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Abstra ct. We explore the relation between two general kinds of separation
properties. The rst kind, which includes the classical separation properties
of regularit y and normalit y, has to do with expanding two disjoint closed sets,
or dense subsets of eadch, to disjoint open sets. The second kind has to do
with expanding discrete collections of points, or full-cardinalit y subcollections
thereof, to disjoint or discrete collections of open sets. The prop erties of being
collectionwise Hausdor (cwH), of being strongly cwH, and of being wD( @),
fall into the second category. We study the e ect on other separation proper-
ties if these properties are assumed to hold hereditarily . In the case of scat-
tered spaces, we show that (a) the hereditarily cwH ones are -normal and
(b) a regular one is hereditarily strongly cwH i it is hereditarily cwH and
hereditarily ~ -normal. Examples are given in ZFC of (1) hereditarily strongly
cwH spaces which fail to be regular, including one that also fails to be -
normal; (2) hereditarily strongly cwH regular spaceswhich fail to be normal
and even, in one case,to be -normal; (3) hereditarily cwH spaceswhich fail
to be -normal. We characterize those regular spacesX such that X (! + 1)
is hereditarily strongly cwH and, as a corollary, obtain a consistent example
of a locally compact, rst countable, hereditarily strongly cwH, non-normal
space. The ZFC-indep endence of seweral statements involving the hereditar-
ily wD(@) property is established. In particular, seweral purely top ological
statements involving this property are shown to be equivalent to b= 1 1.

1. Intr oduction

A Hausdor spaceis called strongly collectionwise Hausdor (strongly cwH for
short) if every closeddiscrete subspacecan be expandedto a discrete collection of
open sets[De nition 2.1]. This property received a fair amount of attention in the
1970'sand early 1980's, but it is only recertly that papers have appeared which
give someidea of the strength of assumingthat a spacesatis es it hereditarily, at
leastin somemodels of settheory. A remarkable illustration of that strength is the
following theorem of the late Zoltan Balogh [B].

Theorem 1.1. AssumeMA(! ;) and Axiom R. Let X be a locally compact, hered-
itarily strongly ! ;-cwH space. Then either X is (hereditarily) paracompact or X
contains a perfect preimageof ! ;.

Using another theorem of Balogh, the rst author [Ny3, discussionfollowing
Corollary 2.8] shaved how one can replace\p erfect preimageof ! 1" with \copy of
1" if onereplacesMA(! 1) with the Proper Forcing Axiom (PFA). The Balogh
theoremin question is:
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Theorem 1.2. [D] The PFA implies every countably compact, rst countablespace
is either compact or contains a copy of ! ;.

The axioms usedin Theorem 1.1 are consisten if it is consistert that there is a
supercompact cardinal.

Questions 1.3. Can large cardinals be eliminated from Theorem 1.1? what if
\strongly ! ;-cwH" is replacd by \str ongly cwH"?

Since! ; itself is locally compact and hereditarily strongly cwH but not para-
compact, one cannot eliminate the secondalternative in Theorem 1.1. Howewer,
the following theorem, which will appearin a forthcoming paper, suggestshat one
might still be able to go far without it:

Theorem 1.4. The PFA implies every locally compact, locally connected, heredi-
tarily normal, hereditarily strongly cwH space is (hereditarily) collectionwise normal
and (hereditarily) countably paracompact.

In this paper, \space” will always mean\Hausdor space,"sothere is no ambi-
guity about the words \regular" and \normal”. The following theorem from [Ny4]
is related to Theorem 1.4:

Theorem 1.5. The PFA implies every normal, hereditarily strongly cwH manifold
of dimension > 1 is metrizable.

We do not know whether \lo cally connected" and/or \hereditarily normal" can
be eliminated from the hypothesis of Theorem 1.4, nor whether \normal” can be
eliminated from Theorem 1.5. Also we do not know whether \hereditarily strongly
cwH" can be eliminated from Theorem 1.4, with or without \lo cally connected."
The following two problems are also open.

Question 1.6. Is it consistentthat everylocally compact, hereditarily strongly cwH
space is (hereditarily) normal?

Question 1.7. Is it consistentthat every rst countable, hereditarily strongly cwH
space is (hereditarily) normal?

With such grandiosepossibilities up in the air, we decidedto get a better picture
of what can and cannot be done with the property of being hereditarily strongly
cwH. This paper gives seweral examplesand theorems, some consistert and some
using just ZFC, which we hope will give readersa clearer picture. We also dis-
cuss some weakenings of normality, especially pseudonormality, -normality and

-normality [De nitions 4.3 and 2.3], and some weakenings of the strongly cwH
property, especially wD(@) and wD(@) [De nition 2.2].

One of our main results (seeSection4) is a characterization of whenX (! +1)is
hereditarily strongly cwH, enablingusto nd a consistert exampleof a hereditarily
strongly cwH locally compact, rst countable, non-normal space. This explainswhy
Question 1.6 and Question 1.7 ask only for consistency

In atalk at a 2002 conferencein honor of Balogh, the rst author noted that
Question 1.6 was unsolved even if \lo cally compact” is weakened to \regular."
Example 3.1, de ned using only the usual ZFC axioms, answers this variation on
Question 1.6 in the negative. It is also a nice illustration of how the strongly cwH
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property relates to the concept of being -normal, introduced by Arhangel'ski .
Section 2 gives someconditions under which thesetwo conceptsare equivalert.

If \normal" is weakenedto \pseudonormal" in Question 1.6, the answer is Yes,
even if \strongly cwH" is weakenedto \wD( @)" as showvn by one of us in an
earlier paper [JNS, 3.9 and 3.10]. In Section5 we will give sewral consistencyand
independenceresults that strengthen this one.

In cortrast, if \normal" is weakenedto \ -normal" in Questionsl.6and 1.7, the
resulting problems are still open. If \normal" is further weakenedto \ -normal,"
we get questionsfor which we do not even have consistencyresults:

Question 1.8. Is every locally compact, hereditarily strongly cwH space (heredi-
tarily) -normal?

Question 1.9. Is every rst countable, hereditarily strongly cwH space (hereditar-
ily) -normal?

In fact, these questions remain wide open if \strongly” is dropped! Even the
following problem is not completely solved:

Question 1.10. Is there a regular, hereditarily strongly cwH space that is not
(hereditarily)  -normal?

There doesexist an exampleunder a very generalaxiom (seeSection7), but still
noneis known from ZFC alone.

Question 1.7is partly inspired by the theoremthat every rst courtable, strongly
I -cwH spaceis regular: seethe commert at the beginning of Section 3. This
theorem also motivates:

Questions 1.11. Is it consistent that every sequential, hereditarily strongly cwH
space is regular? What if the space is Frechet-Urysohn?

In Section 6 we will give a consistert example of a hereditarily strongly cwH
nonregular spacethat is not even Frecet-Urysohn, but we know of no ZFC coun-
terexample to either part of Question 1.11.

