CECH-STONE REMAINDERS OF DISCRETE SPACES

PETER NYIK OS

1. Intr oduction

The study of Ced-Stone remainders has long been a major theme in set-
theoretic topology. A whole book [13] was published that primarily dealt with
the remainder! = | | of the countable discrete space! , and discussionof
this remainder takesup a sizable chunk of a book that was published bad in 1960
[8]. It is remarkable that one of the most basic questionsabout it is still unsolved:

Problem 1. Isit consistent that ! is homeomorphicto ! ;?

Here ! ; refersto the Cech-Stone remainder of a discrete spaceof cardinality
I 1. What makesthis problem all the more remarkable is that if we put any other
pair of distinct in nite cardinals for f! ;! 1g, evenif one of this pair is one of the
menbers of the new pair, the answer is negative. Moreover, this has beenknown
since the late 1970's. Since most of the researt that establishedthis and other
nontrivial facts detailed later was done by Polish and Czed mathematicians [2]
[6] [7], | decidedto break with the usual American custom and usethe expression
\ Cech-Stone" in place of \Stone-Ced."

An interesting alternativ e formulation of Problem 1 in ZFC is:

Problem 10 Isit consistert that the BooleanalgebrasP (! )=fin andP (! 1)=[! 1]
are isomorphic?

In the absenceof the Axiom of Choice (AC) the two problemsare not equivalert:
what passesfor the Ced-Stone remainders could be empty, while the quotient
algebrasare both uncourtable. It would be interesting if the Boolean Algebra
version had a positive answer in ZF while the answer to both versionsis negative
in ZFC. While our primary interest is what happensin ZFC, | will be making
remarks about what to watch out for if AC is not assumed. The theory would
have a varying avor depending on what weakenings of AC are assumed. Three
natural weakeningsare: (1) the BooleanPrime Ideal Theorem, which assuresthat
ewvery discrete spacehas a Cech-Stone compacti cation; (2) the existenceof right
inversesto the two quotient maps;and (3) the axiom of dependert choices(DC) ,
which implies the Countable AC (= AC for countable collections of sets).
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Three other weakenings of AC dovetail well with Problem 1. Let WAC(; )
stand for the axiom that there is a choice function for collections of sets,eath
of cardinality ). Then WAC(2':;! ;) implies (2) above; WAC(2' ;! ) implies
that the quotient map from P(! ) to P(! )=fin hasaright inverse;and we will see
someproofs which go through if f; g f!;!1g. An interesting but farfetched
scenariois that of Problem 1 having a Yesanswer in the absenceof (2), yet for
the quotient map from P (! ) to P(! )=fin to have a right inverse.

The following natural variation on Problem 1 is also unsolved:

Problem 2. Isit consistert for U( ) and U( ) to be homeomorphicfor di erent
?

Here U( ) stands for the set of uniform ultralters on [those of which every

menber is of cardinality . It isvery easyto shaw that there is no homeomorphism

if cf( )6 cf( ) (seeTheorem ??) but eventhe case =1!, = @ hasresisted

all attempts at a solution. The Boolean algebraversion of Problem 2 is left asan

exercisefor the reader; facts from Section 2 make this exercisetrivial.

The cornvertional wisdom is that Problems 1 and 2 have negative answers, so
| could easily have worded Problem 1, \Is it a theorem of ZFC that ! is not
homeomorphicto ! ;?" and used a similar wording for Problem 2. However, |
am recommendingthat we treat the claim that ! and!; ARE homeomorphic
as an axiom, the way Rothberger boldly treated p > ! ; even though all the
evidencethen available (including Godel's proof of consistencyof CH) suggested
it was false. Recall also how Bing, unaware of Rothberger's researt), published
an example of a nonmetrizable separablenormal Moore spaceon the assumption
that there exists a Q-set, known to be corntradicted by the natural-seemingaxiom
2" < 2'1; and how Mary Ellen Rudin published the rst example of a Dowker
spaceassumingthe existenceof a Souslin tree, also not known at the time to be
consistert. Accordingly | formulate:

AXIOM : ! is homeomorphicto ! ;.

