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Poset

A poset is a set S together with a partial ordering on it.

Re exive

Anti-symmetric
a bandb aimpliesa=0>b
Transitive

a bandb cimpliesa c
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Posets and Hasse diagrams

Chains P, =([n]; )
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Posets and Hasse diagrams

Chains P, =([n]; )

I

P2 P3 P4
Boolean lattice Qn = (21"};
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Sperner's theorem

Theorem (Sperner 1928)
LetF be a family of subsets @] = f1;2;:::;ng. Suppose
“Forany A;B 2 F , neitherA B norB A’

Then
n

i :
I b5c
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Sperner's theorem

Theorem (Sperner 1928)
LetF be a family of subsets @] = f1;2;:::;ng. Suppose
“Forany A;B 2 F , neitherA B norB A’

Then

. n

JF] :

b5c
YBLM inequality:
Under the same condition, we have Yamomoto
% Bollobas
1 1: L ubell

cor F M eshalkin
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Subposets

A poset (S; ) contains a subposet (S 9 if there exists an
injection f : S°!' S which preserves partial orderings.

f@y fifa’ °p
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Subposets

A poset (S; ) contains a subposet (S 9 if there exists an
injection f : S°!' S which preserves partial orderings.

f@ fm)ifa® °p
Subposets of Qs3:

w O Y9

Ce
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Subposets

A poset (S; ) contains a subposet (S 9 if there exists an
injection f : S°!' S which preserves partial orderings.

f@y fifa’ °p

Subposets of Qs3:

I/
H

Cs N5 Q3

We say (S; )is (S® 9-free if no such injection f exists.
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La(n; H)

For a xed poset H, let La(n; H) denote the largest size of
H -free family of subsets of [n].
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La(n; H)

For a xed poset H, let La(n; H) denote the largest size of
H -free family of subsets of [n].

Sperner (1928)
n

La(n; P2) = ;
b5c
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La(n; H)

For a xed poset H, let La(n; H) denote the largest size of
H -free family of subsets of [n].

Sperner (1928)
n
La(n; P2) = :
Erdos(1938)
bﬂ%—lc "
La(n;P;) =
|:bn £+1C
= (r 1+o() .,
- " blc
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Trivial bounds of La(n;H)

fH® H, then

La(n;HY La(n:H):
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Trivial bounds of La(n;H)

fH? H, then

La(n;HY La(n:H):

Every poset H on [n] is a subposet of chain Py.
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Trivial bounds of La(n;H)

fH® H, then

La(n;HY La(n:H):

Every poset H on [n] is a subposet of chain Py.

dH) 1 o) SR gy

n
bzc

Here depth d(H) is the order of the longest chainin H.
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Known results

P>, Sperner (1928)

o |
La(n; P>) = ne
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Known results

P>, Sperner (1928)

o I
La(n; P>) = b%c :
P, Erdos (1938) I
n ®
La(n;Pr)=(r 1+o0n(1) ., :
bﬁC ®
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Known results

P>, Sperner (1928)

o I
La(n; P>) = b%c :
P, Erdos (1938) I
n ®
La(n;Pr)=(r 1+o0n(1) ., :
bﬁC ®

V, Tarjan (1975)

La(n; V2) = (1 + O(%)) bgc \/
2
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Known asymptotic results

V; Thanh (1998)/De Bonis, Katona, (2006)

La(n; Vi) = (1 + CD(E)) A W

n b%c
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Known asymptotic results

V; Thanh (1998)/De Bonis, Katona, (2006)

La(n; Vi) = (1 + CD(E)) A W

n b%c

C4 De Bonis, Katona, Swapepoel, (2006)

La(n;Ca) =2+ O(%)) I I

n b%c
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Known asymptotic results

V; Thanh (1998)/De Bonis, Katona, (2006)

La(n; Vi) = (1 + CD(E)) A W

n b%c

C4 De Bonis, Katona, Swapepoel, (2006)

X

1 n
La(n; C4) = (2+ O(-)) bac
“N” Griggs, Katona (2006)
N

La(n"NY) = (L+ O() 0
2
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Result on Pg(s; 1)

Pk(s;1): the “pblow-up” of chain Py by duplicating
top elements 1times and bottom elementt 1
times.

)\
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Result on Pyg(s; 1)

Pk(s;1): the “pblow-up” of chain Py by duplicating o
top elements 1times and bottom elementt 1

times.