2. Connections with  -normality and some ZFC examples of
heredit aril y str ongl y cwH spaces

De nition  2.1. Given a subsetD of a set X, an expnsion of D is a family

fUgq : d 2 Dg of subsetsof X sudc that Us\ D = fdg for all d 2 D. Given an

in nite cardinal , aspaceX is [strongly] -collectionwise Hausdor if every closed

discrete subspaceof cardinality has an expansionto a disjoint [resp. discrete]

collection of open sets. X is [strongly] collectionwise Hausdor if it is [strongly]
-collectionwise Hausdor for all

We use the abbreviation \cwH" for \collectionwise Hausdor ". As with nor-
mality and many related properties, one need only ched open subspacesto see
whether a spaceis hereditarily [strongly] -cwH. Indeed, if D is a discrete subspace
of aspaceX and W = (X nD)[ D;then W isanopenset,andif D S X and
D is closedin S, then S W and we can take the trace on S of the appropriate
open expansionin W. This su ciency of open subspacesfor hereditariness also
holds true for the properties in our next two de nitions.
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De nition 2.2. Let beacardinal number. A spaceX is weakly -collectionwise
Hausdor [respsatis es property wD( )] if every closed discrete subspaceD of
cardinality hasa subsetDg of cardinality — which can be expandedto a disjoint
[resp. discrete] collection of open setsUy sudh that Ug\ Do = fdg for all d2 Dy.

These are obvious weakenings of the properties of being -cwH and strongly -
cwH, respectively. Up to now, strongly ! -cwH spaceshave beencalled \spaceswith
Property D," a designationintroduced by R.L. Moore, while wD(@) spaceshave
beencalled \spaceswith Property wD." The following conceptswereintro duced by
Arhangel'ski :

Denition 2.3. A spaceX is -normal [resp. -normal] if for any two disjoint
closed subsetsA and B of X there exist open subsetsU and V of X sud that
A\ Uisdensein AandB\ V isdensein B andU\ V =; [respU\ V = ;].

For our rst theorem, recall that a spaceis called scattered if every subspacehas
an isolated point in its relative topology; equivalertly (becausean isolated point of
an open subspaceis isolated in the whole space)every subspacehas a denseset of
isolated points in its relative topology. Another characterization is highly revealing
of the structure of these spaces.One de nes the th Cantor-Bendixson level X of
any spaceX by induction asfollows: X is the set of isolated points osz' if X has
beende ned for all < then X is the setof isolated points of X n = _ fX g@.
A spaceis scattered i it is the union of all its Cantor-Bendixson levels. It is
immediate from this characterization that every point in a scattered spacehas a
neighborhood in which it is the unique point of highest Cantor-Bendixson level|a
level which is the samein the neighborhood asit is in the whole space.

Yet another characterization will play a role in Sections5 and 6: a spaceis
scattered if, and only if, it is \righ t-separated": that is, there is a well-ordering of
the spacesud that ewvery initial segmen is open.

Theorem 2.4. Every sattered hereditarily cwH space is (hereditarily) -normal.

Proof. Let F; and F, be disjoint closed subsetsof the scattered hereditarily
cwH spaceX . Let D; and D, be the (dense) set of relatively isolated points of
F1 and F,, respectively. Then D; and D, are closeddiscrete in the open subspace
U=[Xn(Dy[ D2)][ D1[ D2. Let V be an expansionof D1 [ D, to a family of
disjoint open subsetsof U and let V; and V, be the unions of the onesexpanding
the points of D; and D, respectively. Then V; \ F; isdensein F; and V3 \ Vo = ;,
as desired.

The next theorem is a natural variation on Theorem 2.4, inasmuch as scattered
spacescan also be characterized by all closedsubspaceshaving densediscrete sub-
sets:

Theorem 2.5. If X isregular, and everyclosel subspce of X hasa densesubsjce
which is the union of countably many discrete [resp. closel discrete] subspmces and
X is hereditarily strongly cwH [resp. stongly cwH] then X is -normal.

Proof. Let Fi(i = 1;2) be disjoint closed subsetsof the strongly cwH space
X. Let D; be densein F; and be the countable union of discrete subspaces. If
X is hereditarily strongly cwH, or if D; is the countable union of closeddiscrete
subspaces,then D; can be covered by courntably many open subspaces,eat of
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whoseclosuresmissD3 . (SeeLemma 2.6 below.) The standard proof that every
regular Lindelof spaceis normal can now be mimicked to put D; and D, into
disjoint open sets.

The hypothesesof Theorem 2.5 are satis ed by ewery regular strongly cwH -
space(in particular, every strongly cwH Moore spaceand every strongly cwH strat-
i able space)and ewvery regular hereditarily strongly cwH quasi-deelopable space.
The latter spacesare characterized by having baseswhich are the union of count-
ably many open collections, such that ead point x of the spacehas a local base
taken from those collections for which x is in exactly one member of the collection
[G, proof of Theorem 8.5]. Let U, is one of thesecollections, cut down if necessary
sothat each U 2 U, hasat least one point p such that ord(p;U,) = 1. If Prsis a
setwhich meetseah member of U, in suc a point p, then P, is discreteand P,
is dense.

Our next theorem establishesan interesting connectionbetweenthe properties of
hereditary -normality and the hereditary strong cwH property. A generallemma
and corollary pave the way.

Lemma 2.6. A regular space is strongly cwH () it is cwH and any two disjoint
closal sets, one of which is discrete, can be put into disjoint open sets.

Proof. Suppose X is regular and strongly cwH, and let F and D be disjoint
closedsets,with D discrete. Let fUy : d 2 Dg be a discrete open expansionof D.
For eadh &2 D let Vy Ug be an open neighborhood of d whoseclosure missesF .
Let W= fV;:d2 Dg; then X nW and W are as desired.

The corverseis proven just like the familiar theorem that every normal, cwH
spaceis strongly cwH: if D is closeddiscreteand fUy : d 2 Dg is a dig’oint open
expansionof D, let V be an open set cortaining D whoseclosureisin fUg :d 2
Dg; then fUg\ V :d2 Dgis a discrete open expansionof D.

Corollary 2.7. Every cwH -normal space is strongly cwH.

Proof. Clearly, every Hausdor -normal spaceis regular. Let A and B be
disjoint closedsets,with A discrete. With U and V asin De nition 2.3, we must
have A U; soU and the complemer of U are disjoint open sets cortaining A
and B respectively. Now uselLemma 2.6.

Theorem 2.8. Let X be a regular sattered space. The following are equivalent.
(1) X is hereditarily strongly cwH.
(2) X is hereditarily cwH and hereditarily -normal.
(3) Every open subspce of X is cwH and -normal.

Proof. The equivalenceof (2) and (3) is well known, cf: the discussionpreceding
De nition 2.3;and (2) ) (1) isimmediate from Corollary 2.7, soit only remainsto
prove (1) ) (3). We usethe easyfact [AL] that a spaceis -normali for every A
closedin X and every openU A, thereisanopenV X sudc that A\ V = A
andV U.