Nowadays people are reluctant to assumeaxioms so boldly, except perhapsin
the caseof large cardinal axioms, but there are certain advantagesto this ap-
proach. It encouragesresearters to publish consequence®f the axiom in the
optimistic hope that someday the axiom may turn out to be consisteri, so that
if the breakthrough does happen, we will have a whole body of dierent state-
ments known to be simultaneously consistert. On the other hand, if the axiom
should turn out to be false, the proof that this is sowill probably be a proof by
cortradiction, building upon consequencesf the axiom that are already known.

Clearly, AXIOM implies 2 = 2'1: the weights of ! and !, are 2' and
2'1 respectively. Two other easy consequence®f AXIOM  are that there is a
complete ! ;-tower (Theorem 2.2) and, in cortrast, that there is a Q-set. The
cortrast is heightened in both directions in Section 3, by theorems 3.1 and 3.3
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respectively. A great many natural questionsabout the implications of AXIOM
remain unanswered; a short list is given in Section5.

We assumeAC except where explicitly stated otherwise. Lower-caseGothic
letters designatesmall uncountable cardinals [5], [12].

2. Some basics

We recall some basic facts about the Cedh-Stone compacti cations of discrete
spaces. The underlying set for D, where D is a discrete space, is the set of
all ultralters on D. A basefor the topology is the collection of all sets of the
foom [A] = fp2 D : A 2 pg. This makes D into a compact space,which
is 0-dimensional becauseead [A] is clopen. The discrete spaceD is identi ed
with the set of principal ultra lters and is the denseset of isolated points of D.
The Cech-Stoneremainder D D is designatedD , and [A]nA (= [A]nD) is
designatedA . The setsof the form A thus form a basefor the relative topology
onD .

The collection CO(X) of clopen sets of any topological spaceX is a Boolean
algebra under the usual operations of [ ; \ ; and complemenation. The following
facts are well known, easyto prove, and useful; for instance, (b) clearly implies
the equivalenceof Problems1 and 1.

(a) The unary operation [] is a Boolean algebra isomorphism from P(D) to
CO( D).

(b) The unary operation is a Booleanalgebrahomomorphismfrom P (D) onto
CO(D ), whosekernelis [D]* .

(c) For ead innite cardinal jDj; the set of ultra lters whose smallest
members are of cardinality < is a denseopen subspaceof D . Therefore, U(D)
is a nowhere denseclosedsubspaceof D.

(d) If wedene Atasf[A]\ U(D):A Dg then”is a Boolean algebra homo-
morphism from P (D) onto CO(U(D)), whosekernelis [D]<IPJ.

(e) If X andY are compact 0-dimensionalspacesand : X ! Y iscontinuous,
and :CO(Y)! CO(X)isdenedby (K)= 1(K)then is a Boolean
algebra homomorphism. Moreover, is injective i is surjective, and vice
versa.

(f) A cortinuous bijection between compact Hausdor spacesis a homeomor-
phism. Consequetly, is an isomorphism i is a homeomorphism.

A good understanding of ! and ! ; calls for skill in shuttling badk and forth
between P(D) and CO(D ), using the operation to \go upstairs" from D to
D and implicitly using various choice functions to \go downstairs" by labeling
clopen subsetsof D as A , etc. This is where the various weakenings of AC
comein. [In their absence,we translate topological languageon! by using the
natural correspondencebetweenopen setsand ideals, and betweenclopen setsand
elemeris (or principal ideals).]
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A similar shuttle works for P(D) and U(D). We seeit operating in the proof
of the following theorem [4].

Theorem 2.1. If cf( )6 cf( ), thenU( ) and U( ) are not homeomorphic.

Proof. Let cf( ) < cf( ). Partition into cf( ) setsA of cardinality . The
(disjoint) clopensetsA “upstairs have denseunion in U( ) becauseevery member
of[ ] meetssomeA in a setof size . On the other hand, no family of cf ( )
disjoint clopensubsetsB ~of U( ) is densein U( ): thereisa -elemen subsetof
which meetsB in a setof cardinality jaj and is disjoint from all earlier B .