Theorem (Griggs, Lu 2007) Fors;t  landk 3,

n

La(niP(sit) = (k. 1+0(7) 0
2

)\
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Result on Pyg(s; 1)

Pk(s;1): the “pblow-up” of chain Py by duplicating o
top elements 1times and bottom elementt 1

times.

Theorem (Griggs, Lu 2007) Fors;t  landk 3,

n

La(niP(sit) = (k. 1+0(7) 0
2

®
Remark: The hidden constant in O() is a function /\

of s, t, and k.
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Result on poset with depth 2

Theorem (Griggs, Lu 2007) For any poseH of depth2,

1 O() p.  la(mH) (2+0() 1 -
2 2
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Result on poset with depth 2

Theorem (Griggs, Lu 2007) For any poseH of depth2,

1 O() p.  la(mH) (2+0() 1 -
2 2

Moreover, if H contains the buttery Cgu, then

La(niH) =2+ O() p
2
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Proof of the upper bound:

Since H has depth 2. Assume H has s elements in upper
level and t elements in lower level. H is a subposet of
P3(s;t).
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Proof of the upper bound:

Since H has depth 2. Assume H has s elements in upper

level and t elements in lower level. H is a subposet of
P3(s;1).

We have

La(niH)  La(niPs(sit)  (2+0(3)
2

On families of subsets with a forbidden subposet — p.1:



Result on up-down tree

T Is an up-down tree if
T Is a poset of depth 2.
T Is a tree as a graph.
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Result on up-down tree

T Is an up-down tree if
T Is a poset of depth 2.
T Is a tree as a graph.

| |
Theorem (Griggs, Lu 2007) For any up-down tred

La(niT)=(1+ O()) -
2
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Result on cycles

Let Cok be the poset of depth 2 on 2k elements which is
also an even cycle as a graph.
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Result on cycles

Let Cok be the poset of depth 2 on 2k elements which is
also an even cycle as a graph.

Theorem (Griggs, Lu 2007) Fork 3,

n

La(n;Ca) = (1+ 0n(1)
2
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Next...

We will prove a special case of our theorem here:

C P — n
La(n; P3(s;t)) 2+ —+0(n 322" Inn) i

where C =6(s+t 2).
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A probabillistic lemma

Lemma: Let X be a random variable taking values of
non-negative integers. For any integers k >r , if
E(X)>k 1,then

X X 'Yl |
e E % (E(X) i):

r
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A probabillistic lemma

Lemma: Let X be a random variable taking values of
non-negative integers. For any integers k >r , if
E(X)>k 1,then

X X 'Yl |
e E % (E(X) i):

Specialcaser = k 1,

X X 1
E E —

) oy (EX) k1)
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Random variable X

IS a (uniformly) random permutation in S,.
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

f 19 f 1; 20 f 1, 2, 5 ngQ
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

f 10 f 1, 20 f 1, 2, no
X = jF\ C |
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

f 10 f 1, 20 f 1, 2, no
X = jF\ C |

P 1.
E(X) = EoF m
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

f 19 T 15 20 f 1, 22 ng
X = jF\ C j
_P 1.
E(X) = For oy’
JF )
3 B2F (8) A 8'c(lE)
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

f 19 T 15 20 f 1, 22 ng
X = jF\ C j
— P 1 .
E(X)= g2 oy
iFi

EX :P LF)AzF #PCZF L1

3 B2F (8) AaB(R) B c(le)
E’% = ¥ LP A 2F L

2 B2F (jlgj) A B (iii)
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Random variable X

IS a (uniformly) random permutation in S,.
C is arandom chain

fag f 15 20 f 12 5 g
= |JF\ C |
P 1
E(X)= gor 7y
(iF 1)
E>C(3 = PBZF +P A 2F %P C2F TlBjZ
() A'B (,-A,-) B ¢ (7] ¢
£X =" 1 P
2 B2F (1) A% iif
E X = P 1 P s _l
° B2k (JBJ) B C(nj Cj
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Reduction

A fact on binomial coef cients:
X n

" n
I 5C

Ji %pzpnMn
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Reduction

A fact on binomial coef cients:

X n n

=0 n ¥
b5c

Ji %j>2p ninn

F . any P3(s; t)-free family of subsets of [n].
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Reduction

A fact on binomial coef cients:
X n
b5c

Ji %j>2p ninn

F . any P3(s; t)-free family of subsets of [n].
[n]

=j>2 ninn i

FO= Fnl[
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Reduction

A fact on binomial coef cients:
X n
b5c

ji %j> Zp ninn
F . any P3(s; t)-free family of subsets of [n].