Let W beopenin X, let A be closedin W, and let U be openin W and hence
in X. Let D be the set of isolated points in the relative topology of A. Then D is
closeddiscretein the X -openset (W nA)[ D. Expand D to adiscrete-in-(\WnA)[ D
collegtion V of open setswhoseindividual closuresare in [(W nA)[ D]\ U. Let
V= V.ThenV\ A=AandV U, asdesired.
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In Section7 we give a ZFC example(Example 7.5) that shows\scattered" cannot
be omitted from Theorem 2.8. The following ZFC example shows that \regular"
cannot be omitted either:

Example 2.9. A sattered hereditarily strongly cwH space that is not regular (and
hene not -normal).

De ne a topology on X = [0;! ;] asfollows. Let the points of [0;! ;) have the
ordinal topology as a basis. A local basisof ! ; consistof all setsof the type

Oc=flg[f +1: 2Cg

where C I is closed and unbounded. E. Murtinova [Mul] shoved X is a
Hausdor -normal spacethat is not regular: A club subsetC of [0;! 1) cannot be
separatedfrom ! ; by disjoint open sets. One can easily show that X is hereditarily
strongly cwH and scatteredsince[0;! ;) is hereditarily strongly cwH and scattered.
This shows that X is hereditarily -normal by Lemma 2.4.

Regularity is alsoneededfor the forward implication in Lemma2.6. Indeed, if X
is a strongly cwH non-regular spaceand p and C are a point and a closedsubsetof
X which cannot be put into disjoint open sets,then the secondcondition in Lemma
2.6 breaksdown for D = fdg and F = C. In Example 2.9, this is the casewith
fdg= f! 19, and any club subsetof ! ; will do for C.

In [Mu2], Murtino va gave a countable example of a scattered non-regular -
normal space,denotedY . Although it is a bit more complicated than Example 2.9,
it is easyto seefrom the description in [Mu2] that Y is obtained by adding one
point 1 to a courtable scattered regular spacewhose set of nonisolated points is
denoted X , sud that if D is a discrete subspaceof X, then D and 1 can be put
into disjoint open sets. From this and regularity of Y nflg it readily follows that
Y is hereditarily strongly cwH.

The next two examplesare not scattered, but they have other nice qualities. In
particular, Example 2.11 shows why \scattered” cannot be left out of Theorem 2.4
nor \regular" out of Theorem 2.5, and why \regular" appearsalsoin Question1.10.

Example 2.10. A hereditarily separable, hereditarily Lindelof, hereditarily -normal,
hereditarily strongly cwH Baire space that is -normal but not regular.

Let X have the plane R? asits underlying set, with all points exceptthe origin
having their usual base of neighborhoods. A local baseat 0 = h0;0i consists of
all intersections of Euclidean balls with complemerts of sets of the form B [
(0;+1) fO0Og, where B is a family of closedballs certered on points of (0;+1 )
whoseunion meets[0; 1=n) fO0g in a setwhoseone-dimensionalmeasureis o(1=n):
that is,

() ([ B\[O;%) fOg) n! Oasn! 1:

Let denote the resulting topology and E denote the Euclidean topology on R?.
ThenC = (0;+1) fOgis -closed,but C and O clearly cannot be put into disjoint

-open sets. On the other hand, if D is a -discrete subspaceof X, relatively -
closedin an open subspaceU of X, then D canbe expandedto a relatively discrete
collection of open subsetsof U. This is clearif 0 2 U or if 0 2 ¢c'g (D) sincethe
Euclidean plane, being metrizable, is hereditarily strongly cwH.
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Sosuppose0 is in the Euclidean closureof D and 0 2 U. It is enoughto consider
the casewhen 0 2 D. Then there is an open Euclidean ball B(0; ) and a family
B of closed baéls certered on points of (0; ] f0g and satisfying ( ), such that
D\ B(0; ) B[ [(0; ) fO0Og]. We can expand eadh member of B slightly while
still conforming to ( ). Moreover, eat discrete subspaceof X is countable, sowe
can put closedballs of positive radius around ead point of D\ [(0; ) fOg] and
still conform to ( ). We can then expand D to a relatively E-discrete collection
U= fUq :d2 Dg of E-open subsetsof X nf0g, while staying inside the new family
of closedballs. This way U will be -discretein X. The argumert for X being
hereditarily -normal is similar, using the fact that every countable subspaceof R
is of measureO.

We areindebted to Alan Dow for the suggestionof modifying the above construc-
tion by using a remote point. It givesa spacewith all the properties of Example
2.10except -normality, and accouns for the \regular" in Question 1.10.

Example 2.11. A hereditarily semrable, hereditarily Lindelof, hereditarily strongly
cwH Baire space that is neither -normal nor regular.

Let p be a remote point of R* nR* in the closure of the open unit interval.
That is, p is not in the closure of any noweheredensesubsetof (0;1). Let (X; )
be asin Example 2.10, except that this time B is any family of closedballs, gah
certered on points of (0;+1 ) fOg as before, such that fx 2 R: (x;0) 2 Bg
doesnot have p in its closure.

As in Example 2.10,(X; ) is clearly not regular. It isalsonot -normal, because
any densesubsetof the x-axis will have a projection to R with p in its closure, but
the x-axis minus the origin doesnot have the origin in its closure.

To shaw (X; ) is hereditarily strongly cwH, againlet D be arelatively -closed
discrete subset of some open set U containing 0. As before, let B be a fgmily
of closedballs certered on points of (0; ] f0g such that D\ B(O; ) gB [
[(0; ) fOg], but this time with p outside the closureof fx 2 R : (x;0) 2 Bg.
Let U be the trage on (0;+ 1 ) of an open neighborhood of p whoseclosure misses
fx2R:(x;0)2 Bg. The complemern of this closureis a union of open intervals;
for eadh such openinterval (a;b) contained in B(0; ), let B(a;b) be the closedball
in R? of diameter b a that meetsthe x-axis in [a;b]. Let B be the set of all
B(a;g). Each member of B is in the E-interior of sorgeB(a; b), sowe can expand
D\ B%to a -discrete family of open balls inside ~ B% Sincethe rest of D is
nowhere densein the relative topology of the x-axis, its projection to R does not
have p in its closure, and sowe can de ne closedballs of positive radius certered
on ead of its points without the union of the balls projecting to a setwith pin its
closure,and nish the argumert asin Example 2.10.

By taking the subspaceof doubly rational points in Example 2.10and Example
2.11, we get countable spacesthat have all the properties of these examplesexcept
for being Baire. None of these four examplesis sequetiial, however. Let A be
positive half of the parabola'y = x? (or, in the courtable case,its set of rational
points). Then A clearly hasthe origin in its -closure,yet A is -sequettially closed:
every -corvergern sequences E-cornvergert, sowe needonly ched thosesequences
in A that E-corvergeto the origin. We can embed an in nite subsequencef eat
such sequencen a family C of closedballs that conformsto the recipe in Example
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2.10, and if we split this sequenceof balls into two in nite subsequencesat most
one can have a projection with p in its closure.

Murtino va's courtable example Y in [Mu2] is not sequetial either. It is clear
from her description that X  f0g is sequetially closedbut has1 in its closure.

3. Some regular non-normal examples

In contrast to the foregoing examples, we have the theorem that ewvery rst
countable, strongly ! -cwH spaceis regular. In fact, we can even weaken \strongly
I-cwH" to \wD( @)": see[V], where\wD( @)" is referred to simply as\wD".