In analyzing ! ; the denseopen subspaceS(! 1) = !'; nU(! 1), known as the
space of subuniform ultra lters, plays an important role. It is the union of the
ascending! ;-chain f  : is a countable limit ordinal g of clopen sets. In other
words, it is what | call an! ;-oval:

De nition. A union of a chain of clopen setsin a Cec-Stone remainder of a
discrete spaceis an oval and is a -oval if the chain has co nalit y

In particular, the ! -ovals are the cozerosets. The small uncountable cardinal
t can be characterized asthe least sud there is adense -oval in! : With this
in mind it is easyto see:

Theorem 2.2. AXIOM impliest="1;.

The Boolean algebraversionis that there is an ideal generatedby an ! ;-chain
in P(! )=fin that meetsevery nonzeroideal.

Another shuttle goesbetweenP (D) (or CO(D )) and P(! ). | callit the
RH Transfer in honor of Rothberger and Hedler, who made good use of it.

De nitéon. Let A = fA, :n 2 ! gbeafamily of subsetsof ! such that A% =
Ann i”:OlAi is in nite for all n. An RH transfersof A to! ! is a bijection

ULt 1 which distributes the elemerts of ! n ﬁzo A, into the bottom row
I f0g, and sendsA? into the (n+ 1)st columnfng !.

In an RH transfer, subsetsof ! that are almost disjoint from all the A, are
characterized by their imagesbeing dominated by the graph of a function. The
transfer and the de nition of the function canall bede ned in ZF, taking advantage
of the listing of A and the well-orderingon! . It is when we combine the transfers
with moves downstairs that someform of AC is required. The following simple
theorem [9] only requiresWAC(! ;! ) in a move downstairs followed by composing
one RH transfer with the inverseof another, followed by a move upstairs.

Theorem 2.3. Any two ! -ovalsin ! are homeomorphic; moreover, there is a
permutation of ! whoseextensionto ! is a homeomorphism taking one to the
other.
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3. Some consequences of AXIOM

There is someconfusion about whether \Q-set" is understood to include \un-
countable,” so | have suggestedextending the usual list of Gothic-letter small
cardinals to include g: The trouble is, there are two natural and useful rivals for
what g could designate. So | recommendusing subscripts, as follows:

0o = the least cardinal for which there is a set of reals of size that is not a
Q-set.
0. = the least cardinal for which no set of reals of size is a Q-set.

Theorem 3.1. AXIOM implies q; > ! 1.

This theorem is a corollary of a much stronger theorem mertioned (but not
proved) in [10]. Call a family A of ! ;-many denumerable subsetsof ! a strong
Q-squene if every 2-coloring of the members of A is uniformizable. This means
that if fo ! fO;1g is given for eath A 2 A, there is a function f : ! ! fO0;1g
such that f(a) = fa(a) for all but nitely many a in eadh A 2 A. Clearly any
strong Q-sequences an AD family, by which | mean a collection of derumerable
setssud that the intersection of any two is nite. We will seebelov how a Q-set
of cardinality ! ; is intimately assaiated with the special casewhere eadh f 5 is
constart.

Unlike q; > ! 1, the existence of a strong Q-sequencedoes not follow from
M A, , and indeed is incompatible with it [10]. In cortrast:

Theorem 3.2. AXIOM implies there is a strong Q-sequene.

Proof. For eadh courntable limit ordinal let A = [ ; +!). Obviously, every
2-coloring (indeed every coloring!) of the individual A is uniformizable. Upstairs
in !, uniformizability of every 2-coloring translates into the following: for ead
choice of clopen C A thereis a clopen K such that K\ A = C for all

. [Just let C be the remainder of the support of f 5 , etc.] Assuming AXIOM

we shuttle over to ! with a homeomorphism . The imagesof the A move
downstairs to an AD family on ! which is easily seento be a strong Q-sequence
by a translation like that above.