FO= FnJ I

ji %j>2pnlnn |

Fi jF 9=0 n % 0
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Reduction

A fact on binomial coef cients:
X n
b5c

ji %j> Zp ninn
F . any P3(s; t)-free family of subsets of [n].

FO= FnJ I

ji %j>2pnlnn |

Fi jF 9=0 n % 0

Use FYinstead of F.
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Reduction

A fact on binomial coef cients:
X n

Ji %pzpnMn
F . any P3(s; t)-free family of subsets of [n].

FO= FnJ I

ji %pzpnmn i

Fi jF 9=0 n % 0

Use FYinstead of F.

WLOG, we can assume F only contains k-sets
with k 2 (5 anl '%+2pnlnn)
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X
An upper bound of E 7

For any B 2 F , one of the followings must occur:
Atmosts 1s A'ssatisfyA2F andA B.

X 1 1
IB] (s 1)ﬂ 2p ninn
AAZFB jAj 2

At mostt 1sC'ssatisfyC2F andB C.

X 1 1

n
C2F ey 2
B C nj Cj
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X
An upper bound of E 7

For any B 2 F , one of the followings must occur:
Atmosts 1s A'ssatisfyA2F andA B.

X 1 1
IB] (s 1)ﬂ 2p ninn
AAZFB jAj 2

At mostt 1sC'ssatisfyC2F andB C.

X 1 1
Ié:ZFC nj Cj 2 ninn

X X 1

E E S+t 2 D
3 > | )5 2 ninn
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X
An upper bound of E 7

For any B 2 F , one of the followings must occur:
Atmosts 1s A'ssatisfyA2F andA B.

X 1 1
IB] (s 1)ﬂ 2p ninn
AAZFB jAj 2

At mostt 1sC'ssatisfyC2F andB C.

X 1 1
Ié:ZFC nj Cj 2 ninn

X X 1

E E S+t 2 D
3 > | )5 2 ninn
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Put together

X X 1
E E s+t 2 P
3 2 )g 2 ninn
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Put together

X X 1
E E s+t 2 P
3 2 )g 2 ninn
X 1_ X
E “E T (E(X) 2
s 3E 5, EX) 2
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Put together

X X 1
E E s+t 2 P
3 2 )g 2 ninn
X 1_ X
E “E T (E(X) 2
s 3E 5, EX) 2

(E(X) 2) 3(s+t 2)- 3
2
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Put together

X X 1
E E s+t 2 P
3 2 )g 2 ninn
X 1_ X
E “E T (E(X) 2
s 3E 5, EX) 2

(E(X) 2) 3+t 2) 3

_p
E(X) 2+§(s+t 2)+ O n %2 Inn
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Put together

X X 1
E E s+t 2 P
3 2 )g 2 ninn
X 1_ X
E “E T (E(X) 2
. 3E , EX) 2

(E(X) 2) 3+t 2) 3

6 _
E(X) 2+ (s+t 2)+0 n 3

The proof is nished since jFj E(X) n. .
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Open problems

Let (H)=Ilimpg 220H) it it exists.

(b%—c)
For poset H of depth 2, we proved

1 (H) 2

(
1 ifH Is atree;
(H) =

2 If H contains Cj.
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Open problems

Let (H)=Ilimpg 220H) it it exists.

(b%—c)
For poset H of depth 2, we proved

1 (H) 2

(
1 ifH Is atree;
(H) =

2 If H contains Cj.

|s there a poset H of depth 2suchthat1< (H) < 2?
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Open problems

Let (H)=Ilimpg 220H) it it exists.

(b%—c)
For poset H of depth 2, we proved
1 (H) 2

(
1 ifH Is atree;
(H) =

2 If H contains Cj.

|s there a poset H of depth 2suchthat1< (H) < 2?

Determine (Ceg). I><><I
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Open problems

Let (H)=Ilimpg 220H) it it exists.

(b%—c)
For poset H of depth 2, we proved

1 (H) 2

(
(H) = 1 ifH is atree;
2 If H contains C;.

|s there a poset H of depth 2suchthat1< (H) < 2?

Determine (Ceg). I><><I

Determine (Q2). <>
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