The Shooting Technique for the Solution of

Two-Point Boundary Value Problems
Douglas B. Meade! Bala S. Haran! and Ralph E. White*

Introduction

One of the strengths of Maple is its ability to provide a
wide variety of information about differential equations.
Explicit, implicit, parametric, series, Laplace transform,
numerical, and graphical solutions can all be obtained
via the dsolve command. Numerical solutions are of
particular interest due to the fact that exact solutions
do not exist, in closed form, for most engineering and
scientific applications. The numerical solution methods
available within dsolve are applicable only to initial
value problems. Thus, at first glance, Maple appears
to be very limited in its ability to analyze the multi-
tude of two-point boundary value problems that occur
frequently in engineering analysis.

A commonly used numerical method for the solution
of two-point boundary value problems is the shooting
method. This well-known technique is an iterative algo-
rithm which attempts to identify appropriate initial con-
ditions for a related initial value problem (IVP) that pro-
vides the solution to the original boundary value prob-
lem (BVP).

The first objective of this paper is to describe the
shooting method and its Maple implementation, shoot.
Then, shoot is used to analyze three common two-point
BVPs from chemical engineering: the Blasius solution
for laminar boundary-layer flow past a flat plate, the
reactivity behavior of porous catalyst particles subject
to both internal mass concentration gradients and tem-
perature gradients, and the steady-state flow near an
infinite rotating disk.

A Maple Implementation of the
Simple Shooting Method

The basic idea of the shooting method for two-point
boundary value problems is to reformulate the problem
as a nonlinear parameter estimation problem. The new
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problem requires the solution of a related IVP with ini-
tial conditions chosen to approximate the boundary con-
ditions at the other endpoint. If these boundary condi-
tions are not satisfied to the desired accuracy, the pro-
cess is repeated with a new set of initial conditions until
the desired accuracy is achieved or an iteration limit is
reached.

To be more specific, consider the two-point BVP for
a coupled system of n first-order ODEs

dy ,
— = t,y(t
I fty(t)
yi(a) = o, 1=1,2,..,m (1)
Ymi+5(0) = By, j=1,2,...ms.

The vector y contains the n unknown functions of the
independent variable ¢t. The unknown functions are or-
dered so that the first m; (0 < my < n) components
of y have first-kind boundary conditions at t = a (viz.,
(1)2). The remaining mg := n — my components of the
solution have first-kind boundary conditions specified at
a second point, t = b.! (Note that if rny = 0, then (1) is
an initial value problem.)

The shooting method seeks to identify a vector of
parameters s € R™? so that the solution, denoted by
y(t; s), to the initial value problem

dy
_ t‘ t; o
g7 F(ty(t59))
yila;s) = ay, 1=1,2,..,m (2)
yml+j(u:,5) = 38, J: 1,2,..,mz

agrees with the solution to (1). Note that (2) is simply
(1) with the boundary conditions at t = b replaced with
unknown initial conditions at ¢ = a. To determine the
correct initial values, consider the “objective function”
F with components
Fj(8) := Ym,+5(b: 8) = Bj,
Then [1, p. 476], (1) is solvable if and only if there exists
s € R™? so that F(s) = 0.
The success of this process depends primarily on the
iterative procedure used to construct a sequence of pa-
rameter vectors that converges to a zero of F'. While

7 =1,2,..,ms.

IThe Maple procedure shoot supports nonlinear boundary
conditions at ¢ = b. In particular, (1)3 can be replaced with
ri(y(b)) =0, j =1,2,..,mo where cach r; is a differentiable func-
tion of n variables.
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any numerical root-finding algorithm could be employed
for this step, one step of the Newton-Raphson method
is most commonly used. That is, given an initial guess
s" € R™2, define a sequence of initial conditions {s*} by

sFL = s — (VF(s%)1F(sh)

for all & > 0. To implement this, note that the vec-
tor F'(s*) is directly available from the solution of (2),
but the Jacobian matrix VF(s*) requires the values of

