Antidiamond and anti-PF A axioms and top ological applications
[Incomplete preliminar y draft]
by Peter Nyikos

Abstract: In the last ten years, a number of axioms have beenidentied which
might be called \antidiamond" axioms and \anti-PFA" axioms. The antidiamond
ones featured in this talk are all compatible with 2@ < 2@ but have a strong
PFA-like avor besidesbeing implied by the PFA. The anti-PFA axioms are all
compatible with M A(! ;) and, with one possible exception, follow from V=L and
have a diamond-like avor. Someare purely set-theoretic, others are unavoidably
topological. Among the applications of the antidiamond axioms are the consis-
tency of every normal, locally compact, linearly Lindelef spacebeing Lindelof, and
seeral metrization theoremsfor manifolds. Contrasted with the latter is the con-
struction of a nonmetrizable hereditarily collectionwise normal 2-manifold from a
club-guessingaxiom compatible with M A(! ;). This in turn is in cortrast to the
PFA implying that every hereditarily collectionwise normal 2-manifold of dimension
> 1 is metrizable.

Settheoretic consistencyresults have beenwith usfor along time in the metriza-
tion theory of manifolds, beginning with Mary Ellen Rudin's theoremthat the Con-
tinuum Hypothesis(CH) implies the existenceof a perfectly normal, nonmetrizable
manifold, [RZ] and her theoremthat M A+ : CH implies all perfectly normal mani-
folds are metrizable.[R2] Shealsoused} to construct a perfectly normal, countably
compact nonmetrizable manifold, while | recertly usedthe Proper Forcing Axiom
(PFA) to show the consistencyof the statemert that all normal, hereditarily strongly
cwH manifolds of dimension> 1 are metrizable [N3].

In this talk we give someresults using \antidiamond" axioms with a PFA-like
avor and \antiPFA axioms" with a diamond-like avor to give theoremsand ex-
amplesthat run against the current of the secondpair of results just mentioned.
The \antidiamond" axioms are featured in the rst section.

Section 1. Some antidiamond axioms with applications to manifolds

We begin with somepurely topological axioms. | have not beenableto nd any
natural combinatorial axioms from which the rst can be derived:

Axiom 1. The FCCC Dichotomy: Every rst countable, countably compact Haus-
dor spaceis either compact or contains a copy of ! ;.

The FCCC Dichotomy is a pure dichotomy: if W is a copy of | ; in a compact
Hausdor space, then the closure of W is a copy of ! 1 + 1, which is not rst
countable. The FCCC Dichotomy was rst shown consistert by Zoltan Balogh in
1987. A proof that it follows from the PFA appearsin [D]. Its consistencywith
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CH was shavn in 1999 and published in [EN1]. The consistencyof its negation
was showvn by Ostaszewskiin 1973 using CH +| ; see[R]. In 19791 showed that
the wealkening of | to Axiom 3 [seebelow], which is even compatible with MA +:

CH, is enoughto produce a counterexample. This was written up in [F]. In this
paper we will shaw that the strictly weaker Axiom 5 is enoughfor this (Example
1, Section 3.) In Section 5 we will construct an ertirely di erent counterexample
using Axiom 3, a 2-manifold.

Axiom 1 hasbeenusedto settle the ZFC-independenceof a statemert motivated
by a classictheorem:

Theorem. [Sneider,1945]A compact space is metrizableif, and only if, it is Haus-
dor and hasa G -diagonal; that is, the diagonal f (x; x) : x 2 X g is a countable
intersection of open sets.

This theorem was extendedto all regular countably compact spacesby J. Chaber
in 1975. One might naturally expect these two theorems to either stand or fall
together if \G -diagonal" is weakenedto \small diagonal:

De nition. A spacehasa small diagonalif, wheneer A is an uncountable subset
of X X that is disjoint from the diagonal , thereis a neighborhood U of sudch
that U nA is uncountable.

