CARDINAL RESTRICTIONS ON
SOME HOMOGENEOUS COMP ACTA

Istv an Juhasz*, Peter Nyik os**, and Zol t an Szentmikl ossy*

Abstra ct. We give restrictions on the cardinalit y of compact Hausdor homoge-
neous spacesthat do not use other cardinal invariants, but rather covering and sepa-
ration properties. In particular, we show that it is consistent that every hereditarily

normal homogeneous compactum is of cardinalit y c. We intro duce property wD( ),
intermediate between the properties of being weakly -collection wise Hausdor and
strongly  -collection wise Hausdor, and show that if X is a compact Hausdor ho-
mogeneous spacein which every subspace has property wD( @ ), then X is countably
tight and hence of cardinality  2°. As a corollary, it is consistent that such a space
X is rst countable and hence of cardinalit y c. A number of related results are shown
and open problems presented.

In this paper, \space" means\Hausdor space"and\compactum” standsfor \in-
nite compact (Hausdor ) space.” It is well known that every compactum without
isolated points is of cardinality o= 2@).

At the end of [vM], Jan van Mill posedthe following problem:

1.1. Problem. Is everyTs [that is, hereditarily normal] homayeneus compactum
of cardinality c?

In a July 2003seminarat the Alfred Renyi Institute in Budapest, he conjectured
that the answer to his question was positive. In this paper, we show that it is
consistent that the answer to van Mill's questionis positive [Theorem 2.8]. We also
shaw it consistent [Theorem 3.2]that every homogeneousompactumthat is hered-
itarily wD(@) is rst countable and hence,by a famoustheorem of Arhangel'ski ,
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of cardinality c. This theorem says that jXj 2 X) for all compact Hausdor
X, where (X); as usual, stands for the character of X. When combined with
the Cedh-Pospisil theorem, this implies that every homogeneouscompactum X is
exactly of cardinality 2 X).

1.2. Denition. Let beacardinal number. A spaceX is weakly -collectionwise
Hausdor [resp. satis es property wD( )] if every closed discrete subspaceD of
cardinality hasa subsetDg of cardinality which can be expandedto a disjoint
[resp. discrete] collection of open setsUy such that Ug\ Do = fdg for all d2 Dy.

Weuse\ -cwH" asanabbreviation for\ -collectionwiseHausdor ": without the
modi er \w eakly" this meansthat Dy can betakento be D in the above de nition:

1.3. Denition A spaceX is [strongly] -cwH if every closeddiscrete subspaceD
of cardinality can be expandedto a disjoint [resp. discrete] collection of open
setsasin De nition 1.

In Cohen's original model for the negation of the Continuum Hypothesis (CH),
and indeed in any model obtained by adding @ Cohen reals to a model of ZFC,
every locally compact normal spaceis @-cwH. This well-known fact can be showvn
by applying the technique of proof of [W, Theorem 3] to [DTW, Theorem 1.4].

It is alsowell known and easyto prove that every normal -cwH spaceis strongly
-cwH; similarly, every normal, weakly -cwH spacehasproperty wD( ). Therefore,
every Ts, locally compact spaceis hereditary strongly ! 1-cwH and hence heredi-
tarily wD(@) in any generic extension obtained by adding @ Cohenrealsto an
arbitrary ground model. This fact gures prominently in the proof of Theorem 2.8
that yields a consistert Yesanswer to Problem 1.1.

With one exception that we know of, the theoremsin this paper represen the
rst restrictions on the cardinality of homogeneouscompacta that do not assume
restrictions on other well-known cardinal functions (character, cellularity, tightness,
etc.). The exceptionis that every monotonically normal homogeneouscompactum
is rst countable (and therefore of cardinality ¢). This hasbeenpart of the folklore
for sometime, but we give a quick proof below (Theorem 3.6). Monotone normality
is a very strong property, and Problem 1.1 askswhether at least the weaker part of
this result can be extendedto the much wider classof Ts homogeneousompacta.
Perhaps (seeProblems 3.4 and 3.5 below) the stronger part can be extended also.