%(b; sk) for all 4,7 = 1,2,...,ma. These values can
be obtained by solving the n IVPs in (2) together with
the nmg sensitivity equations ([2, p. 226], [3, pp. 54-58)]):

d (Oyi\ _ Of 9y
dt 5'5]‘ o Ay asjH

=12,..,n, 3=1,.my

with corresponding initial conditions

% = 0, foralli=1,...my, j=1,2,..,ms
<7
Yy +i N Lo
g = d;j, foralli,j=1,..,m9

The above algorithm is known as the simple, or sin-
gle, shooting method. While this method is effective for
many problems, three specific problems should be men-
tioned [4]. Assume (1) has a unique solution. There
is no guarantee that the initial value problem (2) has a
solution on the interval [a,b] for all s € R™*. Even if
(2) does have a solution on [a,b], the problem may be
stiff. In such a case the solution at ¢ = b may be so in-
accurate as to make the results of the Newton-Raphson
step meaningless. When the accuracy of the solution at
t = b is known with sufficient accuracy, the local con-
vergence of the Newton-Raphson step may prevent the
iterations from converging to a solution of the original
boundary value problem (1). This difficulty can be ad-
dressed by replacing the Newton-Raphson step with an-
other iterative solver with improved convergence proper-
ties (e.g., modified Newton’s method). The multiple, or
parallel, shooting method addresses the other difficulties.
As these problems are generally more pronounced as b—a
increases, it seems appropriate to consider partitioning
the interval into N subintervals. Then, using compati-
bility conditions between the subintervals, a well-posed
IVP is obtained on each subinterval.

The combination of Maple’s facilities for symbolic ma-
nipulation and numerical solution of IVPs provide an
excellent environment for the translation of the simple
shooting method into the Maple programming language.
The syntax for this procedure, called shoot, closely fol-
lows the syntax of dsolve. In particular, the data struc-
tures returned by shoot are identical to the ones re-
turned by dsolve/numeric. Thus, all the techniques
and tools for manipulating Maple’s numerical solutions

of differential equations, e.g. plots[odeplot], can be
used to interpret the results from shoot. (The source
code for shoot, including on-line help documentation, is
available upon request from the first author.)

Other numerical methods for the solution of two-point
boundary value problems have also been developed on
other platforms. One of the most well-known is the FOR-
TRAN subroutine COLSYS (available from Netlib). The
numerical method used in this routine is collocation of
B-splines at Gaussian points [5]. Finite difference meth-
ods can be easily implemented using MATLAB’s £solve
command.

The three examples discussed in this paper provide
samples of how simple shooting, in particular shoot, can
be applied to the analysis of boundary value problems
that are encountered in chemical engineering.

Laminar boundary-layer flow past
a flat plate

Consider a fluid stream with velocity ug and kinematic
viscosity v in which a thin plate is inserted parallel with
the fluid flow. Determining the velocity of the fluid in
the region close to the plate is the Blasius problem [6, p.
233]. Assuming the flow is steady, incompressible, and
Newtonian, the plate is infinitely wide, and neglecting
buoyancy, the equations of motion and continuity are:
restart;

alias( U=u(x,y), V=v(x,y) ):

PDE:={ U*diff(U,x)+V*diff(U,y)-nuxdiff (U,y$2)=0,
> diff(U,x)+diff(V,y)=0 };

o= { (L) ev (20)
@)+ Gv)=1)

where v and v are the z- and y-components of the
fluid velocity. The boundary conditions consist of
the “no-slip” conditions on the boundary of the plate:
uw(z,0) = v(x,0) = 0, and the free stream-merge condi-
tion lim w(x,y) = ug, for all z > 0.