But in fact, this is not the case. On the one hand, we know that CH implies
every compact Hausdor spacewith a small diagonal is metrizable. We do not
know whether ZFC implies this as well; but, be that asit may, the corresponding
statemert about regular countably compact spacess independert not only of ZFC,
but also of CH. On the one hand, Gary Gruenhagehas shovn [G]:

Theorem. [CH + FCCC Dichotomy] Every countably compact regular space with
a small diagonal is metrizable.

On the other hand, Oleg Pavlov [DP] hasconstructed a counterexample assuming
} *. His example is a perfect preimage of ! ;. [A corntinuous function is called
perfect if it is closedand the preimage of ead point is compact.]

Here is a pair of topological axioms which can be derived from a pair of combi-
natorial axioms given in Section 3.

Axiom 2 [2"]. The [Strong] LC Dichotomy: If X is locally compact and Haus-
dor, and :X ! ! iscontinuousand onto, then at least one of the following is
true:
(1) There is a subspaceW of X sud that W is a perfect map onto a club.
(2)(2*) There is a closeddiscrete subspaceD of X suc that (D) is stationary
[resp. a club].

| am being somewhatloosein calling this a dichotomy, sincethe alternativesare
not mutually exclusive.
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The LC Dichotomy was rst shown consistert by Zoltan Balogh around 1982,
when he showved that it followed from MA+not-CH (in fact he got every locally
countable subspaceto be the courntable union of closeddiscrete subspacesof X)
unless X contained a perfect preimageof ! ;. Its consistencywith CH was showvn
in 1997 and will appear in [EN2]. Ostaszewski'sspaceshows that its negation is
consistent with CH.

The strong LC dichotomy cannot be obtained by ccc forcing, and does not
follow from MA+not-CH, but it does follow from the PFA. It is consistert with
2@ < 2@ pyt it is unknown whether it is consistert with CH.

Theorem 1.1. [2® < 2@ + FCCC Dichotomy + Strong LC Dichotomy] Every
Ts, countably compact manifold of dimension > 1 is metrizable.
SupposeM is a courterexample.

Step 1: By FCCC Dichotomy, there is a copy of ! ; in any countably compact,
nonmetrizable subspaceof M .

Step 2: Use2@® < 2@ to shov M is ! -bounded, i.e., every courtable subsethas
compact closure.

Step3: Write M as fM : <! whereese\m M is a metrizable submanifold

andM M whenever < ,andM = fM : < gwhen is a limit
ordinal. S
Step4: Let X = fM nM : < !l;gandlet :X ! !; bedened by
(x)= forallx2M nM . Then is cortinuousonto.

Step 5: Remove a copy Wy of ! ; from M. This gives either an uncountable
closeddiscrete subspaceD by (1) of Strong LC Dichotomy, or another copy W,
of I ; in two stepsusing (2) and then FCCC Dichotomy.

Step 6a: If (1), get a ladder system spaceon a club and use 2@ < 2@ which
implies [DS] that there is a piecewisemonochromatic, non-uniformizable 2-coloring
of any ladder systemon a club. Thesecolorings are assaiated with a pair of closed
discrete subspaceof M nWq which cannot be put into disjoint open sets.

Step 6b: If (2), useUrysohn'slemmaand line up copiesof! ; to geta non-normal
subspaceasin [N3]. The subspacecan be an \NN-plank” asde ned in [N2].

For 6b we can also rely on the highly usefullemmain [N1] about how a perfect
preimageof ! ; containing in n tely many disjoint copiesof ! ; can be neither Ts nor
hereditarily strongly cwH.

Theorem 1.2. [FCCC Dichotomy + LC Dichotomy] Every hereditarily strongly
cwH, countably compact manifold of dimension > 1 is metrizable.

This time, Step 2 can be done in ZFC, Step 5 needsonly a stationary image
for D, and Step 6a usesthe Pressing-Davn Lemma. For Step 6b we repeat the
construction of a copy of ! ; in nitely many times, and usethe lemma from [N1].