A dichotom y and a consistency result for Problem 1.1

We beginwith alemmawhich we hope to be of independert interest. Recall that
a (local) -basefor a point x of a spaceX is a family U of non-empty open sets
such that every neighborhood of x contains a member of U. The least cardinality
of a -basefor x is calledthe -character of x in X and is denotedby  (x; X).
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2.1. Lemma. LetY be a locally compact space. The set of points y which fail to
satisfy at least one of the following two properties is densein Y.

@ Y)=1".

(b) Every G containing y has nonempty interior.

In particular, if Y has both points satisfying (a) and points satisfying (b), then
Y cannot be homageneus.

Proof. If Y has a denseset of isolated points, then (a) fails for these and we are
done. [Somepapers usethe convertion that  (y;Y) = ! ewenif y is isolated, but
not this paper.] Otherwise, let A be the closure of the set of isolated points. It is
enoughto show that the (locally compact) subspaceY nA hasa denseset of points
where at least one of (a) or (b) fails. In other words, it only remainsto prove our
Lemma for the casewhere Y has no isolated points, and we assumethis from now
on.

Let Uy be any nonempty open subsetof Y with compact closure. We de ne a
descendingwell-ordered family of such setsby induction. If is an ordinal and U
has beende ned, let U ,; be any nonempty open set whose closure is a proper
subsetof U .

If isalimit ordinal and U hasbeende ned for all < ,then C = TfU

< (g is nonempty becauseit is the intersection of the chain of compact sets
fU : < g If isof courtable conality, andy is a point of C satisfying (b),
then C, being a G ; has nonempty interior and we may let U be the interior of
C. If is of uncountable conality and y is a point of C satisfying (a), then let
fVh :n 2! gbeacountable -basefory. Since is of uncountable co nalit y, there
must exist n such that V,, U for conally many 2 , but thenV, U for all

2 becausethe U 's are nested,henceV,, C. Sonow wecanletU =V, and
cortinue the induction.

Eventually the chain stops at somelimit ordinal , i. e. the intersection C has
empty interior. But then all the points of C fail to satisfy (b) if is of courtable
co nalit y and to satisfy (a) if is of uncountable co nalit y. SinceU, wasarbitrary,
this completesthe proof.

2.2. Corollary. If Y is alocally compact space in which every point is non-isolated
and of countable -character, then the union of the closal nowhere denseG -subsets
of X is densein X.

By a theorem of Shapirovski, every compact Ts spacehas a point of courtable
-character, so that (a) in Lemma 2.1 is automatically satis ed by some points
of any Tg compactum. This theorem of Shapirovski is a corollary of his remark-
able theorem that a compactum cannot be mapped contin uously onto [0; 1]@ |
every subcompactum has a point of courtable relative -character. This givesus
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many classesof compactawith points of countable -character, including the class
of countably tight compacta. Two other classesare given by the following two
theorems, which seemto be new:

2.3. Theorem. If X is a hereditarily weakly ! ;-cwH compact space, then X cannot
be mapped continuously onto [0; 1] .

Proof. Supposef : X ! [0;1]@ is a continuous onto function. Let F be a closed
subset of X sudh that the restriction of f to F is irreducible; that is, no proper
closedsubsetof F mapsonto [0;1]@. Let Q be a courtable densesubsetof [0; 1]@ .
By irreducibilit y, a subsetof F which meets ea point-inversef (q) (g2 Q) is
densein F; henceF is separable. By the hereditarily weakly ! ;-cwH property, F
cannot have an uncourtable discrete subspace;but [0;1]@ doeshave one, and this
contradicts surjectivity of f .

An alternativ e proof of Theorem 2.3 usesthe fact that [0; 1]@ satis es the court-
able chain condition, and that a closedirreducible map hasthe property that a pair
of disjoint nonempty open setsin the domain have imageswith nonempty interiors,
and theseinteriors are disjoint.