Yy—00

>
>

%

A similarity transformation can be used to reduce this
parabolic system of PDEs to a single ODE. This can be
done by choosing the dimensionless similarity variable
to be:

> simsubs:=eta(x,y)=y*sqrt(ul0]/nu/x/2);
I
v

1
simsubs :=n(z,y) = 2 Y V2,




BVPs, Shooting Method, and Chemical Engineering

The corresponding nondimensional stream function for
the flow is:
> stream:=psi(x,y)=sqrt(2*nu*xx*ul[0])*f (eta(x,y));

stream =

P(ay) = V2 rrugt(n(e.y))

Thus, the velocities can be expressed as:
> Usubs:=U=diff (rhs(stream),y);

Usubs := U = V2 oz ug
DU )(nt0)) (o)

> Vsubs:=V=-diff (rhs(stream),x);

Vsubs .=V =

1 ﬂf(n(ﬂ;,y))z/uo_
2 Juzu
V2w D(f)(n(x,y))

(20

Substituting the stream function representations of the
velocities into the PDEs is tedious to complete by hand.
Fortunately, this is exactly one of Maple’s strengths:

> ODE:=simplify(subs(Usubs,Vsubs,simsubs,PDE)) ;

ODE = {0 =0,— %UOZ <

D5 (uvE |2

vV

1 ]
f(—y\/i‘/u—o 1/:2:1/11—0
2 v v

4T D) (v

) /(= 35) -0}

The trivial fulfillment of the continuity equation is ev-
ident in this result. However, the first equation is not
so readily identified. To simplify this further, note that
each argument to f. and its derivatives, is simply . To
force this simplification,

> simsubs2:=solve(subs(eta(x,y)=eta,simsubs),{y});

nv2

y=
U
vz

simsubs? =

> ODE:=simplify(subs(simsubs2,0DE),symbolic);
1
ODE := {— §u02

(D) (£ )(n) ) + D (f)(n))

/x=0,0=0}

It is now easy to identify the Blasius equation

)+ ff )y =0, >0 (3)
The conversion of the boundary conditions can be done
by inspection. The resulting conditions are f(0) =
f(0) =0 and r,li—1>1010 f'(n) =1

The “boundary condition” at 1 = oo presents a prob-
lem. However, a simple asymptotic analysis shows that
solutions at 17 = 10 are safely in the far-field. The prob-
lem now takes the form of a third-order two-point bound-
ary value problem for f on [0,10]. The reformulation as
a first-order system is straightforward; let g := f' and

h:= f". then

;=g J(0)=0
g = h. g(0)=0 (4)
o= —fh h0)=p

where (3 is the control parameter. The objective is to
find § so that the solution to (4) satisfies the boundary
condition ¢g(10) = 1. Since there is only one boundary
condition at n = 10 we have my = 1 and s = 3. The
sensitivity equations that are obtained from (4), together
with their accompanying initial values, are:

fs = 9p fs(0)=0
g5 = hg gs(0) =0 (5)
hy = —fgh—fhg, hg(0)=1

where, for example, fg(t:3) := g—g(fﬁ) Now, assume

that an approximate solution to (4) and (5) has been
computed with s = s*, i.e. = %. Then, assuming
|g(10; 8%) — 1| is not sufficiently small, the next iteration
will be made with

/6]\:4—1 — ko _ g(lo'/gk) -1
' g5(10; %)

While it is important to understand how shoot ob-
tains its approximations, it is also a tremendous ad-
vantage to use Maple to both compute automatically,
and symbolically, the sensitivity equations and itera-
tively solve the combined system of IVPs and take one
step of the Newton-Raphson method until the boundary
conditions are satisfied within a prescribed tolerance.
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Prior to preparing this problem for solution by shoot,

it is necessary to load the definition of this procedure:

> read shoot;
Now, define the dependent variables for the first-order
system:

> FNS:={ f(eta), g(eta), h(eta) }:

and the differential equations which they satisfy:

> ODE:={ diff (f(eta),eta)=g(eta),

> diff (g(eta),eta)=h(eta),

> diff(h(eta),eta)=-f(eta)*h(eta) }:

The initial condition for f” is unknown, and the bound-
ary condition at n = 10 is the control for our iterations:

> IC:={ £(0)=0, g(0)=0, h(0)=beta }:
> BC:=g(10)=1:

We take the first shot with # = 0, and iterate until the
boundary condition is satisfied to six decimal places:

> S:=shoot( DODE union IC, FNS, BC,beta=0,
> bcerr= Float(5 =7) ):

This solution can be analyzed using any of the stan-
dard Maple tools for manipulating the numerical solu-
tion of a differential equation. A common place to begin
is a plot of the solution, including labels to distinguish
the different curves:
with(plots):

C:=odeplot( S, [ [eta,f(eta)],
[eta,g(eta)], [eta,h(eta)] 1,0..4):
subs( [g=‘f ’¢, h=‘f 7],
subs( [seq( op(0,lhs(F))=rhs(F(3.5)),
F=subsop (1=NULL,S) )] ) ):
L:=textplot(
subs( eta=3.5,
map (F->[eta,rhs(F)+1/10,1hs(F)]1,")),
font=[TIMES,ITALIC,18], align=ABOVE ):

display( {C,L}, labels= [‘eta <7,
title=‘Blasius solution for flat- plate

‘boundary layer‘ );

i\

¢

VVVVVVVYVYVYVYVYV

Bllasius solution for flat-plate boundary Tayer

2.5+

1.5+

0.5+

With increasing distance from the leading edge of the
plate in the downstream direction the thickness § of
the retarded boundary layer increases continuously as
In the
boundary layer the velocity of the fluid increases from

increasing quantities of fluid become affected.

zero at the wall (no slip) to its full value which corre-

sponds to external frictionless flow. The velocity reaches

99% of its bulk value when f'(n) = 0.99:

> fp:=subs( S, g(eta) ):

> etal[€99%‘]:=fsolve( ’fp(eta)’=0.99,
Nggo, = 3.471887111

The corresponding boundary layer thickness is:

> deltal[¢99%¢‘]:=subs(eta=etal‘99%‘],
> comblne(rhs(op(51msubs2))) )

_ 3aiss7ing Y2VTEW
Uy
As is now evident, the thickness of the boundary layer

decreases with decreasing viscosity.
ou

‘eta’ );

(599% :

The shear stress, 7 = Hgy is:
> tau:=mu*simplify(
> diff (subs(simsubs,rhs(Usubs)),y));

:%/LWD(”U)(%U\@
Ul)\/i/(’/f)

Note that a large velocity gradient across the flow cre-
ates considerable shear stress in the boundary layer. The
wall shear stress is:

> taulw]:=subs( (D002) (f) (0)=subs(S,h(eta)) (0),

> subs( y=0, tau ) );

VU T Ug U V2
T 1= 2347998643 LV T TO V2
v

The analysis can be continued to obtain an understand-
ing of parameters such as the displacement thickness and
drag coefficient.

Porous Catalyst

Prediction of the diffusion and reaction in a porous cata-
lyst pellet is another important problem in chemical en-
gineering. The reaction under consideration is A — B
which occurs inside the pellet. Mass balance and con-
servation of energy on the spherical pellet give:

?ch(fﬂ(ch) R((' T) =0 (6)
W& (PF) + (-AHR)R(e,T) = 0

where ¢ is the concentration of A, D, is the effective dif-
fusivity, R(c,T') the reaction rate expression as a func-
tion of concentration ¢ and temperature T, k. the ef-
fective thermal conductivity and —AHp the heat of the
reaction. Due to radial symmetry about the center of
the pellet:

de 0 dr 0

dr dr
On the surface of the pellet the quantities are at their
bulk values:

at r = 0. (7)

T =Ty, at r = R. (8)

¢ = Cop,
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For a simple first-order irreversible reaction
R(c,T) = kgcexp(—i):
' RT
the relationship between the reactant concentration and
temperature at any point in the catalyst is given by [7]:

—AHRD, ,

AT:T—T(): I "(Co—(j).