The Rudin-Zenor perfectly normal manifold constructed using CH is an S-space
[RZ], so\countably compact" cannot be replacedwith \! ;-compact” in either The-
orem 1 or Theorem 2: in both casesthe axioms used are compatible with CH.
(2@ < 2@ even follows from it.) The best| have beenable to do with ! ;-compact
manifolds is:

Theorem 1.3. [PFA] Every ! ;-compact hereditarily strongly cwH manifold of di-
mension > 1 is metrizable.

Section 2. Anti-PF A axioms that negate Axiom 1

All the \An ti-PFA" axiomswith which we deal are presened by cccforcing, and
hencecompatible with M A + : CH. But somehave better presenation properties
than others. The following axiom is not presened by countably closedforcing: it
is destroyed by adding @-many Cohen subsetsof ! ;.

Axiom 3. KH?*: Thereis a baseB for the club Iter on! ; sud that B (=
fB\ :B 2 Bg)iscountable forall 21! ;:

On the other hand, the following axiom is not even destroyed by any ! -proper
forcing [l]:
Axiom 4. There is a club-guessingadder systemon ! ;. That is, there is a ladder
systemfL : 2 gsud that for everyclub C !4, thereis sud that L C.

As in [ENZ2], I will often referto Axiom 4 as| ¢. because| is the axiom which
strengthens\every club” to \every uncourtable”. Similarly, | let | s strengthen it
to the intermediate \every stationary."

In Section 5, we will shav that Axiom 4 is enoughto show the existenceof a
hereditarily collectionwise normal, countably compact 2-manifold. This manifold
shaws that the weakening of FCCC Dichotomy by substituting \p erfect preimage
of I 1" for \copy of ! ;" doesnot work in Theorem 1 or Theorem 2. The long line
shows dim > 1 is needed.

Section 6 givesmore information about Axioms 3 (KH ™) and 4 (] ¢), including
a short proof that the former implies the latter. In fact, aswill be seenthere, KH *
hasmany consequencesmuch strongerthan | ¢. Herewelook at someother axioms
that progressiwely weaken| ¢, and show that the secondweakest is already enough
to negate FCCC Dichotomy.

Axiom 5. [\Kunen's Axiom"] There is a sequenceof laddersfL : 2 g sud
that for every club C, there is a limit point of C such that for almost every in
L , there is an elemen of C between and the next elemen of L .

If we apply | ¢ (or Kunen's Axiom) to the derived set C° of C, then there are
in nitely many elemers of C between and the next element of C. Hence| ¢
implies Kunen's Axiom ewven if we interpret \b etween" strictly .



Conjecture. Kunen's Axiom doesnot imply | ¢.

Kunen's Axiom can be obtained by the following forcing, beginning with any
ground model; but if we begin with a model the PFA, then | conjecture that the
following forcing is not enoughto get | ¢:

Example 1. Let U bea Q-point ultra Iter; that is, givenany nite-to-one function
f:11 1 thereisA 2 Usudthat f A isone-to-one.Let P be\the secondhalf
of Mathias forcing" applied to U. That is:

P=f(pLAp)ilPl 2 [' ¥ ; and Ap 2 U] g
p<q () [pl [d;Ap Agqand[dnp] Ap.
Claim. Forcing with P givesa model of Kunen's Axiom.

The following axiom appearsin the joint paper of Gruenhageand Moore in Open
Problemsin Topology Il :

Axiom 6. f: Thereis afamily of continuousfunctionsff : 2 g,f ! ! sud
that, for each club C | 1, thereis sud that f C\ s surjective.

This axiom is implied by Kunen's Axiom: with L listed in orderas ,(n 2 !)
let xo,(n2 1) list ! 2, and let f take the interval ( n; n+1 t0 1(X,). Besidesthe
forcing in Example 1, f can be produced by adding either a Cohenor random real
to any ground model. It is well known that if the ground model satis es PFA, then
the forcing extension does not satisfy | ¢, and | conjecture that it also does not
satisfy Kunen's Axiom.