2.4. Theorem. If X is a compact space satisfying wD(@) hereditarily, then X
cannot be mapped continuously onto [0; 1]@.

Proof. Let Y bethe Tychono plank, (1 ! +21)[ (!1+1 !), letS bea copy
of [0;1]@ that contains Y, and let f : X | S be a continuous onto function. Let
Z = f 'Y and for eadh point h ;ni in!y !;letx( ;n)2f fh ;nig. Since
the preimageof (! ;1 + 1 fng) is compact, there is a condensation point z, of
fx( ;n): 214)g,andz, 2 f 1fh! 1;nig. Clearly fz, : n 2 ! gis closeddiscrete
in Z.

SupposeA is an in nite subsetof! and fU, : n 2 Ag is a family of open sets
satisfying z, 2 U, for all n 2 A. For every n 2 A, the closure of-l-Un contains
the preimageof C, fng for someclub subsetC, of!';. Fix 2 ,, C, and
let x, 2 f fh ;nig\ U, for all n 2 A. Sincethe preimageoff g ! + lisa
compact subsetof Z; there is an accurnrulation point of fx, : n 2 Ag, which shows
that fU, : n 2 Agis not a discrete collection.

2.5. Corollary. If X is a compact space that is either hereditarily weakly ! ;-cwH
or hereditarily wD(@), then X has a denseset of points of countable -character.

The condition on discrete subsetsthat appearsin our next lemma is clearly
satis ed by any Lindelof space. Further information on it will be given in and
following Theorem 4.1.

2.6. Lemma. LetX bea hereditarily wD(@) space, suchthat every discrete subset
of X of cardinality @ hasa completeaccumulation point. Let D be a discrete subset
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of cardinality @ and let H be a closel G -subsetof X containing all the complete
accumulation points of D. Then H has nonempty interior.

Proof. Obviously, D nH is courtable. Let Y = X n(D\ H)% where(D\ H)°stands
for the derived set of all limit points of D\ H. SinceD is discrete,D\ H is a closed
discrete subsetof Y of cardinality @. Let U be a discrete (in Y) family of @ open
subsetsof Y expanding @ points of D\ H. SinceH isclosed,(D\ H)° H andso
Y nH = X nH is a countable union of closedsubsetsF, (n 2 !) of X. Soall but
countably many members of U are subsetsof H: otherwise, we could pick points
of uncountably many of them in some xed set F,, and thus have an uncountable
closeddiscrete subsetof F, and henceof X .

2.7. Theorem. |If X is a homayen®us compact space satisfying wD(@) heredi-
tarily, then X is countably tight and hene of cardinality = 2°.

Proof. If X is of uncountable tightness,then by the main theorem of [JSz], X has
afree! 1-sequenceconverging to somepoint y. A free! ;-sequen@ in a spaceX is a
family fx : < !;gofpoints sut that, foreadh <! 1, theclosureoffx : < g
doesnot meetthe closureoffx g. It is easilyseenthat every free sequencas
a discrete subspace.To say that it convergesto y is to say that every neighborhood
of y contains all but courtably many of its points. Equivalently, y is the only
completeaccunrulation point of fx : < !;g. Now, every G containing y shrinks
to a closedG that also contains y by regularity of X, and so, by Lemma 2, has
nonempty interior. Consequetly, y satis es condition (b) in Lemma 2.6. However,
this contradicts the homogeneiyy of X becauseof Corollary 2.5 and Lemma 2.1.

For the secondconclusion,we usethe theorem in [J2] that every compact space
of courntable tightness has a point of character c¢. By homogeneiy, this implies
ewvery point is of character ¢, andsojXj 2° by the Arhangel'ski Theorem.

We are now ready to give the consistet armativ e answer to Problem 1.1
promised in the intro duction.

2.6. Theorem. If (at least) @ Cohenreals are addel to any model V of ZFC, the
resulting extension W has the property that every homagen®us Ts compactum is
countably tight and of character @, hene of cardinality 2@ . In particular, if
(2@)V Cohenreals are addel, then in the resulting extension every homayeneus,
countably tight compactum, hene every homageneus T s compactum is of cardinal-
ity C.