Introducing dimensionless variables

Q 3 co(—AHR)D, c
= —_—— = Y= —
v Rﬂ] ) kfﬂﬂ) Y

the reaction rate can be expressed as

81 —y) ) _

R(y,T) = kocoy exp <m

Substituting these into (6) and the boundary conditions
(7) and (8) leads to the two-point BVP ([7])

d’y | 2dy 2 (1 —y)
dz? " zdz "y exp 1+8(1-vy)/)’
dy . .
y(l) = 1

where ¢ := R\/E:i and x 1= 3.

When expressed as a first-order system, this problem
is easily solved by shoot for specific values of v, 3, and
¢. For example:

> restart;

> read shoot;

> 0DE:={ diff(y(x),x) = z(z),

> diff(z(x),x) = -2/x*z(x)

> + phi~2*y(x)

> *xexp (gamma*beta* (1-y(x))

> / (L+beta*x(1-y(x))) ) }:

> FNS:={ y(x), z(x) }:

> IC:={ y(0)=alpha, z(0)=0 }:

> BC:=y(1)=1:

> COEF:=[ gamma=30, beta=2/5, phi=3/10 ]:

> 81:=shoot( subs(COEF,0DE) union IC, FNS, BC,
> alpha=1, value=array([0,1]) );

S1 =
[[zy(z)z(x)]]
[
[0,.9829180602000001 ,0 ]
[1.,1.000000000280384 ,
.03231087397210381 ]

The effectiveness factor, 7, for the reaction is the ratio

of the average reaction rate with diffusion to the average
reaction rate when the reaction rate is evaluated at the
bulkstreamn (or boundary) values ([3, pp. 58-62], [8, p.
83]). Here is one way in which this quantity can be
computed from the results returned by shoot:
> eta:=3/phi~2%D(c) (1) = subs(COEF,3/phi~2xdcdrl);
D(c)(1) 100

T ==
> dedrl:=81[2,1]1[2,3];

dedri := .03231087397210381

n:=3 dedrl

> Jeta’=rhs(eta);

n = 1.077029132

As is well-known [8, pp. 87-88], for a given value of
¢, the effectiveness factor can be multiple-valued. The
other values can be obtained by starting the shooting
method with different values of the control parameter:

> Sh:=shoot( subs(COEF,0DE) union IC, FNS, BC,
> alpha=1/2, value=array([0,1]) );
> dcdri:=Sh[2,1][2,3]:

> Jeta’=rhs(eta);

Sh =
[[oy(2)7(2)]]

[
[0,.1442192834000000,0]

[1.,.999999999503557 ,
.3250550528505473 ]

n = 10.83516843

80:=shoot ( subs(COEF,0DE) union IC, FNS, BC,
alpha=0, value=array([0,1]) );

dcdri1:=50[2,1][2,3]:

Jeta’=rhs(eta);

VvV VV

S0 =
[[zy(z)z(x)]]
[
[0,.1096674904000000 10 °, 0

]

[1.,.999999998529494 ,
2.554522460710149 ]

7 = 85.15074869

The effectiveness factor has been computed for a wide
range of values for v, 8, and ¢. A sample of the results,
for v = 30, are displayed in the following plot. The four
datasets displayed in this plot correspond to 8 = 0.4
(box — top curve), f = 0.2 (dotted line — second curve
from top), 8 = 0.1 (solid line — second curve from bot-

tom), and 8 = 0 (dashed line bottom curve). The
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multiple values for the exothermic catalyst (8 = 0.4)
were obtained using different initial guesses for the con-
trol parameter (« = 0, a = 0.5, and a = 1).

Effectiveness Factor vs. Thiele Mbdulus, ganma=30

100.