It is easyto seethat f implies the following axiom: just reducef modulo 2 to
getg in:

Axiom 7. There is a family of continuous functionsfg : 2 g,g ! f0;1g
sud that, for eadh club C !4, thereis suchthat g C\ isnot evertually
constart.

Theorem 2.1. The following axioms are equivalent.
(1) Axiom 1
(2) There is a banded perfect 2-1 preimageof ! ; without a copy of ! ;.
(3) There is a ladder systemsuchthat for each club C there is a ladder L  for
which there are in nitely many pairs of suaessivememlers c;c® of C such
that L meets the interval [c;c% in an odd number of elements.

"Banded" meansead point x has a clopen nbhd which does not cortain the
other member of the b er containing x, but which contains every ber f gthat
it meetswhenewer < (Xx).



If we strengthen "an odd number” to "exactly one" in (3), the resulting axiom
follows from | ¢; | do not know whether it follows from Kunen's Axiom or f , nor
whether the reverseimplications hold.

The following example shawvs how (1) implies (2):

Example 2. Let X =!; f0;1g;let :X ! f0;1g be the projection map, and
de ne basic nbhds of ead point of X asfollows. For eadr we de ne a pair of
complemenary subsetsB( ;0)andB( ;1) of [0; ], declaringthem to be (cl)open,
letting a (clopen) baseat h ;ii be the collection of all setsof the form

fh siig [ (IC 5 ) O 1]\ B( ;i)
For nonlimit , welet B( ;1) = fh ;1ig, sothat B( ;0) be the complemen of
B( ;1)in[0; ] f0O;1g. For limit we de ne:

B( :i)=fh ;iig[ (g fig f0;1g) fori 2 fO;1g:

whereg is asin Axiom 7.

With the resulting topology, X is countably compact (in fact, it is! -b ounded:
every countable subset has compact closure), noncompact, and locally courntable,
hence rst countable. Clearly, X is banded, and it doesnot contain a copy of ! ;.
Indeed, every uncountable closedsubsetmeetsthe b ersover a club C, because
is a closedmap; then we can apply Axiom 7to nd a stationary setof such that
C\ 1[0; ) meetsboth B( ;0) and B( ;1) over a co nal subsetof . But no
copy of I ; can behave like this.

Corollary. Axiom 7 negatesthe FCCC Dichotomy (Axiom 1).

Problem 1. Is Axiom 7 strictly weaker than Axiom 67

Section 3. More antidiamond axioms and a top ological application

In this section we give somepurely combinatorial axioms that imply Axioms 2
and 2° and:

Axiom 8. The LC Trichotomy: If X is locally compact and Hausdor, then at
least one of the following is true:

(1) X is the countable union of ! -bounded subspaces.
(2) X hasan uncourntable closeddiscrete subspace.
(3) X hasa countable subsetwith non-Lindelef closure.

Obviously, (1) is incompatible with either (2) or (3), but there are easy exam-
ples of X satisfying both (2) and (3); so | am speaking loosely here again. The
power of this axiom is evidernt from Theorem 3.1 below, which gives a consisten
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Yesanswer, modulo large cardinals, to the following problem of Arhangel'ski and
Buzyakova [AB]:

Problem 2: Is every normal, locally compact, linearly Lindelof spaceLindelof?

If \lo cally compact"” is omitted, we have one of the most basicunsolved problems
in generaltopology, for which we do not even have any consistert answers.

De nition. A spaceX islinearly Lindelof if every opencover that istotally ordered
by hasa countable subcover. A spaceX is pseude@ompact if every cortinuous
real-valued function on X is bounded. A spaceX is countably metacmmpact if every
countable open cover has a point- nite  open re nement.

Here are some basic facts about these concepts; the rst two have very easy
proofs.

Every countably compact T, spaceis countably metacompact, and sois every
T1 spacethat is the countable union of closed,countably compact subspaces.
Every countably compact spaceis pseudaompact; more generally, sois every
spacewith a densecountably compact (or pseudaompact) subspace.
Every normal, pseudaompact spaceis countably compact [E, p. 206].
Every countably metacompact, linearly Lindelof spaceis Lindelof [H].
The following appearsin [ENZ2].