The following example shows that rst courtabilit y cannot be omitted from
Question 1.7 even if regularity is added:

Example 3.1. A regular sattered hereditarily strongly cwH (hence hereditarily
-normal) space that is not normal.

LetS=f < !,:cf( )=".9, and considerthe set

X=1(;): tand (5 )6 (!2:!2)0
Partition X into
A=1(; ) <!lzg
B=1f(2 ): <!'20
I=f(;): < <!log
Topologize X as follows
(i) Leteach ( ; ) 2 | beisolated.
(i) an open basisof ( ; ) 2 A consistof all setsof the type

f(;): o< gl ff g C : o< and 2 Sg;

where o< andewery C is a closedunbounded (club) subsetof
(i) an open basisof (! ; ) 2 B consistof all the sets

f(;): o< and < I'20;

where o< and < |, for each
Below is a summary of known results of X .

(1) All basic open setsde ned above are closed,and hence, X is a Tychonov
space.
(2) X is -normal [Mul] but not normal. The closedsetsA and B cannot be
separatedby disjoint open sets.
(3) A= B = !, which is hereditarily strongly cwH.
We will now show that X is hereditarily strongly cwH. Let Y be a subspaceof
X,andlet D Y be a closeddiscrete subsetof Y. Without lossof generality, we
may assumeD A [ B. Considerthe following subsets

Da=D\ A
Dg =D\ B
Na=f 2S:(; )2D\ Ag
Ng =f 2!1,:(l2; )2D\ Bg

Notice that D, and Dg are relatively discrete subspacesf X . Sincethe closed
setscly (Da) and clx (Dg) are disjoint, there are disjoint open sets Op and Og
suchthat Do Oa,Dg Og,andclyx (Oa)\ clx (Og) = ; by the -normality of
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X. SinceA and B are closed,we canchooseO, and Og such that A\ clx (Og) = ;
and B\ clx (Op) = ;.

Since! ; is hereditarily strongly cwH, for eatch 2 Na, thereisa 2 !5 suc
that

() Na\ (o I=F g
@iy f( o; 1: 2 Nagis a pairwise disjoint family of open setsin ! ,, and
@iy f(;): o< g Oa
Foreahh 2 ( o; ]\ S, choosea club subsetC of suchthatf g C Oa.
Forevery 2 Da, set
U=(f(;)2Y: 2(o; ]9[[ f(f g CHVY: 2(o ]\ Sg):

Foreahh 2 Ng, thereisa o2 !, sudc that

(iv) Ne\ (o ]1=1 g
(v) f( 0o; ]: 2 Nggis a pairwise disjoint family of open setsin ! ,, and
(i) f(12; )i o< g Og.
Foreadch 2 ( o; ], chose suchthat f( ; ): < l,g Og. For eah
2 Ng, set

V =(f(;)2Y: o< and < 120):
It remainsto show that
u=fu : 2NAg[ fv 2 Ngg

is a discrete cogection of open sets. Clearly, U is pairwise disj§int.

Lety2Yn U. Ify2l1,thenyisisolatedand fyg\ ( U) = ;. Ify2 A,
theny = ( ; ) forazsome 2 !',. Then there is o < suc that f( ; ) :
0 < g Yn fU : 2NagsinceD, is closed. SinceA\ Og = ;, one

can nd an open neighborhood of y which misses U. Similarly, if y 2 B, then
y=(2; 52 for some 2 !,. Thenthereisa o< sudthat f(!2; ): o<

g Yn fV : 2 NggsinceDg isglosed. SinceB\ Op = ;, onecan nd an
open neighborhood of y which misses U. Therefore, Y is strongly cwH and X is
hereditarily strongly cwH.

In [W], M. Wage described a machine that takesany normal, noncollectionwise
normal spaceX and producesa nonnormal spaceX . We will show that if X
is hereditarily strongly cwH in addition to the properties above, then X will be
hereditarily strongly cwH and nonnormal.

We begin by describing Wage'smachine. Supposethat X is a normal spacethat
isnot cwN. Let fH : < gbeadiscretecollection of closedsetswhich withesses
the non-cwNof X. LetH=[fH : < gandC=X H. Let

X =X folg[(C f(;): ; < and 6 g):

fA Xand 2f0;1g[f( ; ): ; < and 6 g,deneA =(A f g\ X .

Isolate the points of X (Ho[ H1). (That is, let both fpg and f pg® be open
in X if pisnotin Ho[ H;.) For ead opensetU X and < sud that U is
cortained in H [ C, de ne the following basic open subsetsof X :

fU.): 6 < g[Uand[ fU .): 6 < g[ Ui
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Note that if U isopenin X andU H [ C, then the two open subsetsof X
derived from U above are disjoint. Give X the topology generatedby the base
described above.

M. Wageshowed that X is T; and regular but not normal. (The closedsubsets
Ho and H; cannotbe separated.) ForA X ,dene (A)=fx2X :fxg f g2
A for some g.

Theorem 3.2. If X is hereditary strongly cwH, then X is hereditary strongly
CwWH.

Proof. It suces to show that ead open subsetof X is strongly cwH. Let O be
an open setof X , and let D be a relatively discrete subsetof O. Without loss of
generality, assumeD  Hg[ Hi. Note that (Op) and (O;) are open subsetsof
X and (Dy) is a closeddiscrete subsetof (Og)[ (0O;). SinceX is hereditarily
strongly cwH, let Uy be a family of open setsof X such that

(a) for every U 2 Ug, U (Oo)

(b) Up is a discrete open expansionof (Dg) in (Og) [ (0.), and

(c) foreveryU 2 U, clx (U) H [ Cforsome < ,
Note that for eath x 2 (Dy), there existsaunique x < sudcithat x2 H * and
there exists a unique Uy 2 Uy such that x 2 Ux. For x 2 (Dg), de ne

Bx=([f (U(..): < and 6 ,g[ (UJo)\ O

and let
Bo=fBx:x2 (Dg)g:

claim: By is discretein O.
Let y 2 O. We will considerthree cases:(1) y 2 X (Ho[ H1), (2) y 2 Hy, and
() y 2 Hay.
case(1): SinceBy is pairwise disjoint and y is isolated, y meetsB, in at most one
set.
case(2): Since Uy is discrete in  (Qg), there is an open subsetV of (Og) such
that V meetsat most one member of Uy. Let ©be the unique ordinal suc that

(y) 2 H °. Then

By =(f (V)(o): < and 6 %[ W)\ O

meetsat most one member of By.
case(3): There existsa unigue < sudthat (y) 2 H . Let V be an open set
of X sudh that V meetsU, in at most one member. Supposethat U\ V 6 ; for
someU 2 Up. If clx (U) 6 H [ C, then onecan nd an opensetW X suc
that U\ W = ; by part (c). Let

Bw =(f W .y: < and 6 g[ Wi\ O:
ThenBw \ ([Bo)=;.Ifclx(U) H [ (XnH), dene
By = ([f V( )y < and 6 g¢g[ Vi)\ O:

Then By \ By =; andBy \ ([Bo) = ;.