Among the many statemerts equivalent to g; > ! ; isthe existenceof a separable
nonmetrizable normal Moore space, as well as the existence of the special case
where the Moore spaceis locally compact and its set of nonisolated points is a
closeddiscrete space;see[11] and its referencesn Sectionll. This special casehas
a nice alternativ e characterization as a normal uncountable -lik e space:

De nition. A -like space is a locally compact, locally courtable spaceX in
which ! is a denseset of isolated points and X n! is closeddiscrete.

We can assaiate an AD family A on! with the nonisolated points of a -lik e
spaceX, with eadh A 2 A assciated with a point py such that A[ fpagis a
compact open neighborhood of ps. Normality of X then translates to uniformiz-
ability of every 2-coloring of A in which ead f 5 is constart. In this way, Theorem
3.1is madeto follow from Theorem 3.2.
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Rothbergershavedthat qo b. Sinceb d; the following theorem shows that
AXIOM impliesqo = ! ;.

Theorem 3.3. AXIOM impliesd="1,.

The proof of this theorem in [4] starts with the assumption that is homeo-
morphicto ! (where is regular uncourtable). It makesa downstairs move that
implicitly usesWAC(! 1;! 1) and then explicitly constructs a -scalein (‘! ;< ),
i.e., aconal family of order type under the order < of strict evertual domi-
nation. Recall that d is the least (uncountable) cardinality of a co nal family in
this order. Thus Theorem 3.3 is established.

The caseof general isthen madein [4] to lead to a cortradiction in evey case
except = !,, aspart of a sequenceof proofs that culminates in the theorem
mertioned in the paragraph following Problem 1.

There is a topological route to Theorem 3.3 via the following theorem:

Theorem 3.4. Let be aregular cardinal. The following are eguivalent.
()Thereis a -scale.
(2) The exterior of some(hence every) ! -ovalin ! isa -oval.

(3) thereis an! -oval E and a family Cof disjoint clopen setsin ! suchthat
every clopen set containing E also contains all but <  memtlers of C, but also
every subfamily of < memters of Cis missal by some clopen set containing E.

This theorem needsonly ZF for the forward implications but the reverseim-
plications both seemto require movesdownstairs utilizing WAC(; ! ). The topo-
logical proof of Theorem 3.3is nished by nding apair E, Cin ! ; that answers
to the description in (3) of Theorem 3.4, with = ! ;. The following pair needs
nothing beyond ZF:

iy
E= A, whereA, =f +n: 2 [ fOgg
n=0

(where standsfor the set of countable limit ordinals) and
C=fC : 2 gwhereC =1]! o+ 1)

In particular, if K is a clopen setthat meetsuncountably many C ,andK = B
then B meetsuncountably may intervals [! ;1 ( + 1)) and soit meetssome
A, in an uncourtable set. Therefore,K \ E 6 ;, and any clopen setthat contains
E consequetly must cortain all but countably many C . Sincewe only moved
downstairs with K ; this much is true in ZF aslong as one substitutes, if necessary
membersof P(! 1)=[! 1]% for the clopen sets.

In cortrast to this explicit example, the modi cation of (2) which puts ! ; in
place of ! is actually equivalent to d = ! ; as will be explained in the next
section. This may be behind the fact that | have beenunable to shaw (3) implies
(2) without going downstairs.
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Theorem 3.5. AXIOM implies that there is a dense! ;-ovalin ! whosecom-
plement does not contain any P-points.

There do exist modelswherethis consequencef AXIOM  holds. In fact, in [13,
7.15] a proof attributed to Mary Ellen Rudin shows how the set Z of ultra Iters
on ! which do not contain any sets of density 0 is nowhere densein ! and is a
P-set without P-points of ! . Under CH, the complemen of Z isan ! ;-oval.

The key to Theorem 3.5 is that no uniform ultralter on'!; is a P-point of
I, take a sequenceof partitions P, of ! 1 into 2" uncountable piecessud that
the common re nement of P, is the partition into singletons. Thus, in ! 1, the
subspaceU(! 1) ts the description of the complemen.