Proof. By the remarks following De nition 1.3, every homogeneouscompact T 5
spacein W satis es property wD(@) hereditarily, and henceis countably tight by
Theorem 2.7. Moreover, in [J2] it is shovn that every compact spaceof countable
tightnesshas a point of character @ in an extensionobtained by adding just @
Cohenreals to an arbitrary model of ZFC. [It is also conjectured there that this
may actually be true in ZFC.] But rst adding @ Cohen reals and then adding
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@ is equivalent to adding @ Cohenreals all at once. Thus if one adds (at least)
@ Cohenrealsthen in the resulting extension every homogeneouscompact space
of countable tightnessis of character @, hence of cardinality 2@ py the
Arhangel'ski Theorem. Finally, if (2@)V Cohenrealsare added, then the resulting
model of ZFC also satis es c= 2@,

3. Obtaining rst countabilit y in some homogeneous compacta

Arhangel'ski has conjectured [A] that evey homogeneousgcountably tight com-
pactum is of cardinality c¢. Theorem 2.8 proves the consistency of this, but the
conjecture is alsoa consequencef the Proper Forcing Axiom (PFA), which implies
that every countably tight compactum has a point of rst countability [D1], [J3,
Theorem 3.3].

Our next theorem usesa di erent, much weaker axiom to get rst countabilit y
of homogeneous,hereditarily wD(@) compacta. For corvenience, we adopt the
following terminology.

Axiom |. Every locally compact spaceof countable spread has a point of rst
countabilit y.

Axiom L: Every locally compact spaceof countable spreadis hereditarily Lindelof.

It makes no di erence whether we leave out \lo cally" in either axiom, since
countable spread(viz., the property that every discrete subspaceis countable), the
hereditary Lindelof property, and the existenceof a point of rst courntability are
obviously presened on taking the one-point compacti cation. Going in the opposite
direction, one obsenesthat in a locally compact space,a point has a countable
local basei it isaG , and every point of a locally compact spaceis corntained in a
compactG . Also, sinceevery point isa G in aregular hereditarily Lindelof space,
Axiom L implies Axiom |.

A well-known old result of the third author is that Axiom L is true under MA(! 1)
[Sz], [R, 6.4.]. It is alsotrue in various models obtained from a courtable support
iteration of forcing with all ccc [or all proper] posetsthat do not destroy a certain
coherent Souslintree and then forcing with the tree. However, we do not know if
Axiom | is strictly weaker than Axiom L.

Before giving the theorem using Axiom |, however, we needto prove the following
ZFC result.

3.1. Lemma. In alocally compact, hereditarily wD(@) space, the boundary of any
open Lindelof subsethas countable spread.

Proof. Let H be an open Lindelof subsetof a spaceX as described. Let D be a
discrete subspaceof the boundary of H; sinceH is open, its boundary is H nH.
Let D be the derived setof D; sinceD is discrete, D°= D nD. Also, D%is disjoint
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from H becauseH nH is closed. HenceH is a subsetof W = H nD° and D is
closedin the relative topology of W.

If D were uncountable, there would be an uncourntable subsetDg of D with a
discrete-in-W open expansionfUy : d 2 Dgg. But thenfUg\ H :d2 Dgg would be
an uncountable discrete-inH collection of subsetsof H, and this is a contradiction
sinceH is Lindelof. HenceD is courntable.

3.2. Theorem. AssumeAxiom |. Then every homaggen@us, hereditarily wD(@)
compactum is rst countable and hence of cardinality c.

Proof. Let X be a compactum as above. By homogeneiy and Corollaries 2.2 and
2.5, every point in X is contained in a nowhere denseclosedG setB. The com-
plemert of B is an open Lindelof subspacewhoseboundary is B, and so B is of
countable spread by Lemma 2.6. Now we use Axiom | to concludethat B has a
point x which is a relative G -subsetof B. But sinceB is itself a G -subsetof X,
it followsthat x isa G -point of X and hencea point of rst countabilit y. Another
application of homogeneiy givesus rst countability of X .

Although Axiom | doesnot hold in the models obtained by adding Cohenreals,
the following conjecture seemsreasonablein the light of Theorems2.8 and 3.2.