Infinite Rotating Disk

Consider the steady fluid flow generated when the in-
finite plane z = 0, immersed in a Newtonian viscous
fluid, rotates about the axis » = 0 with a constant angu-
lar velocity w. The viscous drag of the rotating surface
creates a swirling flow toward the disk. The motion is
characterized in terms of the pressure, p, and the three
components of the velocity, v", v¥, v*, in cylindrical co-
ordinates. The radial symmetry of this problem elim-
inates § as a independent variable. Thus, with p and
v denoting the density and kinematic viscosity of the
fluid and writing partial derivatives as subscripts, the
equations of continuity and conservation of momentum
reduce to [6]:

1 ,
—(ro"), + (v%),
,
=0
1
0" (V") F v (v7), — = (v?)?
, P

1 1, o
=Lyt (00t 20+ (0= )

o"(v?), + 07 (0?), + 1'1)"11;9 (9)
, , ,
1 v?
=V ((”e)m‘ + ;(”e)r + (UH)ZZ - _2>
" (V7)) + 07 (V7))

1 ; 1, 2
= _[_)pz +v ((1"4)7“7’ + 7_.(,”4)74 + (’U”)Zz> '

The boundary conditions are chosen (for all » > 0) to
enforce no slippage at the interface with the disk:

o (r,0) = v*(r,0) = 0,

09 (7, 0) rw, (10)
p(r,0) = 0

and no non-axial viscous effect in the far-field:

Zl;rr;o o"(r,z) = 0
s P (o —
le_I)IOICU (r,z) = 0 (11)
zhﬁr‘rolc('v‘)z(r7 z) = 0.

Similarity solutions to this equation were found by
77,—‘,,, ”,—2, and
p depends only on the distance from the disk, z. The
system of PDEs reduces to a system of ODEs with the
introduction of 2* = z.\/? as the dimensionless indepen-
dent variable for the dimensionless functions F', G, H,

and P defined according to

Karmén [9], who noted that each of U,—T,

v = rwF (%),

v = rwG(zY), (12)
v = VwrH(zY),

p = pwrP(z%).

The substitution of (12) into (9), (10), and (11) can be
completed in a manner analogous to that used in the
Blasius problem. These steps are omitted here in the
interest of space; the resulting BVP is:

H = -=2F
F" = F*-G*+F'H
G' = 2FG+ HG'
P = —HH +H" (13)
F(0)=H(0)=P(0) = 0
G) = 1
lim F(z")= lim G(z*) = 0.

z*—00 z*— 00

Note that (13) can be solved as a two-point BVP for
F, GG, H. Once this solution is known, the pressure
equation can be integrated to yield P = —%HZ +H'. In
addition, note that any physically realistic solution must
have F,G,P > 0 and H < 0 for all z* [6, p. 164].

Assuming the boundary condition at z* = oo can be
applied at a finite distance from the disk, shoot can be
used to obtain an approximate solution to this system.
First, introduce the first derivatives of F' and G as new
dependent variables:

> restart;
> read shoot;
> with(plots):

> FNS:={ F(Z), G(Z), H(Z), Fp(Z), Gp(Z) }:
and reformulate the system as a first-order system of

ODEs:
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> ODE:={diff(H(Z),Z) = -2x%F(Z),
> diff(F(z),Z) = Fp(Z),
>
>

diff (Fp(2),2) = -G(Z)~2+F(Z) 2+Fp(Z)*H(Z),
diff(G(2),z) = Gp(2),
> diff(Gp(Z),Z) = 2xF(Z)*G(Z)+H(Z)*Gp(Z)}:
with initial conditions:

> IC:={ F(0)=0, G(0)=1, H(0)=0,
> Fp(0)=alpha, Gp(0)=beta }:

and boundary conditions (again, z* = 10 can be shown
to be in the far-field):
> BC:={ F(10)=0, G(10)=0 }:

Note that, as in the first example, the boundary condi-
tion at infinity has been moved to a finite position. The
value z* = 10 is chosen, as before, on the basis that this
is already in the far field. (In fact, truncating the com-
putations at z* = 7 yields essentially the same solution.)
Note also that since there are two boundary conditions
at the second boundary point, there are two parameters
to be determined in the shooting method (i.e., ms = 2).
This can be handled by shoot without modification:

> infolevel[shoot]:=1:
> S:=shoot( ODE union IC, FNS, BC,

> [alpha=0.51, beta=-0.62]
shoot: alpha = .51, beta = -.62
shoot: alpha = .5100033193, beta = -.6161487475
shoot: alpha = .5102117355, beta = -.6159070527
shoot: alpha = .5102135910, beta = -.6159096496

P:=Z->-H(Z)"2/2-2%F(Z):

C:=odeplot(s,[ [Z,F(2)], [Z,6(Z)],

[z,0(2)], [Z,-P(Z)]1 1, 0..10 ):

subs( [seq( op(0,1hs(f))=rhs(£(3/2)),
f=select (has,S,{F,G,H}) )] ):
Lop (") ,P=subs(", H"2+24F)]:
L:=textplot(
subs (z=3/4, map(f->[z,rhs(f)+1/45,1hs(£)],")),
font=[TIMES,ITALIC,18], align=ABOVE ):
display( {C, L} labels= [‘z*‘ 9,
t1t1e—‘Inf1n1te Disk: *
. ‘alpha=0.51, beta=-0.62¢ );

VVVVVVVVVVYV V

I'nfinite D sk: al pha=0.51, beta=-0.62
14
0.8t \\\
sl G
0.4+ Fx\
021 F
o o ¥ 771 & & To
0.2
0.4
0.6
0.8

This plot confirms that the solution satisfies the orig-
inal boundary conditions at z* = co. (In fact, the solu-
tion obtained when the computational domain is trun-

cated at z* = 7.) Compare the solution in the preceding

plot with the solution obtained when the starting values

of the control parameters are « = 0.50 and § = —0.61 —
each just 0.01 less than the first attempt:

> S2:=shoot( ODE union IC, FNS, BC,
[alpha=0.5, beta=-0. 61] ):

shoot: alpha = .5, beta = -.61

shoot: alpha = .5181506133, beta = -.5834922887
shoot: alpha = .5178653168, beta = -.5900697906
shoot: alpha = .5019889119, beta = -.5940268791
shoot: alpha = .5040798081, beta = -.5927957583
shoot: alpha = .5042719718, beta = -.5927086067
shoot: alpha = .5042737786, beta = -.5927079110

The different values of « and 8 suggest that the shoot-
ing method has returned a different solution. Is this also
a solution to the problem?

C:=odeplot(S2,[ [Z,F(Z)], [Z,6(Z)],
[z,0(z)], [Z,-P(Z)] 1, 0..12 ):
subs( [seq( op(0,1lhs(f))=rhs(£(3/4)),
f=select (has,$2,{F,G,H}) )] ):
[op (") ,P=subs (", H-2+2%F}]:
L:=textplot(
subs(z=3/4, map(f->[z,rhs(£)+1/45,1hs(£)]1,")),
font=[TIMES,ITALIC,18], align=ABOVE ):
display( {C,L}, labels=[‘z*‘,‘‘],
tltle—‘Inflnlte Disk: ¢
. ‘alpha=0.50, beta=-0.61¢ );
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Note that this solution does not satisfy the aforemen-
tioned sign constraints for ', G, H, and P for a physical
solution to (13). Furthermore, while the boundary con-
ditions at z* = 10 are satisfied, it is extremely unlikely
that this solution will satisfy the boundary conditions
at z* = oo. This is a spurious solution [6, p. 167]. Au-
tomating the detection of spurious solutions is extremely
difficult. In some instances, this difficulty can be avoided
by the use of one of the other solution techniques for
boundary value problems mentioned previously.

Conclusion

In this brief article we have introduced shoot, a Maple
implementation of the simple shooting method for the
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numerical solution of two-point boundary value prob-
lems, and illustrated the application of shoot to assist
with the analysis of three classic problems from chem-
ical engineering. These examples demonstrate some of
the potential that is available with Maple’s combination
of symbolic, numeric, and graphic computation.
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