Problem 3. Is there a model of d = ! ; in which there is a strong Q-sequence 1003 ?
and also a denseoval as described in Theorem 3.5?

4. Implica tions for !,

There is a variation on RH transfer for ! ; that helps with the analysis of ! -
ovals in ! 15 Let A = fA, : n 2 ! gbea family of subsetsof ! ; suc that
A% = Apn i”:OlAi is uncourtable for all n. An RH-like transferof Ato!; !
isabijectio% ;1.1 I 11 which doesone of two things, depending on whether
AL =!1n LO Anés countable or uncourtable. If it is courtable, distributes
the elemeris of ! 1n~ _; A, into the bottom row !  f0g, and sendsA? into the
(n+ 1)st columnfng !,. If Ay isuncountable, sendsit onto fOg !, and
A% onto fn+ 1g ! ;.

This transfer is good for analyzing ! -ovalsin ! ; that meetU(! 1) in a noncom-
pact subset. The rst caserepresens ovals whoseclosure cortains all of U(! 1).
If the exterior of such an oval is also an oval, then there is an almost-ascending

sequencd A : 2! ;g of countable subsetsof ! !, suc that every setthat is
almost disjoint from the columns of ! I 1 is a subsetof someA . This implies
d= !4, asalook at the tracesof the A on! I shaws. The corverseis also

easyfor those usedto the argumerts in [5] involving and d. In the secondcase,
where A; is uncountable, one looks at setsof the form A [ A; to arrive at the
same conclusions. Also, ! -ovals which do not meet U(! ;) can be encapsuledin
the remainder of a courtable set; then, if d = ! ; we get the conclusionthat every
I -oval in ! ; hasan! ;-oval exterior. Of course,AXIOM givesthe sameconclu-
sion even more easily, thanks to Theorems?2.3 and 3.3. The former theorem also
shows (1) implies (5) in the following theorem, and together with the modi ed

RH transfer in this section it easily implies (4) is equivalent to (5). The other
implications, all of which are very easy are shown in [4].

Theorem 4.1. The following are equivalent.
(1) AXIOM

(2) Any two nonempty clopen subsetsof ! ; are homeomorphic.
(3) There is an autohomemorphism of ! ; that does not take U(! ;) to itself.
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(4) There is an autohomemorphism of ! ; suchthat U(! 1) is disjoint from its
image.

(5) For any two ! -ovalsin ! ;, there is an autohomemorphism of ! ; taking
one to the other.

We call an autohomeomorphismof ! or ! ; nontrivial if it cannot be induced
by a 1-1 function from ! [resp.! 1] to itself.

Corollary 1. AXIOM implies that ! ; has nontrivial autohomemorphisms.
Problem 4. DoesAXIOM imply that ! hasnontrivial autohomeomorphisms?

One might think that there are bijections from ! ; to itself whose e ect on
I, cannot be mimicked by functions from ! to itself acting on! , but appear-
ancesmay be deceiving. The seard for bijections without mimics is especially
challenging in models where there are strong Q-sequences.

5. Some more open problems about AXIOM

Of the endlessquestionsone might ask about the implications of AXIOM , the
following seemespecially natural to me:

Problem 5. DoesAxiom placeany restrictions on 2' besidesthe usual one (it
cannot have countable co nalit y) and the denial of CH?

Problem 6. DoesAxiom imply that there are (or are not?!) P-pointsin ! ?
Theorem 3.5 shaws that every P-point of ! ; isin S(! 1).

Problem 7. Does Axiom have any implications for the small uncourntable
cardinals a; i; r; u?

Problem 8. DoesAxiom negate| ? \stick"?

Axiom \stic k" statesthat there is a family A of ! ; countable subsetsof ! ; sut
that every unocountable subsetof ! ; contains some menmber of A, while | adds
the condition that A is a ladder system.

