ! -orthocomplementof | is the ideal
fJ :jJj- !; J is orthogonal to | g and will be denoted| ? .

When restricted to idealswhosemembersare countable, ! -orthocomplemenation
is a Galois correspondence,which meansthat it is order-reversing and ead ideal
is a subideal of its double dual. That is, if | % J thenJ? %17 and we have



10 PETER NYIK OS

I %177 . As in all Galois corresppndences,this has the easy consequencehat
|? - |??? .

If A=fAg:®2! ,0is acoheren sequenceon! 1, it generatesa P-idealon! q,
and its ! -orthocomplemert on! ; is generatedby A® = f®nAg : ®2 ! ;g together
the singleton subsetsof ! ;. This ! -orthocomplemer is also a P-ideal.

To show the corresppndencemertioned in the opening sertence of this section,
we use the fact that A” is itself a coherert sequence,and that both ideals are
countable-covering:

De nition  9.3. An ideal J of subsetsof a set X is countable-overing if for eat
Q2 [X],theideal J * Q is courtably generated.

In other words, for ead countable subsetQ of X, there is a countable subcol-
lection fJQ : n 2 1 gofJ sud that every member J of J that is a subsetof Q
satis es J % JQ for somen.

The P-idealsin all but the last sectionof [1], aswell asthe P-idealsin this paper,
are all ! -orthocomplemers of countable-covering ideals. There are no exceptions
in the opposite direction:

Theorem 9.4. The ! -orthocomplementof a countable-®vering ideal is a P-ideal.

Proof. Let J be a countable-covering ideal on the set S and let | = J 7. If
fln:n2!g%l;letQ=[fl,:n2!g;andlet fJ, :n 2! gbeasin Denition
9.3. Then by the Dubois-Reymond property of P(! )=n, there is a subsetH of Q
such that 1, %" H for all n 2 ! while J, \ H is nite for all n. It is easyto see
that H 2 J ?; asrequired. a

It followsthat if J is a countable-covering idealon! ; that is alsoa P-ideal, then
its ! -orthocomplemen also enjoys both properties. Moreover, for ead ® there is
a single member J® of J sud that every member of J 1 ® is almost cortained
in J® (that is,J u J foreah J 2 J * ®). ThusJ is generatedby the coheren
sequenced J® : ®2 ! ;g together with the singleton subsetsof ! ;. Now to produce
a coherert 2-coloring, we have Cg color the elemerts of J® white and all the other
elemerns of ® black.

To get a better handle on the uniformizabilit y of coherent 2-colorings, we recall
the following axioms from [3]:
De nition  9.5. The following axiom is denoted Axiom P11:
For every P-ideal | on a stationary subsetS of ! 1, either

(i) there is an uncourntable A %2 S such that every countable subsetof A is in
I, or

(ii) there is an uncountable B %2 S such that ewvery countable subsetof B is
inl?.
Axiom Py, [resp. Axiom P;;] substitutes \stationary" for \uncountable" in (ii)
[resp. (i)], while Axiom P,, makesthe samesubstitution in both (i) and (ii).

The following theorem is immediate from the de nitions:

Theorem 9.6. If P11, then every coherent 2-coloring on ! ; is uniformizable on
some uncountable subsetof ! ;.

Clearly, we could have put CCy; in place of Py;:
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De nition  9.7. Axiom CCg; is the axiom that for eadh countable-covering ideal
J on a stationary subsetS of ! 1, either:
(i) there is an uncourtable A % S sud that [A]' ¥%J ; or

(i) there is an uncourtable B ¥ S such that [B]' ¥ J 7.

Similarly, Axioms CCj,, CC,; and CC,, are de ned analogouslyto the corre-
sponding Pmn axioms. It is not hard to shaw that P implies C;; for fi; jg % f 1; 29.
We can add 3 to the latter set oncewe de ne:

De nition  9.8. Axiom Pj3; [resp. Axiom CCi3] is the following axiom.
For every P-ideal | [resp. for every countably covering ideal J Jon! 1, either

(i) there is a closedunbounded A ¥2! ; such that every countable subsetof A is in
| [resp.inJ?], or

(i) there is an uncountable B %! ; sud that every courtable subsetof B isin | ?
[resp.in J 1.

Axiom Pg3;, [resp. Axiom CC,3] is obtained from Axiom P3; [resp. Axiom CCy3]
by substituting \stationary" for \uncountable" in (ii).

We do not yet know whether any or all of the axiomsin 9.8 are compatible with
CH. This was claimed in an early version of [5], where it is designated\( &.) for
p=14," but the proof wasfaulty. This proof was, however, adequateto show that
these axioms follow from the PFA [5]. Also, substituting a stationary setfor ! ; in
ead casegivesan axiom which is compatible with CH.

The following strengthening of P,; wasthe main axiom in [1]:

(o) For every P-ideal | on'! 1, either

(i) there is an uncountable subsetA of ! ; such that every countable subsetof A
isin |, or

(ii) 11 is the union of countably many setsfB, : n 2 ! g such that B, \ | is
‘nite forallnandforall | 21.

Of course,any set X of cardinality ! ; can be substituted for ! ; here, while if X
is courtable, (ii) is trivially satis ed. The axiom (=) follows from the PFA and is
compatible with CH.

Now supposeCC,s holds. If W is any nontrivial coherent sequenceon ! 1, then
we can apply CC,3 to both W and W*®, and get one of the following to hold:

Casel. Thereis aclub subsetC of ! ; onwhich the coheren 2-coloring assaiated
with W is uniformizable, with all of C colored either white or black.

Casell. There is a stationary set S on which the coheren 2-coloring assai-
ated with A is uniformizable, with the white points of S forming a stationary,
co-stationary subsetof S.

Either casecan be broken down further. Supposewe are in Casel with the club C
almost all white. Applying (@) to the still nontrivial sequencesV * (! 1 nC) and
w?1 (!, nC), we either have:

CaselA: ! 1 nC can be partitioned into countably many sets, all of which canbe
colored white, or all of which can be colored black, and coherewith the 2-coloring
asseiated with W.
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CaselB: There is an uncourtable subsetZ of ! ;1 nC with a 2-coloring cohering
with that assaiated with W, in which uncountably many points of Z are white
and uncountably many are black.

CaselA is de nitiv e, but IB still leaves the restriction of W to ! ; n(C [ Z)
nontrivial. To streamline the subsequeh analysis, it is helpful to note that H =
fH 2!,:W21H istrivial gis an ideal to which every setthat is almost included
in somememnber of W or of W* belongs.

De nition  9.9. A coheren sequenceA is tame [resp. almost tame] if ! ; [resp.
someclub subsetC of ! 1] is the union of countably many setsZ, such that A * Z,
is trivial.

Problem 3. Is it consistert that every coheren sequenceis tame, or at least
almost tame? Doeseither conclusionfollow from (=) or from a combination of (o)
with CCy3?

Problem 4. DoesZFC imply the existenceof a coherern sequenceA sud that
A 1 C is nontrivial for ead club C Y2! ,?

If the answer is negative, then a model that witnessesthis would satisfy the
restriction of CC,3 to countable-covering ideals that are also P-ideals.
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