3.3. Conjecture. It is consistent that every homayen®us Ts compactum is rst
countable.

Jan van Mill has obsened that in any model of 2@ < 2@ 3 Yes answer to
Problem 1.1 would imply that every Ts homogeneousompactumis rst courtable,
since every compact spaceof cardinality < 2@ has a point of rst courtabilit y by
the Ced-Pospisil Theorem. Of course,the models of Theorem 2.8 that do give a
Yes answer to Problem 1.1 satisfy 2@ = 2@: At the moment, the best candidate
for con rmation of our conjecture is one of the models whoseconstruction involves
a coherert Souslintree. Positive answersto both of the following questionsin the
samemodel of set theory would also con rm the conjecture:

3.4. Problem. Is every homagen®us Ts compactum countably tight?
3.5. Problem. Is every homayeneus countably tight compactum rst countable?

As we have seen,the PFA implies a positive answer to Problem 3.5, and the
answer to Problem 2 is positive in modelsfrom Theorem 2.8, but we would alsolike
to have it the other way around!

As indicated in the introduction, Conjecture 3.3 is provable in ZFC for mono-
tonically normal compacta.

Theorem 6. Every monotonically normal homayeneus compactum is rst count-
able and hene of cardinality c. Moreover, it is hereditarily paracompact.

Proof. This is a quick corollary of the following theorem of Williams and Zhou
[WZ], [J3, 3.12]:
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Let P(p;X) denote minf : pisnotaP --point of Xg (i.e., P(p;X) is the
smallest size of a family of neighbourhoods of p in X whose intersection is not
a neighbourhood of p). Then in a monotonically normal compact spaceX , the set
of all points p such that (p;X) = P(p;X) is densein X.

Sincea compact P-spaceis nite, P (p;X) is countable for all points of a compact
homogeneousnonotonically normal space,and sothe spaceis rst countable.

For the hereditary paracompactnessjust usethe Balogh-Rudin theorem that a
monotonically normal spaceis hereditarily paracompacti it contains no homeo-
morphic copy of a stationary subsetof ! ; [BR], and the elemerary fact that no
rst countable compact spacecan contain sud a copy.

If weassumeMA(! 1) + Axiom R, we canrelax \monotonically normal” in Theo-
rem 3.6 to \hereditarily strongly ! ;-cwH." [Recallthat every monotonically normal
spaceis hereditarily collectionwise normal.] Theorem 3.2 givesus rst countabil-
ity since MA('! 1) implies Axiom I, and hereditary paracompactnessfollows from
Balogh's theorem [B] that MA(! ;) + Axiom R implies every hereditarily strongly
I 1-cwH spaceis either hereditarily paracompactor contains a perfect preimage of

.

The following question lies at the opposite extreme of generality. It is completely
open|w e have no consistencyresults in either direction.

3.7. Problem. Is every homagyen®us compactum either rst countable or contin-
uously mappable onto [0; 1]@ ?

For homogeneousccc (that is, countable cellularity) compactathe answer is Yes
if oneassume@® < 2@ This is becausgXj 2°X) X) for homogeneouspaces
[A], and so any homogeneouscc compactum of cardinality > c is also of uncourt-
able -character and hence cortinuously mappable onto [0;1]@ by Shapirovski's
theorem. On the other hand, sincejXj = 2 X) for every homogeneousompactum,
2@ < 2@ jmplies that every homogeneousompactum of cardinality cis rst count-
able. This reasoningextendsto higher cardinals, and results in sud considerations
as the following: if, as some suspect, every homogeneouscompactum is of cellu-
larity ¢ then 2¢ < 2¢ implies that every homogeneouscompactum is either of
character cor admits a continous map onto [0; 1]C+ :

Problem 3.7 is closely related to the following general problem about compacta:

3.7° Problem. Is it consistent that every compactum either has a point of rst
countability or admits a continuous map onto [0; 1]@ ?

There are compacta satisfying neither condition in various models of set theory,
including those satisfying CH [F] and those satisfying | or its weakening (t), which
holds whene\er a single Cohenreal is added [J1].
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Our next theorem features a use of the property that every open Lindelof sub-
spacehas hereditarily Lindelof boundary. This property is satis ed by every locally
compact spacesatisfying wD(@) in any model of ZFC where Axiom L holds, by
Lemma 3.1. It is already strong enoughto imply rst countability in any homo-
geneouscompactum [Theorem 3.11]. We will make use of two lemmas, the rst of
which is very easy cf. [Ny] or [B].