Theorem 3.1. [Axiom 8+ c< @ ] Every locally compact, normal, linearly Lindelof
space is Lindelof.

Proof. Alternativ e (2) in Axiom 6 cannot hold in a linearly Lindelof space: if D

is an uncountable closeddiscrete subspaceof a spaceX, let fd : < !I;glist @
pointsof D,letE = X nfd : <!j;gandletU =E[fd : < gforal <1!;,.
ThenfU : < !;gisan opencover with no countable subcover.

Alternativ e (3) cannot hold in a regular linearly Lindelof spaceif c< @ . For
then, the closureof any countable subsethasa baseof cardinality lessthan @ , and
in a linearly Lindelof space,every open cover of cardinality < @ has a countable
subcover [H]. Clearly, every closedsubspaceof a linearly Lindelof spaceis linearly
Lindelof, sothe closureis Lindelof.

Sonow we turn to alternative (1). Let X be a linearly Lindelof spacewhich is
the union of countably many ! -bounded subspacesX ,. The closure X, is pseu-
docompact since X , is§ densecountably compact subspace.If X is normal, sois
eah X,. HenceX = X, is the courtable union of closedcourntably compact
subspacesand is thus countably metacompact. It now follows that X is Lindelof.

Now we give some purely combinatorial axioms from which all our topological
axioms except Axiom 1 can be derived. They usethe following concepts:
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De nition.  An ideal J of subsetsof a set X is countable-@vering if for eadh
Q2 [X] ,theidealJ Q is courtably generated.

In other words, for ead countable subsetQ of X, there is a countable subcol-
lection fJQ :n 2 ! gof J sud that every member J of J that is a subsetof Q
satisesJ JQ for somen.

De nition.  Given an ideal J of subsetsof a set S, a subsetA of S is orthogonal
toJ if A\ Jis nite foreadhJ 2 J. The ! -orthocomplementof J is the ideal
fl1 :jlj !; 1 isorthogonalto J g and will be denotedJ ?.

Axiom 9. For every countable-covering ideal J on a set X, either

(i) X isthe union of countably many setsfB, : n 2 ! g sud that every countable
subsetof each B, isin J, or

(ii) there is an uncountable subsetA of X sud that every courtable subsetof A
isind?.
Theorem 3.2. Axiom 9 implies Axiom 8.

Axiom 9 follows from what is called ( ) in [T], which in turn is a consequencef
the PFA and is alsocompatible with CH. It hasconsiderablelarge-cardinal strength,
whereasthe following variations on it are ZFC-equiconsisten. Whenfi;jg f1;2g
then C;; is also compatible with CH.

Axioms. CCy; isthe axiom that for ead countable-covering ideal J on a station-
ary subsetS of ! 1, either:
(i) there is an uncourtable A S sud that [A]'  J; or

(i) thereis an uncourtable B S such that [B] J 7.

Axioms CCj,, CCy; and CC,, are de ned by replacing \uncountable" with
\stationary" in (ii), (i), and both, respectively. By strengthening \stationary" to
\club” and replacing S by ! 1, we get a pair of axioms that are compatible with
20 < 2@

Axioms. CCj3 [resp.CCys] is the axiom that for eat countable-covering ideal J

on! 4, either:
(i) there is an uncourtable [resp. stationary] A suc that [A]' J; or

(i) thereisaclub B !, sud that [B]' J°~?.
Problem 3. Is CCy3 or CC,3 compatible with CH?
Theorem 3.3. (a) CCy; =)

(b) CCr2 =) | s.

(c) CCiz =) | c.

Proof. Let J be the ideal generatedby the setsS . This is countable-covering:
if supQ = ;thenJ Q is generatedby fS \ Q: gl [Q]F . Now, it is
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impossible for there to be a set of order type ! 2 in J, so alternative (i) fails
in CCy,. But alternative (ii) givesan uncourntable [resp. stationary] [resp. club]
subsetof ! ;1 which meetsead ladder S in a nite set, very strongly negating the
respective variants of | .