Note that Axiom  + \stick" impliesr = ! 1; sincer is the least cardinality of
a -basefor afreeultralter on! :[A family of setswitnessing\stick" isa -base
for every uniform ultralter on!;.]

Problem 9. DoesAxiom imply that there is a family of more than ! ; disjoint
clopen setsin ! ;, eat of which meetsU(! 1)?

If the answer to this problem is Yes, then sois the answer to Problem 8. In
contrast, if Axiom implies all disjoint clopen families of cardinality ¢ have (all
but < ¢) membersmissingU(! 1), we must look elsewherghan the density example
for amimic of U(! ;) in! , becausethat nowheredenseP-setZ is met by a family
of c-many disjoint clopen subsetsof ! . To seethis, partition ! into two subsets,
such that in both of them the ratio of nhumbers < n to n gets arbitrarily close
to both 0 and 1. Repeat this processcountably many times, and diagonalize to
get c-many almost disjoint subsetsof ! in which this samephenomenonhappens.
Each oneis in somemember of Z.
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Problem 10. DoesAxiom have any implications for the cardinals in Cichon's
diagram [12] that are not below d?

Problem 11. DoesAxiom imply that there areno! ,-ovalsin ! ?

Problem 12. DoesAxiom imply that thereisan! ;-ovalin! whoseexterior
is alsoan! ;-oval?

In [3] it is shawvn (in e ect) that t = ! ; is equivalent to there being a pair of
disjoint ! ;-ovalsin ! whoseunion is densein ! , but there are modelsoft =1,
where neither can be the exterior of the other. | am unaware of any such models
whered = ! 1, however.

If | holds, the subspaceS(! 1) of I ; can be split into two disjoint ! ;-ovals,
ead of which hasall of U(! ;) in its closure, making ead one the exterior of the
other. On the other hand, this is impossibleif what is called ( ) in [1] holds. But
in this latter casethere may be ways of constructing disjoint ! ;-ovals inside A
for somecountable A, ead of which is the exterior in A of the other; this is easy
to do under CH, which is compatible with ( ). Then the union of one oval with
the complemen of A in!; isan! ;-oval whoseexterior in ! ; is the other oval.

6. Notes on Pr oblem 2

Comparatively little researt hasbeendoneon the implications of a Yesanswer
to Problem 2. Unlike with Problem 1, there is no end of pairs ; that are candi-
datesfor an a rmativ e answer. Here we corntent ourseheswith a few obsenations
about the pair ! ; @ . Most of what we will say carries over to any other pair that
is not eliminated by Theorem 2.1.

First, an argumert similar to the construction of a Bernstein set shows that
if K is a collection of setsof cardinality , then there is a pair of disjoint sets
which meetsead onein a set of cardinality . Soif U(@ ) is homeomorphicto
Uu(') (=" ), the reapingnumberris @ ..

The other obsenations have to do with the variety of denseovals in U(@),),
summarizedin the following theorem. In any model whereit is homeomorphicto
U(') (= ! ), we get the samevariety in ! ; in marked corntrast to the little we
know about ovalsin ! if AXIOM holds (seeProblem 11).

Theorem 6.1. U(@) hasdense -ovalsfor all suchthat! < < @ and also
= b and also for all regular between @ and minfcf[@] ; @, Q0.

For =!,(n>0),use@ !',andletC = @ ; a conalit y argumert
shows that ewvery subsetof @ !, of cardinality @ meetssomeC in a set of
cardinality @ . The remaindersof the C in U(A, ) union up to a dense -oval.

For regular from @ to the minimum of cf[@]' and @,, usethe powerful
result of pcf theory that there are subsequencesf f@, : n 2 ! g wherethe product
has a scaleof the desiredlength. Let C bethe part of @ ! below the graph
of f .

1011 72
1012 ?

?1010
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For = buseA, ! and functions f < bthat are constart on[! ;! n+1)
and nondecreasingand are well-orderedby the order of everntual domination. Here
too,let C bethe part of @ ! below the graph of f

This last argument works for any  for which there isa< -unbounded< -well-
ordered family of increasingfunctions of conality in!'.
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