3.8. Lemma. In alocally compact space, every point hasan open Lindelof (equiv-
alently: -compact) neighlorhood.

3.9. Lemma. Let X be a locally compact space such that every Lindeloef subset
has Lindelof closure. Then any two disjoint closel subsetsof X, one of which is
Lindelof, can be put into disjoint open sets. Hencee X has Property wD(@).

Proof. Let A and B be disjoint closedsubsetsof X . If A is Lindelof, then Lemma
3.8 gives a§ourtable cover U of A by open Lindelef sets, none of which meetsB.
Then U = U is Lindelof, and so A and B\ U are disjoint closedLindelof subsets
of X and hencecan be put into disjoint open subsetsV and W of X. Then V and
W [ (X nU) are disjoint open subsetsof X cortaining A and B, respectively.

For the nal conclusion, note that X is pseudonormal (that is, every pair of
disjoint closedsubsets,one of which is countable, can be put into disjoint open sets)
and usethe easyfact [vD, 12.1] that ewvery pseudonormalspacesatis es wD(@).

Before going on to Theorem 3.11, we note an interesting \stepping-down" con-
sequenceof Lemmas3.1 and 3.9 in the presenceof Axiom L.

3.10. Corollary. [Axiom L] Let X be a locally compact space. If X is hereditarily
wD(@), then X is hereditarily wD(@).

Proof. First, note that the property of beingwD( ) is inherited by all subspacesf
it is inherited by all open subspaces.This is because,f Y is a subspaceof X and
D is a closeddiscrete subspaceof Y, then D is also closeddiscretein the (open, in
X) subspaceX nD? where D° again stands for the derived set of D in X. Soif
we de ne Dy and the setsUy asin De nition 1, with X nD? playing the role of X ,
then the tracesUg \ Y will be a discrete collection of open subsetsof Y expanding
Do in Y, asdesired.

Next, let Y be an open subspaceof X . SinceY is locally compact, it follows from
Lemma 3.1 and Axiom L that every open subspaceof Y has hereditarily Lindelof
boundary, and hencethat ewvery Lindelof subspaceof Y has Lindelof closure. Now
useLemma 3.9 to concludethat Y has Property wD(@).

Corollary 3.10requires more than just ZFC: it is easyto modify Ostaszewski's
spaceusing } to get a hereditarily separablelocally compact locally courtable
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spacewhich is not wD(@); yet it is vacuously (hereditarily) wD(@). It is also not
possibleto drop local compactnessfrom Corollary 3.10. Let X be the spacewith
underlying set! ; + 1 and in which all points except! ; are isolated, while a set
containing ! ; isopeni its complemert is nonstationary. Let Y be the subspaceof
X 1 + 1 obtained by removing the cornerpoint i 1;!i. In Y, noin nite subsetof
the countable closeddiscrete subspaceE = f! ;g ! canbe expandedto a discrete
collection of open sets. HenceY is not wD(@). On the other hand, if D is a closed
discrete subsetof Y of cardinality @ ; the non-isolatedpoints of D nE are contained
in!y, flg, andif there are uncourtably many of them, there is a nonstationary
subsetN of ! ; such that (N f! g)\ D is uncountable. Then (N f!g)\ D
can easily be expandedto a discrete collection of open sets. Sincethe non-isolated
points of Y form a closeddiscrete subspacethe wD(@) property is clearly inherited
by all subspacef Y.

3.11. Theorem. LetK beahomayen@uscompactum in whicheveryopen Lindelof
subspce has hereditarily Lindelof boundary. Then K is rst countable.

Proof. Let p2 K andlet X = K nfpg. If X is Lindelof then pisa G -point in K,
hencea rst countabilit y point, and we are done. Sowe may assumethat X is not
Lindelof.

Next we showv K satis es wD(@) hereditarily. Indeed, the property that every
open Lindelof subspaceof K hashereditarily Lindelof boundary is inherited by open
subspaceof K . It follows that if Y is an open subspaceof K, then every Lindelof
subspaceof Y hasLindelof closure;henceY satis es wD(@), and soevery subspace
of K satises it (seethe rst paragraphin the proof of Corollary 3.10).