The following is shovn in [EN2].
Theorem. Axiom CCy; [resp.CCj3] implies Axiom 2 [resp.2"].

Section 4. Principal T-bundles: some ZF C results

The 2-manifold which will be constructed using Axiom 4 (| ¢) is formed by
adding a single point to a principal T-bundle over the longray L*, whereT is the
so-called\torus group," the group of complex numbers of absolutevalue 1. For L*
wetakef +r: 2! 4;r 2 (0;1]g with the lexicographic\connect-the-dots" order:

+r +s () < or( = "r<ys).

To emphasizethe geometry of the situation, we use the alternativ e description
of T asthe group of angles (0 < 2 ) with the obvious addition modulo 2 .
A principal T-bundle X over the long ray is locally like R T; in fact, there is a
projection : X ! L* and homeomorphismsf : R T ! 10; + 1) such
that -b ersare presened, i.e., f( ; Yrg = fpg for a unique p 2 L*. [Here

1:R T R isthe projection.] We call a subsetof X unbounded if its image
under is unbounded.

Notation. We let X, = fpg for ead point p of L*. [X, is referred to asthe
ber over p.] Welet x + represen the unique point y in X (4 that is radians
from x in the positive direction. This notation also givesthe action of T on X:

Principal T-bundleshave the property that convergernt sequencegresene angu-
lar separation. In fact, if x, ! xandy, = x, + ,,then ! i hy,i corverges
to x+ . Becauseof this, it is corveniert to treat ead b er X, asan isometric copy
of T, with d(x;y) equalto the angular separation betweenx and y. Moreover, the
homeomorphismsf can be chosenso that their restrictions to the various rings
frg T areisomorphismsto the imagesX,.

Combining these features gives us a cornveniert way of de ning a local baseat
any point x. Fix a choiceoff :R T! (0; + 1) foreah 2!, and for
p= +r( 2!3;r2(0;1) letf,=1f . For eah point x there is an arc Ay
that contains x and meetsead b er X, in (0; (x)+ 1) exactly once. Once whe
chooseA, for somex 2 X,; we can let

Ayr =fy2X:922A,(y=2z+ )g

forall 2 [0;2 ). Sowe cande ne alocal baseat x by taking the members B of
alocal baseat (x) and taking the intersectionsof the sets B with the strips of
width 1=n (n 2 Z*) certered on A,.
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For the rest of this section, X will be principal T-bundle over L *; beginning with
the following easylemma.

Lemma 1. If F is a closel unbounded subsetof X ; then ' (F)\ !, is a club, and
F\ X, is compact for all p2 L*.

Denition. Letp2 L™ andF X. Agapin F\ Xpisaparr x;x+ (0<
2 ) of (not necessarilydistinct) elemerns of F \ X, such that x+ 2 F\
Xp whenewer0< < . The number is called the width of the gapfx; x + g.

In this de nition, x + 2 = x: agapof width 2 isthe caseF \ X, = fxg.
Lemma 2. LetF be a closel unboundel subsetof X. Foreach 2 ' F\ ! let
h( ) = max(f : thereis a gapof width in F\ X g@):

Then h attains its minimum rg on a club subsetC of ! ;.
[As usual, max(;) = 0]

Lemma 3. LetF and C beasin Lemma2. If ro > O let g( ) be the number of
gapsof maximum width in F\ X , for each 2 C: Then g( ) is constant on a
club subsetC of ! ;.

Theorem 4.1. If F is a closal unboundeal subsetof X ; thenthereisaclubC !,
suchthat either:

Q) X F forall 2C or
(2) Thereexistsn 2 Z* and a closed unbounded Fy  F suchthat jFo\ X j=n
for all in C.

De nition.  The order of X is1 if (1) of Theorem4 holdsfor all closedunbounded
subsetsF of X; otherwiseit is the least n for which there is a closedunbounded F
meeting a club-indexed set of X in exactly n points.