Note that (3) shavsthat D1\ ([B o) = ;. Similarly, expand (D3) to a discrete
open collection B; with [B;  On[B o. Then By [ By is a discrete expansionof D
in O.

Example 3.3. Another regular hereditary strongly cwH space that is not normal.
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Proof. Fleissner's George is hereditarily normal and hereditarily cwH but is not
cwN. Henceit is hereditarily strongly cwH. Inputting Georgeinto M. Wage'sma-
chine above producesa hereditarily strongly cwH non-normal space.

It is easyto seethat Wage'smacdhine producesa scattered spacefrom a scattered
space. SinceFleissner'sGeorgeis scattered, Example 3.3 is scattered. By Theorem
2.8, Example 3.3 is another exampleof a -normal non-normal spacein ZFC.

4. Pr oduct theorems and a consistent non-normal example

The following theorem setsthe stagefor our rst consistert counterexample. It
is a criterion reminiscert of Katetov's theorem that X (! + 1) is hereditarily
normali X is perfectly normal, and also of Dowker's criteria for whenX (! + 1)
is normal.

Theorem 4.1. If X is a regular space, the following are equivalent:
(1) X (! + 1) is hereditarily strongly cwH
(2) X is hereditarily strongly cwH, every discrete subspce of X is an F , and
for each countablefamily fD, : n 2 ! g of discrete subs@ces of X, there is
a choice of open setsU, D, suchthat
vk vk
(F=) cx( D= cx( U
n=0 k=n n=0 k=n

Proof. (1) ) (2): SinceX fng is clopen and homeomorphicto X for eadh
n 2!, X must clearly be hereditarily strongly cwH.

If D is a discrete subspaceof X, letY = [X (! + D)Jn[(DnD) f!g]. Then
Fo=(DnD) ! andF; = D f! g aredisjoint closedsetsin Y, the latter of
which is discrete. Using Lemma 2.6, let U and V be disjoint open subsetsof Y
cortaiging Fo and F1, respectively, and let D, = fd 2 D : hd;ni 2 Vg. Clearly,

D = LO D,. Also, D, is closedin X for all n; indeed, any of its limit points
would have to bein D nD, but (ﬁnDé fng U.
If D, and F areasin (2), letY = fY : !gwl‘grng = (XnF) flg

andY, = [X n(D,nD,)] fngforn2!. ThenD = D, fng:n2!gis
closeddiscrete in Y and is disjoint from the closedsubsetY, of Y. Let U be an
open subsetof Y cortaining D whoseclosuremissesY, . Then U, = U\ (X fng)
is as desired.

(2) ) (1): Let Y bean opensubspaceof X (! + 1) andlet D be closeddiscrete
in Y. It is enoughto expand D to a disjoint family of open subsetsof Y whose
union is relatively discretein Y.

Let be the restriction to Y of the projection of X (! + 1) onto X. Let
Dn= ' (D\ (X fng)anddetD, = ' (D\ (X flg). Theneah D isa
discretesubsetof X, andD = fD, fng:n2!g. LetF X beasin (2); then
F flgisthe derivedsetin X (! +1)ofDn(X f!g),and(F flg\yY=;
becauseD isrelatively closedin Y. Expand each D\ (X fng) to a discrete family
of open setscontained in U, fng. The union of thesefamilies has closuremeeting
X flginF flgandisthusdiscretein Y.

It remainsto expandD, f! gto adiscretecollection of open sets. First, expand
D, to adisjoint family fVy : d 2 D, g of open subsetsof X, = X n(D, nD, ) that
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is relatively discretein X, . Next we bring the fact that discrete setsare F in X
into play. Let D, be the ascendingunion of closedsetsD}'(n 2 !'), and let

n N P

k=n

Then D, is alsothe ascendingunion of the closedsetsC, .
Iny X (! +1),expand(C,nC, 1) ! to afamily G, of open setsof the
form

Ga=Y\ (Wg (! nn)

S
such that Wq  Vy. Then G= | ,, G, is a discrete family of open subsetsof Y.

We will now usethe criterion (2) to provide a consistert example of a locally
compact, locally courtable (hence rst courntable) hereditarily strongly cwH space
which is not normal. The following lemma pavesthe way.

Lemma 4.2. If X is a locally countable, hereditarily normal space and Q is a
countable subsetof X, then there is an open subsetU of X containing Q suchthat
U nQ is countable.

Proof. Let V be a countable open set cortaining Q, andlet Y = (X nQ) [ V.
Using normality of Y and the fact that ¢’y Q V, let U be an open subsetof V
cortaining Q and satisfyingc'yU V. Thenc'xU=cyU[ ¢cxQ.

We can clearly weaken \hereditarily normal" in Lemma 4.2 to \hereditarily
pseudonormal™:

De nition  4.3. A spaceis pseudonormalif every pair of disjoint closedsets, one
of which is countable, can be put into disjoint open sets.

Theorem 4.4. If X is a hereditarily pseudonormal, hereditarily segarable, locally
countable space, then X (! + 1) is hereditarily strongly cwH.

Proof. X is hereditarily strongly cwH becauseit is hereditarily pseudonormal
and ewvery discrete subspaceis courtable. Obviously, every discrete subspaceof X
isan F . Finally, sup[§sef D, :n 2! gisafamily of discrete subspaceof X . For
eain2!,letQ, = ,_,Dx andletV, bean open subsetof X cortaining Qn
such that W nQ, is courtable, and suc tha.l, Vo1V, for all n.

With F asin Theorem 2.1 (2), let A= fV,:n2!gandlet AnF = fa, :
n2!gqg [Clearly, AnF is courtable!] For eadh k 2 ! pick m(k) k sud that
a 2 Qm(‘S’ pick an open nbhd Wy of ax whose closure missesQpm ), and let
Upn = Van fWg:m(k) ng: Then U, is asin (2).

Example 4.5. [Assuming} ] A hereditarily strongly cwH, locally compact, locally
countable, non-normal space.

The exampleis X (! + 1) where X is a locally compact, locally countable,
hereditarily separable, hereditarily normal Dowker space. Such a space X was
constructed in [Ny2] using the axiom } . It is immediate from Theorem 4.4 that
X (! + 1) is hereditarily strongly cwH, but sinceX is Dowker, X (! + 1) is not
normal.
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5. Some rela ted independence resul ts involving wD( @)

In Section 7, we will give a ZFC example (7.1) to show that \lo cally Lindelof"
cannot be dropped from (1) in the following theorem.

Theorem 5.1. The following statementsare ZFC-independent:

(1) Every regular, locally Lindelef, hereditarily wD(@) space is pseudonormal.
(2) Every locally compact, hereditarily wD(@) space is pseudonormal.
(3) Everylocally compact, locally countable, hereditarily wD(@) space is wD(@).

Moreover, (3) is equivalentto b > ! ;.

Regularity is neededin Theorem 5.1 (1) since ewvery second courntable, non-
regular space(of which there are many easy examples)is vacuously (hereditarily)
wD(@), but is not evenwD(@), thanks to the theorem mertioned at the beginning
of Section 3.