From Corollary 2.5 we get that K has a denseset of points of countable -
character. Since p is non-isolated, X is noncompact and so contains a noncom-
pact, Lindelof open subsetX o, as can be easily shovn by repeated applications of
Lemma 3.8. Continue inductiv ely through the countable ordinals, de ning a strictly
increasing chain of Lindelof open subsetsof X as follows. We get X ,; once X
is de ned, by covering the boundary of X with courntably many open Lindelof
subspacesf X . Note that X ,; canbe chosento be strictly larger than c'x (X );
this is g/herewe usethe assumptionthat X is not Lindelof. At limit ordinals let

X = fX : < ¢ By induction, X is Lindelof and has hereditarily Lindelof
boundary for all countable
Having nished the induction, X,, = fX : < l;gis a non-Lindelef open

subsetof X. If X, is clopenin X, then for every open neighbourhood U of p in
K the compact set X, , nU is cortained in X for some < !;. Consequetly,
every G -setcortaining p cortains X, , nX for some < !; and sohasnonempty
interior. This meansthat p can play the role of y in Lemma 2.1 (b). Otherwise,
since X satis es wD(@) hereditarily, any point on the boundary of X, in X is
isolatedin Bdx (X, ,) [Ny2, Lemma1.6],and socanplay the role of y in (b) similarly
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to p in the casewhere X, , is clopenin X. This, by Lemma 2.1, cortradicts the
homogeneiy of K and shaws that X is indeed Lindelof.

Our next problem involvescondition (b) in Lemma 2.1, which in a homogeneous
spaceis equivalent to every nonempty G having nonempty interior. Spaceswith
this latter property are often called pseudo-Pspaces

3.12. Problem. Is there a homayen®us pseudo-Pcompactum?

The Stone-Ced remainder of ! is a pseudo-Pcompactum, but is well known not
to be homogeneous.Jan van Mill has obsened that any pseudo-Pcompactum of
weight ! ; has a denseset of P-points (just use W. Rudin's argumernt that CH
implies ! ! hasP-points) and so an example for Problem 3.12 would have to
have weight > ! ;.

Concluding remarks

Finally, here is someinformation about the hypothesisusedin Lemma 2.6. It
shaws that, at least consistertly, the assumptionthat all discrete subspacef size
@ have condensationpoints is strictly weaker than the samefor all subspacesof

size@:
4.1. Theorem. The following are equivalent.

(1) Thereis an S-space.

(2) There is a regular locally countable uncountable space of countable spread.

(3) There is a regular space X in which every discrete subspce of cardinality
@ has a complete accumulation point, yet there is a subs@ce of cardinality
@ without a complete accumulation point.

Proof. (1) =) (2) is well-known [cf. the proof of Theorem 3.1 in [R]], and
(2) =) (3) is obvious. Tosee(3) =) (1), takeY X of size @ with
no complete accunulation point. Then Y must have countable spreadand is not
Lindelof, henceit contains an uncountable right separatedsubspaceZ. But then Z
is an S-space[R, proof of 3.3.].

The condition that every subsetof cardinality @ has a complete accunulation
point is known as C[@; @] and is equivalent to every open cover of cardinality
@ having a countable subcover. More generally Saks[S1] de ned a spaceto be
C[n; m] if every subsetA satisfyingn jAj m hasacompleteaccurulation point.
Saksnoted that the outline of [K, Exercise5I] can easily be modi ed to show that
C[n; m] implies every open cover of cardinality = m has a subcover of cardinality
< n. The converseis alsotrue if m< @ ascan be shown by a slight modi cation of
the proof that a spaceis initially m-compacti ewvery in nite subsetof cardinality

m has a complete accunulation point [S2, Theorem 2.2].
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We closeby recalling a quirk of terminology. The expression,\ nally compact
in the senseof complete accunulation points,” is usually taken to meanthat every
in nite subset of regular cardinality has a complete accunulation point. This is
equivalent to the spacebeing linearly Lindelof [H].
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