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S I R Model

e Assumptions

constant population size (N =S +1+ R=1)

mass-action kinetics for infection

exponentially distributed mean time to recovery and natural
death

no death from infection

no vaccination

Ref: Shulgin, Stone, and Agur, Bull Math Bio (1998) 60, 1123-1148.
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S I R Model — No Vaccination
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S I R Model — No Vaccination

e Equilibria

S

infection-free 1

endemic 1/Rq

B

e Reproduction Rate: Ry = o

o Stability

Ry <1 Ry >1

infection-free | globally stable unstable

endemic unstable globally stable
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S I R Model — Constant Vaccination

e Assumptions

— life-long immunization at birth
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S I R Model — Constant Vaccination

e Equilibria

S

infection-free | 1 — p

endemic 1/Rg

e Reproduction Rate: R, = (1 — p) Ry

e (ritical Vaccination Rate: pg =1 — mFo

o Stability

R, <1(p>p) | Ry>1(p< po)

infection-free | globally stable unstable

endemic unstable globally stable
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S I R Model — Pulse Vaccination

e Assumptions

— fixed portion of susceptibles vaccinated every 1" years

p —upS — BSI — Mbmgmfv%ﬁlzﬂv
n=0

—ul  + BST — I

— uR +4I + ) pS(nT™)s(t — nT)

n=0
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S I R Model — Pulse Vaccination

e Infection-Free Equilibrium

— initial value problem:

S = p—pS—> pSnT7)5(t—nT),  5(0)

— solution:

S (t), te[nT,(n+1)T)
Spt1, t=nm+1)T
1—(1—5,)e Ht=—nT)
S((n+1)TT)
(1= p)8™((n+1)T7)
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S I R Model — Pulse Vaccination

— construction of periodic equilibrium solution:

x 1f Soo = lim,,_, oo 5, exists, then S, is a fixed point of

F(z) = (1-p(1-(1-z)e ")

* unique fixed point is locally stable

(@ =p)(ert - 1)
e T TaT (1)

x periodic equilibrium solution:

SN (4) = 1—(1— Su)e HltmedT)
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S I R Model — Pulse Vaccination

— local stability:

1 T
ﬂ\o Sdt < S,

where S. = 1/ Ry is the endemic equilibrium with no

vaccination

— maximum vaccination period:

(0T — p) (e — 1) + pupT
uT (erT — (1 — p))
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Application: Rubella (Measles)

e Parameters

mean infectious period | 3.5 days | ~v = 100

mean lifespan 50 years | u = 0.02
contact rate 6 = 1800

e No Vaccination:
— Ry ~ 18 — endemic state is stable

— endemic equilibrium: S =~ 0.05

e Constant Vaccination:

— reasonable for school age, but not pre-school (35-50%)
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S EI R Model

e Assumptions

exposed period prior to becoming infectious

non-constant population size (N =S+ F+ [ + R)

* 1mmigration
* birth
* death from infection

mass-action kinetics for infection

exponentially distributed mean time to recovery and natural
death

no vaccination
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S EI R Model — No Vaccination

AN + puoN — S — BSI
—mkE 4+ BSI —I0F
+oF —~I — €l
+ I

Note:

e all parameters are positive

e to prevent exponential growth in total population, assume
death-dominant (u; > po)

e S I R model obtained with ¢ = 0, § = o0, Ew:o
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S EI R Model — No Vaccination

e Equilibria

infection-free

endemic

A
Hi1—Ho

(p1+9) (1 +vy+e)
614

0

p1(s1ty+e) Ag
Bo

0
0
A

(BA+ep1)(p1+90)(p1+y+e)—edBA

BBo

BOA — (p1 — po) (1 + 0) (11 + v +€)
€OA + (11 — po) (11 +0)(p1 +v +¢€)
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S EI R Model — No Vaccination

e Reproduction Rate: Ry =

o Stability

A )

g

p1—po p1+90 p1+y—+e

Ry <1

Ry >1

infection-free

globally stable

unstable

endemic

unstable

globally stable
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S EI R Model — Constant Vaccination

e Assumptions

— life-long immunization at birth

A+ (1 —-ppoN —mS —BSI
—mkE + BSI —0FE
+o0F —~AI
+ v

— el
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S EI R Model — Constant Vaccination

e Equilibria

infection-free

endemic

A _ ko
H1—Ho H1

(p1+96)(pm1t+vy+e)
3o

0

p1(p1+y+e) Ap
35 B,

0

p Ap

B By

A po
H1—Ho M1

>
Wm| + EEZ

A
H1—Ho

(BA+ep1)(p1+9) C: +7+e)—€dBA

BBy

A, = Ay — |bmu>
M1

mb — mo + Hbm%.@o
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S EI R Model — Constant Vaccination

e Reproduction Rate: R, = AH —

e Critical Vaccination Rate: py =

e Stability

R, <1 (p> po)

R,>1 (p<po)

infection-free

globally stable

unstable

endemic

unstable

globally stable
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S EI R Model — Pulse Vaccination

e Assumptions

— fixed portion of susceptibles vaccinated every 1’ years

A+ toz — EHQ — Q@N

34 pS(T)6(t — nT)
—wmE + pBSI —0FE
+oF —~I — €l
+ I
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S EI R Model — Pulse Vaccination

e Infection-Free Equilibrium

— initial value problem:

S A+ N —mS = > pS(nT™)s(t —nT)
n=0

— mR + Wh%?&f?@lsﬂv

n=0

A — (u1 — po)N
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S EI R Model — Pulse Vaccination

— solution:

S, te[nT,(n+1)T)

S(t)
m3+Hv t = AS\ + HvMJ

where, for all n=0, 1, 2, ...,

5 (1) A A 5 Fv o1 (t—nT)

M1 — Mo M1 — Mo

|_| AZ@ | > v AH | mltoﬁlzﬂvv mlcﬁltoﬁ
H1 — Mo

S((n+1)TT)
(1-p)S™((n+1)T")
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S EI R Model — Pulse Vaccination

— construction of periodic equilibrium solution:

x 1f Soo = lim,, o0 S5, exists, then S is a fixed point of

Fe) = (=) (S (o E e

x unique fixed point is locally stable

A (1= p)(erT —1)

See =
p1—po et —(1—p)
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S EI R Model — Pulse Vaccination

x asymptotically periodic equilibrium solution:

maovSnFLj Amoo | Fv méaaaﬁ
M1 — Ho M1 — Mo

+ Azo - Fv AH — mlto@Bomva
M1 — Mo

< mlcﬁ —po)t
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Application: Rubella (Measles)

e Parameters

mean exposed period 9 days

mean infectious period | 6 days

mean lifespan 80 years

contact rate “high”

immigration rate 777

net birth rate 777

net death rate 777