The rst step in proving Theorem 5.1 is an easyknown result which we prove
for the sake of self-cortainment:

Lemma 5.2. In alocally Lindelof regular space, every point has an open Lindelof
neightorhood.

Proof. Each point has a closed Lindelof, hence normal neighborhood, so the
spaceis Tychono and has a base of cozerosets. A cozerosubsetof a Lindelof
spaceis Lindelof.

The following two lemmashave the sameproof asLemma 3.1 and Lemma3.9in
[INySZz]:

Lemma 5.3. In alocally Lindelof, hereditarily wD(@) space, the boundary of any
open Lindelof subsethas countable spread.

Lemma 5.4. Let X be a locally Lindelof regular space such that every Lindelof
subsethas Lindelof closure. Then any two disjoint closal subsetsof X, one of
which is Lindelef, can be put into disjoint open sets. Henae X is pseudonormal.

Proof of Theorem 5.1. To shaw the consistencyof (1), usethe well-known facts
that every regular spaceof courntable spreadis hereditarily Lindelefi there are no
S-spacesand that the PFA implies there are no S-spaceqR]. By Lemma 5.3, the
former fact implies that in alocally Lindelof regular space,every Lindelof subsethas
Lindelof closure. Now use Lemma 5.4. This obviously establishesthe consistency
of (2) and (3) as well, but note that the foregoing argumerts can obviously be
modi ed to show that (2) holds in any model in which every locally compact space
of countable spreadis hereditarily Lindelof, and (3) holds in any model in which
there are no locally compact, locally countable S-spaces.Modelsof (2) thusinclude
any model of MA( @) and alsothe model usedin the solution of Kat etov's problem
[LT]. There are also models of (3) in which 2@ < 2@ [ENyS].

To completethe proof of Theorem 5.1, it is enoughto shaw the \Moreover" part.
We will do ewven better:

Theorem 5.5. The following statementsare equivalent:
(1) b>1,.
(2) Everylocally hereditarily Lindelof, rst countable,regular, hereditarily weakly
! 1-cwH space is pseudonormal.
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(3) Every locally compact, locally countable, hereditarily wD(@) space is pseudonor-
mal.
(4) Everylocally compact, locally countable, hereditarily wD(@) space is wD(@).

Remark 5.6. Of course,many other equivalert statemerts could be included in
Theorem 5.5, intermediate between(2) and (3) or between(3) and (4). In fact, the
only reason(3) was included was for easycomparisonwith the following remark.

Remark 5.7. In forthcoming papers,it will be shown that the following variations
on (2) and (3) are also ZFC-independert, though not equivalent to b> ! ;:
(29: Every rst countable, hereditarily strongly ! -cwH space is pseudonormal.
(39: Every locally compact, locally countable, hereditarily strongly cwH space is
pseudonormal.

Speci cally, Alan Dow has shown that in Cohen's original model, every rst
countable, strongly ! -cwH (\Prop erty D") spaceis pseudonormal,solving a prob-
lem posedin [vDW], wherea rst courtable, strongly ! -cwH spacewas constructed
under p= c. The rst author has constructed a courterexample to (29 under the
sameset-theoretic axiom, and a courterexample to (3% under CH.

Remark 5.8. Dow's result doesnot generalizeto higher cardinals. In [vD1] there
is a locally compact, locally countable spacein which the nonisolated points form a
countably compact subspacethus the spaceis clearly strongly cwH. On the other
hand, the spacehas a pair of disjoint closed subspacesof cardinality ! ; which
cannot be put into disjoint open sets. This spaceis not hereditarily cwH, however
(it is separableand has an uncountable discrete subspace),soit does not answer
Question 1.6.

Proof of Theorem 5.5. It is enoughto shov (1) implies (2) and (4) implies
(1), inasmuch as every locally compact, locally courtable spaceis regular, rst
countable, and locally Lindelof, while every pseudonormalspaceis wD(@).

To show (1) implies (2) we use Theorem 3.7 of [Ny1]:

Theorem. Everyregular, rst countablespace of Lindelef number < b is pseudonor-
mal.

Let X be locally hereditarily Lindelef, rst countable, and regular. Given a
countable closedsubsetC of X, let U be an open Lindelof neighborhood of C. It
is clearly enoughto shav that C and U nU can be put into disjoint open sets.
First we show that U is of courtable spread. If there were an uncourtable discrete
subsetof U, the hereditarily weakly ! ;-cwH property would give us an uncourtable
disjoint collection of open subsetsof U and henceof U; but any family of disjoint
open subsetsof a hereditarily Lindelof spaceis courtable.

Next we shaw that U is of Lindelef number ! ; this and the theorem just cited
will nish the proof that (1) implies (2).

SupposeU has Lindelef number > ! ;. By induction, let V be de ned for eah

< 1, sothat eadh V is a relatively open subsetof U and cortains somepoint y
notinanyV ( < ). ThenY =fy : < !,qgis a scattered subspaceof U. But
eac Cantor-Bendixson level of Y is courtable becauseU is of countable spread.
And every point of Y is on somecourtable level becauseY is locally hereditarily
Lindelof. This cortradiction completesthe proof that (1) implies (2).
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We will show (4) implies (1) by contrapositive. One main ingredient is the
powerful result of Todorcevic that b = ! ; implies there is a locally compact, locally
countable, hereditarily separablespaceof cardinality ! ;. The other is the following
theorem:

Theorem 5.9. Every locally compact, locally countable space of cardinality b can
be emteddel as a co-countable subs@ce in one that is sefarable and does not satisfy

wD(@).

Oncethis theoremis proven, oneneedonly note that every hereditarily separable
spaceis vacuouslywD(@) to complete the proof that (4) implies (1) and henceof
Theorems5.1 and 5.5.

Proof of Theorem 5.9. Let X have underlying set b and be given a locally
compact, locally countable topology. This makesit scattered, sothe topology can
be chosensothat [0; ) is openfor all 2 b.

An elemenary fact about b is that thereisa < -well-orderedsetff : < bg of
increasingfunctions that is < -unbounded [vD2]. Another is that any suc family
is < -unbounded on every in nite set; that is, if A is an innite subsetof ! then
ff A: < bgis< -unboundedonA.

Solet ff : < bgbe asabove. We de ne alocally compact, locally countable
topologyon X [ [ (! + 1)] by induction, giving! (! + 1) its usual topology,
making ! ! the set of isolated points and making! f! g and X into disjoint

closedsubsetsof our spaceZ.

To specify the topology on a locally compact scattered spaceS, it is enough
to specify a neighbornetla function V assigningto each x 2 S a neighborhood
V (x)|suc h that ead V(x) is compact and open, and x is the unique point of
maximal rank in V(x). If x is isolated, this constrains the choice V(x) = fxg.
Otherwise the collection of all setsof the form V (x) n[V(xo) [ [ V(xn)], with
xi 2 V(x) for all i, is a basefor the neighborhoods of x, inasmuch asits intersection
is fxg, and any lterbase of closedneighborhoods of a point p in a compact space
whoseintersection is f pg is automatically a basefor the neighborhoods of f pg.