Obviously, the trivial bundle L* T is of order 1. More generally:
Theorem 4.2. The orderof X is1i X contains a copy of ! :
Corollary. The FCCC Dichotomy (Axiom 1) implies every X is of order 1.

Theorem 4.3. If X is of order 1 , then X is totally normal and hereditarily cwn.
Otherwise X is neither Ts nor hereditarily strongly cwH.

Section 5. Club-guessing gives a hereditarily = cwn nonmetrizable mani-
fold

In this sectionit will be shovn how the club-guessingaxiom | ¢ can be used
to construct a principal T-bundle X of innite order. The construction can be
modi ed to produce X of any desiredordern 2 Z*, again from | ¢.

Here is the key concept guiding the construction.
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Denition. Let > 2!,,p2L"; 2(0;2). Wesay jolts atpby iffor

one (henceall) x 2 X the following holds: if y is the unique point of X in Ay,

then the unique point of X, in Ay is radians above the unique point of X, in Ay.

If S is asubsetof (0; Jwesay jolts on S by if there existsp 2 S suc that
jolts at p by

Let , stand for the derived set of : i.e., the set of limits of countable limit
ordinals. Let fL : 2 g be a club-guessingladder system, with the extra
properties (adopted to make the description move smoothly) that L, . = f! (n+1):
n 2 !'gandthat L consists of successorordinals whenewer 2 n ,, ie.,
whenewer isofthe form + ! . Our goalisto construct X in such a way that the
following induction hypothesisholds:

Q) If 2 5 andh hin21 IS a sequenceof limit ordinals converging to
then for eat n there is a choiceof , 2 L , sudhthat , corvergesto and jolts
nbylat .

Our underlying setwill besimply L* T, but the topology will be very di erent
from the product topology, excepton (0;! 2) T wherethe two agree,and A, , is
(0;! n+1) fO0g). But ! ?2jolts! (n+ 1) by 1 at the rst member of L, (n+1)
that is greaterthan ! n.

The simplest way to do this, and the most adaptable to orders other than 1
is the following: A, > agreeswith (0;! 2) fO0g exept betweenone unit before and
oneunit after the points at which thesejolts take place;in theseintervals of length
2, Ax cortinuously falls away in the negative direction from A, (,44) until it is 1
radian below it at the specied jolting point. Then it returns to join the graph of
Ai (n+1) Oneunit later.

If welet (n) standsfor the n + 1st point in the ladder L , then clearly the
following is satised for =1 2:

(2) if 2 ; 2 5 (k< (k + 1);
then jolts on( (k); ):

After this, we assumethat when we reach ead later 2 », then ead earlier
satis ed (2), and we will dene A sothat (2) continuesto hold for in place of
. Then it is easyto seethat (1) is satis ed.

Theorem 5.1. If (1) holdsthen X is of order 1 .

Section 6. More about Axiom 3 (| ¢) and Axiom 4 (KH™)

The construction in the precedingsectionis a simpli cation of my original con-
struction, which usedK H* and a more complicatedtechnique. K H* is still looking
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for an essetial application, soto speak, but it is soelegart that it seemsonly a mat-
ter of time before a construction is discovered in which it, and it alone, is needed.
Up until now it hasmainly beenusedas an ingrediert in applications of } * where
} isinadequatefor the argumerts used. In fact:

Theorem 6.1. * () + KH*,

Proof. Let hS : 2 !4i witness *. In other words, S is a courntable collection
of subsetsof sud that for ead subsetA of ! 1, there is a club C, sud that for
al 2Ca; A\ andCp\ arebothinS . [ leavesout the condition that
Ca\ A2S]

If Fisaclubwelet K = F\ Ce. Then B = fKg : F isaclubg is a base
for the club lter on! 1, such that B a is countable for eadh . In fact, if we let
T =fA\B:A;B2S g letV =T when isalimit ordinal, and let

[

Vagu=Tuau[fA[f g:A2Tg and W = {fV : g
then W is obviously countable, and B W for all . Indeed,if 2 Kg;
then clearly K\ 2 T , otherwiseKg\ 2V ,; where = max(Kg\ ) and
+1 . [The supis a max sinceKg \ isclosedin ]
Conversely if fS : 2! ;gwitnesses and B witnessesKk H*,thenfS [ B

;2 !;gwitnesses *. Indeed, for eath A 2 ! ; let Co beasin} and let
Ka 2 B beasubsetof Co;then K\ 2B forall ;and A\ 2 S for all
2 Ka;soKa canbeput for Ca in - ™.

