Math 172

Worksheet B Solutions Fall 2006

1. Suppose y is a function of x which satisfies the following differential equation.

dy _

2 -1
o = 2 y(0)

(a) Use Euler’'s Method with Az = 1 to approximate y(2).

Zold Yold Yold Ynew = Yold + Yoq - A
0.0 1 0 1

1.0 1 2 3

2.0 3

‘ Using Euler’s Method with Az = 1, we obtain the estimate y(2) ~ 3 ‘

(b) Use Euler’s Method with Az = 0.5 to approximate y(2).

Zold Yold Yo Ynew = Yold + Ybyg - Ax
0.0 1 0 1

0.5 1 1 1.5

1.0 1.5 2 2.5

1.5 2.5 3 4

2.0 4

Using Euler’s Method with Az = 0.5, we obtain the estimate y(2) ~ 4‘




(c) Use Euler’s Method with Az = 0.1 to approximate y(2).

Told Yold Yoia Ynew = Yold + Yoyq - AT
0.0 1.00 0.0 1.00
0.1 1.00 0.2 1.02
0.2 1.02 0.4 1.06
0.3 1.06 0.6 1.12
0.4 1.12 0.8 1.20
0.5 1.20 1.0 1.30
0.6 1.30 1.2 1.42
0.7 1.42 1.4 1.56
0.8 1.56 1.6 1.72
0.9 1.72 1.8 1.90
1.0 1.90 2.0 2.10
1.1 2.10 2.2 2.32
1.2 2.32 2.4 2.56
1.3 2.56 2.6 2.82
14 2.82 2.8 3.10
1.5 3.10 3.0 3.40
1.6 3.40 3.2 3.72
1.7 3.72 3.4 4.06
1.8 4.06 3.6 4.42
1.9 4.42 3.8 4.80
2.0 4.80

’Using Euler’s Method with Az = 0.1, we obtain the estimate y(2) ~ 4.8‘

(d) Can you find an explicit formula for y which satisfies the differential equation? If so, then
use the formula to find the exact value of y(2). How do your approximations in parts (a) —
(d) compare?

With the explicit formula y = 2% + 1 we obtain the exact value y(2) = 5




2. Suppose P is a function of ¢ which satisfies the following differential equation.

dP

— =0.1P,

dt

P(0) = 100

(a) Make tables similar to those used in problem #1 to approximate P(3) using Euler’s Method.

told Poa P Prew = Pog + Pl - At
0.0 100 10.0 110.0

1.0 110.0 11.0 121.0

2.0 121.0 12.1 133.1

3.0 133.1

Using Euler’s Method with At = 1, we obtain the estimate P(3) ~ 133.1 ‘

told Poud P4 Prew & Pyg + Pl - At
0.0 100 10.00 105.00

0.5 105.00 10.50 110.25

1.0 110.25 11.03 115.76

1.5 115.76 11.58 121.56

2.0 121.56 12.16 127.63

2.5 127.63 12.76 134.01

3.0 134.01

‘Using Euler’s Method with At = 0.5, we obtain the estimate P(3) ~ 134.01 ‘

(b) Can you find an explicit formula for P which satisfies the differential equation? If so, then
use the formula to find the exact value of P(3). How do your approximations compare to
exact value?

With the explicit formula P = 100! we obtain the exact value P(3) = 100’3 ~ 134.99




3. This is to get you started on question #7b from Worksheet A. We saw in class that the appro-
priate differential equation is

ar

— = —0.1(T — 20), T(0) =90

dt

You are asked to use Euler’s method in order to approximate 7°(10). You are not given a value

for At, but for each value that you choose, you should make a table similar to those used in our
last problem.

(a) In the following table, what is the value of At 7 Fill in appropriate column headings using
correct variable names. Now complete the table in order to approximate 7°(10).

told Toid T4 Thew = Tog + Tl - At
0.0 90 -7 72.5

2.5 72.5 -5.25 59.38

5.0 99.38 -3.94 49.53

7.5 49.53 -2.95 42.15

10.0 42.15

Using Euler’s Method with At = 2.5, we obtain the estimate 7'(10) ~ 42.15 ‘




(b) Be sure to make a couple of additional tables with smaller values chosen for At. If you are
proficient at computer programming or using spreadsheets such as Excel, then your smallest
value for At may be as small as 0.01. The rest of us should at least be willing to use At = 0.5.

told Toid T4 Thew = Toia + Tl - At
0 90.00 -7.00 83.00
1 83.00 -6.30 76.70
2 76.70 -5.67 71.03
3 71.03 -5.10 65.93
4 65.93 -4.59 61.33
) 61.33 -4.13 57.20
6 57.20 -3.72 53.48
7 53.48 -3.35 50.13
8 50.13 -3.01 47.12
9 47.12 -2.71 44.41
10 44.41

Using Euler’s Method with At = 1, we obtain the estimate 7°(10) ~ 44.41 ‘




told Totd T Thew = Toig + Ty - At
0.0 90.00 -7.00 86.50
0.5 86.50 -6.65 83.18
1.0 83.18 -6.32 80.02
1.5 80.02 -6.00 77.02
2.0 77.02 -5.70 74.16
2.5 74.16 -5.42 71.46
3.0 71.46 -5.15 68.88
3.5 68.88 -4.89 66.44
4.0 66.44 -4.64 64.12
4.5 64.12 -4.41 61.91
5.0 61.91 -4.19 59.82
5.5 59.82 -3.98 57.83
6.0 57.83 -3.78 55.93
6.5 55.93 -3.59 54.14
7.0 54.14 -3.41 52.43
7.5 52.43 -3.24 50.81
8.0 50.81 -3.08 49.27
8.5 49.27 -2.93 47.81
9.0 47.81 -2.78 46.41
9.5 46.41 -2.64 45.09
10.0 45.09

Using Euler’s Method with At = 0.5, we obtain the estimate 7'(10) ~ 45.09‘

Although it wasn’t asked for in this problem, separation of variables does lead to the explicit

formula T = 20 + 70e %!, Thus we obtain the exact value | T(10) = 20 + 70e~! ~ 45.75