Sonow let V be sud a neighbornet for X. We will de ne a neighbornet U for
X[ (¢ !')ysuhthat U()\ X = V() forall 2!;= X. This will be done by
attaching the graph of f asa\whisker" to and trimming the whiskersattachedto
the points of V( ) nf g by clipping o nitely many points in ways to be speci ed
by induction. In this way the union of with the graph of f will be a topological
copy of I + 1.

If (i;j)2! 1,letU(i;j) = f(i;j)g, sothat (i;j) isisolatedin X [ (! !). If
n2!,let U(n) bethe graph of f,, together with n. If 2 X n!; assumeU has
beendened for all < sothat (! !)[ [0; ) islocally compactand all points
of U()\ (! !)arein f# wheref# stands for the set of all points on or below
the graph of f .

Next recall Theorem 3.7 of [Nyl] cited above. Since V( ) is countable and
compact, V( )nf gisclosedin [0; )[ [' (! + 1)] and there are disjoint clopen
setsUandW in[0; )[[' (! + 1)] containing V( )nf gandits complemen. Trim
U if necessarysothat it meets! ! in asubsetof f # . Also, haveit cortain the graph
off ,andlet U( )= U[ f g. This extendsthe neighbornetto [0; ][ [' (! + 1)
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so that U( ) is the one-point compacti cation of U, and so that the induction
hypothesisfor + 1 is satis ed.

Clearly, the spaceZ is locally compact, locally courtable, separable,and has X
asa co-courtable subspace.To seethat Z is not wD(@), we usethe closeddiscrete
subspace! f! g. Let

D=1f(ip;!):n2!g;
with i, < in+1 for all n. If U, is an open set cortaining (in;! ), there exists k,
such that every point above (in;kn) isin U,. Let f(j) = kn for the least integer
n such that j < iy. Thenf : ! ! 1 is a nondecreasingfunction, and is below
the graph of all but countably many f in innitely many placeg. Sincef is
increasing, this impliesf (iy) > f (i) for in nitely many n, sothat fU,:n2!g
has uncountably many points of X in its closure.

When X is hereditarily separable,the spaceconstructed in proving Theorem
5.9 is scattered of height and cardinality ! ;: it is scattered and ead point is on a
countable level becauseit is locally compact and locally courtable, and ead level
is countable becauseof hereditary separability, while b = jX|j is uncourtable.

By making a careful choice of hereditarily separableX , we canusea quotient map
under a variety of set-theoretic hypothesesto produce a non-regular, hereditarily
strongly cwH, Fredhet-Urysohn space. In the next sectionwe will usethe hypothesis
\b=1,+ 9 an Ostaszewskispace." In a forthcoming paper, the restriction b=1!;
will be eliminated by using a di erent choiceof Y.

6. A consistent constr uction using Ost aszewski spaces

Denition  6.1. An Ostaszewskispace is a locally compact, locally courtable,
countably compactuncourtable spacein which every opensubsetis either courtable
or co-courtable.

If we omit \countably compact" in the foregoingde nition, we get the de nition
of a sub-Ostaszewskspace. All sub-Ostaszewskispacesare hereditarily separable
and scattered of height ! ;.

Example 6.2. [Assume\b = !, + 9 an Ostaszewskispace"] A locally countable,
hereditarily seprable, hereditarily strongly cwH space which is Frechet-Urysohnbut
not regular.

Let X bean Ostaszewskispace,sothat X canbe usedin the construction of Z in
the proof of Theorem 5.9. Let S be the quotient spaceof Z obtained by identifying
the points of ! f! g to a single point p. Clearly S is both locally courtable and
hereditarily separable.

S is not regular: If U is a neighborhood of p, it includesall points of! ! above
the graph of somefunction; now argue asin the proof that Z is not wD (@®).

S is Frechet-Urysohn: Every point of S hasa countable baseof nbhds except for
p, which hasa countable open neighborhood U = (! ! )[ fpg. This neighborhood
is homeomorphicto the well-known Fredet-Urysohn fan S(! ), and it is easyto see
that a subsetof Snfpg hasp in its closureif, and only if, it meets somecolumn
fng ! inaninnite set. Any sequencdisting the points of this set corvergesto

p.
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S is hereditarily strongly cwH: First note that S is Hausdor, sinceevery point
of X hasa neighborhood below the graph of somef , and p is outside its closure.

Let D be a discrete subspaceof S; by hereditary separability, D is countable.

Casel: D\ X hasco-courtable closure(in X, hencein S).

Then W = (SnD)[ D is countable, and clearly regular, so we can expand
(D\ X)[ fpg to a collection U of open sets that is discrete in W, and then
U[ ffdg:d2 D\ ! I gisanexpansionof D to a discrete collection of open sets
in W.

Case2: D\ X hascompact closure.

Then D \ X and p canbeput into disjoint opencourtable setsU and V. Because
X[ (! 1)isregular, wecanexpandD\ X to a countable collection U of disjoint
open subsetsof U, relatively discretein W = [(SnD) [ D]nfpg, all of which are
below the graph of somef . Then

[
U[ fVn Ug[ ffdg:d2D\! Ig

is an expansionof D to a discrete collection of open setsin (SnD) [ D.
In both caseswe are done|see the commeris precedingDe nition 2.3.

In a forthcoming paper, other examplesof hereditarily strongly cwH, Fredet-
Urysohn, nonregular spaceswill be constructed assumingthe Continuum Hypoth-
esis(CH). This complemens Example 6.2 somewhat becausethere are models of
CH in which there are no Ostaszewskispaces[ER] and also Ostaszewskispacesin
models where CH fails. For instance, V.l. Malykhin showved long ago[Ma] that Os-
taszewskispacescannot be destroyed by the usual method of adding Cohenreals,
while J. Tatch Moore showed recertlly [Mo] that adding uncountably many ran-
dom reals to any ground model in the usual way gives an Ostaszewskispace. A
generalization of this latter fact can be found in [DHM].

7. Some ZFC examples based on the Tychonoff plank

In this section we presert an assortmert of variations on the Tychono plank
that help clarify relationships between the properties we have studied here. The
following example shows that \lo cally Lindelof" cannot be dropped from Theorem
5.1(1).

Example 7.1. A regular, sattered, hereditarily wD(@) space whichis not wD(@).

Let X bethe spacewith underlying set! ; + 1 in which all points except! ; are
isolated, while a set cortaining ! 1 is openi its complemern is nonstationary. Let
Z be the subspaceof X (! + 1) obtained by removing the corner point (! 1;!).
In Z, no in nite subsetof the countable closeddiscrete subspaceE = f! ;g !
can be expandedto a discrete collection of open sets. HenceZ is not wD(@). On
the other hand, if D is a closed discrete subsetof Z of cardinality @; the non-
isolated points of D nE are cortained in ! ; f! g, and if there are uncourtably
many of them, there is a nonstationary subsetN of ! ; suchthat (N f! g)\ D is
uncountable. Then (N f! g)\ D can easily be expandedto a discrete collection
of open sets. Sincethe non-isolated points of Y form a closeddiscrete subspace,
the wD(@) property is clearly inherited by all subspacesf Y.
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Alan Dow cameup with the following modi cation of 7.1, included herewith his
permission.