Similarly, we have ** =) KH*™ | whichis KH* with the added condition
that there is a stationary setE of limit ordinals sud that U isa Iterbase, where
U =fA2B : A is unboundedin g.

To getthis, lethS : 2! ;i above alsowitness} ** and let B be asbefore. Let
S be a stationary set of limit ordinals sud that the unbounded menmbers of S
form a Iterbase. ThenS E; becausgKg\ )2 T isunboundedin wheneer

2 S and F and Cg are unboundedin

Both KH™ and KH** are presened by cccforcing, becauseevery club subset
of I ; in the forcing extensioncontains onein the ground model. Henceboth axioms
are compatible with M A + c= @ for any regular @ .

It is easyto show that KH ™" implies the club-guessingaxiom | ¢; but KH* is
already adequatefor this:

Theorem 6.2. KH* =) | ¢.

Proof. First, note that | ¢ obviously implies the following axiom:

Axiom 4% Thereisafamily L = fL": 2 :n 2! gsud that each L" is aladder
at and, for every club C !4, thereare andn suchthat L" C.
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Conversely if L witnessesAxiom 4% oneof the familiesL, = fL": 2 :n2!g
must witnqss| c: Werethis not so, we could pick clubs C,, sothat noL" C, and
then C = LO C, would be a courterexample to L witnessing Axiom 4°

To nish the proof, let B be a basefor the club lter asin KH* and, for eat
limt ,let fC" :n 2 !glist the members of B that areconal in ; and let
L" be a conal subsetof C" of order type!. Now if C isaclub, let B 2 B be a
subsetof C. If isin the derived set B® of B, then B\ = C" for somen, and
L" B C.

It is clear from the precedingproof that K H* implies the following stengthening
of Axiom 4%

| ¢: Thereisafamily fL" : 2 !4;n 2! gsud that ead L" is aconal subset
of of ordertype! ; and suc that for ead club C ! ; thereis aclub K (C) such
that 9n 2 ! (L" C)gforall 2 K(C).

In fact, the proof of Theorem 6.2 can easily be modi ed to shov somethingeven
stronger:

Axiom 3*. Thereis afamily fC": 2 1:;n 2 ! gsud that each C" is a club
subsetof of the sameorder type as ; and such that for ead club C ! ; there
isaclub K(C) suchthat 9n 2! (C" C)gforall 2 K (C).

This axiom is destroyed by adding ! , Cohen subsetsof ! 1, which is -proper
forall < !;. In contrast, Axiom 4 (| ¢) cannot be destroyed by any ! -proper
forcing [I]. This makesit compatible with not only the LC dichotomy (Axiom 2)
and Axiom 9, but alsowith the weakening of the FCCC dichotomy (Axiom 1) which
substitutes \p erfect preimage of ! 1" for \copy of ! 1". The combination of these
three axioms can be producedusing forcing that is -proper for all countable and
alsodoesnot add reals. This substitution is enoughto take care of steps1 through
4 of the sequenceof proofs for Theorem 1 and Theorem 2, aswell as Theorem 4.

At the opposite extreme, the following axiom, though even weaker than Axiom
7, is known to be negatedby the PFA. | do not know whether it is also negatedby
FCCC Dichotomy (Axiom 1).

Axiom 10. There is a family of functionsfg : 2 g,g ! f0;1g suc that
g flgisopenfor all and,for each club C !4, thereis sudthatg C\
is not evertually constart.
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