MATH 550 Final Exam, Part A Name: M
Spring, 2006 /

Note! For full credit you must show sufficient work to support your answer. In
particular you must show the major steps of any integration. There are 120 points.
Good luck!

Change of Variables Theorem. In two variables, f [p f(z,y)dzdy =

s T v)|%’f[du(iﬂ and in three variables [[f, f(z,y,2)dzdydz =
g S (1 w))|2&:2:2) | gy dy dw , where D and D* are suitable regions and

U, U, w

T is a suitable transformation such that Fr) =1,

Stokes’s Theorem. Let S be a bounded, piecewise regular, oriented surface in
R® and suppose that C' = &S consists of finitely many piecewise C' simple closed
curves, oriented consistently with the orientation of S. Suppose that F is a C*
vector field with continuous partial derivatives defined on a domain that includes
S. Then [[(VxF.-dS= [[(VxF-0dS=§.F ds.

Divergence or Gauss’ Theorem. If W is a bounded symmetric elementary
domain in R? , whose boundary S = W consists of finitely many piecewise regular
closed oriented surfaces, oriented so that the normal vectors point out of W, and F
isa C! vector field defined on W , then [[ F-dS = [[ F-4dS = [[[, V-FdV .
These theorems, and also Green’s Theorem in the plane, which they generalize, can
be applied to regions that have suitable decompositions.

1. (6 points) Let A be the region in the zy-plane bounded below by y = z?
for —2 <z <2, and above by y = 2?2 +3 for -1 <z <1 and y =4
for —2 <z < -1, 1 <z < 2. Explain why Green’s Theorem cannot be

used directly for this domain, and show how Green’s Theorem can be applied
indirectly.
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(10 points) a. In Stokes’ Theorem what does it mean to say that the surfaces
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compatibly with the surface(s
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3. (12 points) Compute [[,(z +y)?e* ¥dA where R is the region bounded by
the lines y=1-2z, y=4—2z, y=z+1, y=z—1.
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where W is the region between

4. (22 points) Compute /:// :32 = y2 T z
the spheres z2 + % + 2% = a?, z% + 3 +z =16, and 0 < a < 4. Use
your result to evaluate the same integral for the entire region inside the sphere

22 4+9y2+22<16.
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5. (15 points) Compute the area of the portion of the plane 2z + 4y + 6z = 12 )W =
that lies in the first octant (z > 0, y > 0, 2z > 0). Suggestion: orient the/ef?/ M

surface so that A_peints away Trom the orlgm
A
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6. (22 points) Compute fc G.ds for G = (3zy?, —3:f: y\)““wllerhm_(} is given by
the segment from (1,0) to (2,0), the circular arc of 2% +y? =4 from (2,0)
a 1), and finally the circular arc of
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2 +sin(v), y = In(1 + w?

!ints) Let~ s
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. Compute ~17,2) = T(u,v,w) is given by the formulas

u, v, W)
a i ﬂ% volume change factor in the vicinity of the point P
(u,v,w) = (0,m, —1) ? Is this transformation orientation reversing or preserving
near the point P?" '
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hei—=F ds > 0, and a path M from P to Q so that |
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' A)ts) Compute ffs curl(F) - adS if F = [}ﬂ\'% and S is the
8Je of the surface z = 10— i ? that hes a he plane z = 1. Assume
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MATH 550 Final Exam, Part B Name: M
Spring, 2006 /

Note! For full credit you must show sufficient work to support your answer. In
particular you must show the major steps of any integration. There are 60 points.
Unless otherwise stated you may assume that curves, surfaces, and regions of R®
are suitable for application of the major theorems.

1@ims)-Let. F be defined on a domain D in either R? or R®. Give three
rent, but equivalent, statements that F be a conservative vector field,
without ment10mr§ curl.
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- div(F)dV = 0.
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mts) Compute the flux [ F-dS of F = (z37? ;r Y, z) through the
ed cylinder S (oriented by outward normals) given by z2+4y? =4, z= =2,
=3
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y=4cosd, z=3sin6, Weyer 0<6<r/2.
 Doregpube goltsoll jéu@ém P K
o s /;x?dzx e A

;Wé, b. F = (2zy,22 + 49%/(y* + 29) ), 423 /(y* + 2%), C is given by z = Q
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6. pgints) We found for a vector field F at a point P, and an axis gwenjz)_H\
i/vector fi, that (curl F)(P) - is equal to the c1rculat10n of F dbout P '

: - ___on a surface Wlth normal vector fi. How is C1rcula¢/ue-n~dei§ad? )
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7 oints) Using “Howboxes” determme if each of the followmg vector fields
positive, negative, or zero chvergence in general.
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