Example 7.2. A hereditarily wD(@), hereditarily strongly ! -cwH regular space
that is neither -normal nor pseudonormal.

Use the same spacefor X asin 7.1, but instead of ! + 1 useY = Q[ fyg
wherey is a remote point of QnQ. Let Z be the subspaceof X Y obtained
by remaving the corner point (! 1;y). The argumernt that Z is hereditarily wD(@)
is essetially unchanged. Sincey is not in the closure of any nowhere densesubset
of Y, the product of any discrete subspaceof Q with X fails to have any point
of (X nfl;g) fygin its closure. On the other hand, if U is a neighborhood of
any densesubsetof Q, its complemen is nowhere dense,soU hasy in its closure;
consequetly, the subspacegX nf! i g) fygand Q f! ;g witnessthe failure of

-normality as well as of pseudonormality.

In [vDW], a ZFC example,due to Eric van Douwen, was announcedof a strongly
I -cwH (\Prop erty D") regular spacewhich is not pseudonormal,but van Douwen
doesnot seemto have ever published this example,so Example 7.2 may be the rst
example of such a spacein print.

Example 7.3. A pair of hereditarily cwH regular spacesthat are not -normal

Let Z be the product space(! 1 + 1) (Q[ fyg) with the corner point (! 1;y)
removed, and let S be the spaceobtained from Z by isolating the points of ! ; Q.
Discrete subspaceof f! ;g (Q[ fyg) expandto relatively discrete collections of
open setsjust asthey do in Example 7.2. From this, and from the fact that closed
discrete subspacesf both spacesare courtable, it follows that both Z and S are
strongly cwH. If D is a discrete subspaceof S cortained in ! ; fyg, then thereis a
nonstationary subsetN of! ; sudhthat D N fygandsoD canbe expandedto
a disjoint collection of open sets. Soany discrete subspaceof S can be expandedto
a disjoint collection of open sets. As for Z, the discrete subspaceof! ;1 (Q fyq)
omit a setofthe form C (Q fyg) whereC isclubin! {; so

If A is adensesubsetof f! ;g Q, and| is the set of successowrdinals in ! 4,
then A andB =1 fyg cannot be put into disjoint open setsin either S or Z, just
asin the proof that Example 7.2 is not -normal.

Neither Z nor S is strongly cwH: no in nite subsetof f! ;g (Q[ fyg) canbe
expandedto a discrete collection of open sets. There are ZFC examplesof strongly
cwH, hereditarily cwH regular spacesthat are not -normal, but the problem (see
Question 1.10) of nding onethat is hereditarily strongly cwH is still not completely
solved. In aforthcoming paper, howewer, onewill be constructed under the following
very generalaxiom:

Axiom 7.4. There is an uncountable cardinal suchthat2 = *.

To negatethis axiom requiresoneto assumethe consistencyof somevery large
cardinals; someinkling of how large they have to be is provided towards the end of
[F].

On the other hand, it takesonly a minor modi cation of the above examplesto
produce:
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Example 7.5. A hereditarily strongly cwH regular space that is neither -normal
nor pseudonormal.

This spaceS is coarserthan Example 7.2 and ner than the spacesof Example
7.3. Weusethe sameunderlying set[(! 1+ 1) (Q[ fyg)]nf(! 1;y)gfor S, re ning the
product topology by letting the points of ! ;  Q be isolated, while neighborhoods
of any point of f! ;g Q are of the form W U, where U is open in Q while
W = CJ f! ;gwith C aclub subsetof! ;. Neighborhoods of pointsin!; fygare
their usual product neighborhoods. Informally, S is Example 7.2 with the closed
discrete subspace(X nf! ;g) fygreplacedby ! ;.

To shaw that S is neither pseudonormalnor -normal, arguejust asin Example
7.2. The following facts show S is hereditarily strongly cwH: (1) discrete subsetsof
fl1g Q expandjust asin Example 7.2; and (2) if D is a discrete subspaceof ! 1;
then D omits a club subsetC of ! 1, and sothe limit points of D (Q[ fyg) are
just the limit points of D fyag.

Example 7.1 can be modi ed in the sameway as Example 7.2 was modi ed to
Example 7.5. If Y is a subspaceof the resulting space,then Y satis es a strength-
ening of wD(@): given any closeddiscrete subspaceD of Y sud that jDj = Aq,
there is a subspaceD of D such that D nDy is courtable, and sud that Dy can
be expandedto a discrete collection of open subsetsof Y. In fact, we cantake Do
tobeDn(f!1g !).

8. The flip side

This paper would not be complete without somemertion of what happenswhen
\normal,” etc. are switched with \[strongly] cwH" in the questionswe have posed.
On the one hand, it has long beenknown that V = L implies that every rst
countable normal space,and every locally compact normal spaceis cwH, hence
strongly cwH. The argumerts for thesefacts in [F] and [W2] readily generalizeto
show:

Theorem 8.1. [AssumeV = L] Every rst countable -normal space, and every
locally compact -normal space is cwH.

Theorem 8.2. [AssumeV = L] Every rst countable -normal space, and every
locally compact -normal space is strongly cwH.

On the other hand, it hasalsolong beenknown that MA(! ;) implies the existence
of alocally compact, locally countable, perfectly normal (hencehereditarily normal)
spacewhich is not cwH. This is just the reverseof the situation with the directions
we explored in the earlier sections. As shown in Section 4, V. = L implies the
existenceof a locally compact, locally countable, hereditarily strongly cwH space
that is not normal, while strengthenings of MA(! ;) seemto give the best chance
of a rmativ e answersto Questions1.6 and 1.7.

In other models of settheory, the cortrast is not so pronounced. Adding enough
Cohen reals makes every rst countable normal spaceand every locally compact
normal space(strongly) collectionwise Hausdor ; if we assumethe consistency of
supercompact cardinals, we can even get collectionwise normality [F]. As alluded
to in Remark 5.7, adding @ Cohenrealsto a model of V = L also makes every
rst countable strongly ! -cwH spacepseudonormal. However, if uncourtably many
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Cohen reals are added to any model of set theory, the forcing extension satis es
b=, and thus givesus a locally compact, locally countable spacethat is wD(@)
but not wD(@).

Random reals do not changeb, and the status of our questionsis unknown in
models where random reals are added to a model of MA(! 1), whereb > | ;; also
the status of the statemerts in Theorem 5.1 (1) and (2) is unknown. But the best
chance of going both ways|from normality-like properties to cwH-variations and
bad|seems to be the family of forcings which includes the one usedin solving
Katetov's problem. In these iterated forcings, generic sets are added at initial
stagesto all posetsof a certain kind (e.g., ccc) that do not destroy a carefully
crafted Souslin tree, and the last step consists of forcing with the tree itself. In
some of these models, every rst countable normal spaceis (strongly) cwH, there
are no locally compact S or L spaces,and many other consequencesfV = L and
of MA(! 1) hold simultaneously.
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