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On families of subsets with a forbidden subposet
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Abstract

Let F 21 be a family of subsets of {1,2,...,n}. For any poset H, we say F is
H-free if F does not contain any subposet isomorphic to H. Katona and others have
investigated the behavior of La(n, H), which denotes the maximum size of H-free
families F 2. Here we use a new approach, which is to apply methods from
extremal graph theory and probability theory to identify new classes of posets H,
for which La(n,H) can be determined asymptotically as n — oo for various posets
H, including two-end-forks, up-down trees, and cycles C4¢ on two levels.

Dedicated to Prof. William T. Trotter on the occasion of his 65th birthday

1 Introduction and Results

A poset (S,=<) is a set S equipped with a partial ordering <. We say a poset (S, <)
contains another poset (S5 <Y if there exists an injection f: S~ S, which preserves the
partial ordering, meaning that whenever u,v [SFsatisfy u < v, we have f(u) < f(v). In
this case, SUis called a subposet of S.

Let F 21 be a family of subsets of [n] := {1,2,...,n}. For any poset H, we say
F is H-free if the poset (F, [)_does not contain H as a subposet. Let La(n,H) denote
the largest size of H-free family of subsets of [n]. The fundamental result of this kind is
for H being a chain P, of two elements. A P,-free @n@ is an antichain, and Sperner’s
Theorem [10] from 1928 gives us that Lalgl],IPj) = EEZ‘,“:I. For small posets H in general,

it is interesting to compare La(n,H) to Mo

Erdos [5] extended Sperner’s Theorem in 1945 to determine that La(n, Py), where Py
is a chain (path) of k elements, is the sum of the k — 1 middle binomial coe Lciehts in n.
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Consequently, La(n,Py) [(Kd— 1)?9DI,:|as n - oo. Let h(P) denote the height of poset
P, which is the largest cardinality of any chain in H. We are interested in the asymptotic
behavior of La(n, H) for other posets H of height k.

There have been several investigations already of height two ppsgts— Thanh [11] ex-
tended Sperner’s Theorem by showing that for all r, La(n,V,) — Where V, is the

r-fork, the height two poset with one element at the bottom level below each of r elements
at the top level. (Especially, V; is P,, while V; looks like the letter V.) It is important to
note that we are not only excluding “induced” copies of a forbidden subposet H, e.g., V3
is a subposet of P4, so excluding V3 subposets also excludes Pg.

DeBonis and Katona [3] determined that La(n, B), where B is the Butterfly poset
on four elements A, Ay, By, B, with each A;, A, < B4, B, is the sum of the two middle
binomial coe [ciehts in n. More generally, consider excluding the height two poset which
is called (using graph-theoretic terminology) K s, which has elements A;,1 < i < r at the
bottom level, elements Bj, 1 < j < s at the top level, and for all i, j, Aj < B;. DeBoniqﬁ\@
Katona[3] extend the asymptotics for the butterfly B and show that La(n, K, ) Ezj[gnm

for all r,s = 2. Griggs and Katona [9] considered whether the asymptotics of excluding
the N poset on four elements A;, A,, By, B, with A; < By, A 1™ = B is similar
to excluding V, or B. It turns out to be the former: La(n,N) -

One new class of posets considered here we call a baton Py(s, t), which is a path Py
on k elements, k = 3, such that the bottom element is replicated s — 1 times and the top
element is replicated t — 1 times, s,t = 1. That is, we have a height k poset with s (resp.
t) independent elements on the bottom (resp., top) level. The particular case Py(1,r)
(which resembles a palm tree), known as an r-fork with a k-shaft, has been examined by
Katona and De Bonis [3]. They show

H(k=2) 1 111 1
n r—1 1
> + — +Q(=
La(n, Pe(1,r)) = : reiy A2) (1)
=0
+(k—2) 1 DIQL 1
n z(k)+2(r—1) 1
La(n, P (1, < .+ N +Q(— 2
a(n, Pu(L,1)) T e - (%) @

i==d
where z(k) = D [F n + k is even and z(k) = [452° [f n + k s odd.
The previously known maximum sizes of families of subsets of [n] without a given
pattern are listed in the following table.



Name H La(n,H) — - Reference
Chain Py A ) CA} (r—1+o,(1) BT Bl
Butterfly B Ai [B], forl<i,j<2 2+ on(l))%]% [4]
Kis(ns=2)| A [B],forl<i<sr l<j<s (2+on(1))gl$f| 3]
“N” A [BlC [Bland C [DI 1+ on(l))g]% [9]
“Vp” A B, fori=12,...,r L+0n(D) iy, | [
kVr Ay L=} CA} OB fori=12,...,r| (k+on(1) [, [3]

Table 1: Previously known results in the literature
: : : L] Ol
In this paper we give new asymptotic upper bounds on La(n,H)/ @0 for several
classes of posets H, and identify some new ones for which this ratio goesto 1 as n — oo,
We first roughly unify” the previous results on forks V, and on complete two level posets
Ks,t by considering batons Py(s,t). Note that the summation term in the bound, which
appears repeatedly, is just the sum of the k — 1 middle binomial coe Lciehts in n.

Theorem 1 For any s,t=1 and k = 3, We have

rG2) 1 [CI11 1
n 2k(s +t—2) N
La(n, Px(s, 1)) < .+ K ——=+0(n Inn) . (3)
i M= n
i= =2
Conseguently, as n — oo,
Iinl 1
La(n, Py(s, 1))/ 0] - k—1.

Remarks:

1. Theorem[I] (at s = 1 and t = r) is better than inequality (2) for k = 4r — 3. For
small k and large r, inequality (2) gives a better constant in the second order term.

2. Note La(n, Px(s, 1)) = La(n, Px(1, max{s, t})). ¢From inequality (), we have

k2) [ R I
n max{s, t} —1 1
La(n, Py(s, t)) = Lo+ gk —*a) . @
i= 2 o

This lower bound (4)) can be compared to the upper bound (3).

3. Note that P3(s, t) contains P,(s,t) = Kg¢, the complete two level poset. Theorem
Mimplies 1 [T 1
H
LatnHy= 2+0(dy N



for all posets of height 2. The hidden constant in the second order term is slightly
worse than that given in [3]. If H is not a subposet of the two middle layers of 2["
(for example H contains the butterfly B), then the equality in (&) holds.

An up-down tree T is a poset of height 2 that is also a tree as an undirected graph;
its order is the number of elements, [T]|.

Theorem 2 For any up-down tree T with order t, we have
1 16t 1 EEIEEnl 1

1
La(n,T)< 1+~ +0 —~V—— : 6
(n, T) n n ninn 5] ©
Consequently, as n - oo, 101
n
La(n, T)/ i - 1.

After discovering the results above for batons and for up-down trees, we learned of
new progress by Boris Bukh [I] that describes the asymptotic behavior of La(n,T) for
every tree poset. Specifically, if T is any poset for which the Hasse diagram is a tree
(connected and acyclic), then

11

n

Eg]I:I(l + O(1/n)). @)
This implies the leading asymptotic behavior for batons and up-down trees in Theorems
[l and [21 above, though the proofs and error terms are di [erkent.

The butterfly poset B has been solved asymptotically, so it is next interesting to
consider more generally the crowns Oy, which is the poset of height 2 that is a cycle
of length 2k as an undirected graph. Of course, O, is the butterfly poset, while Og
is noteworthy for being the middle two levels of the Boolean lattice B;. We have the
following theorem for crowns:

La(n, T) = (h(T) — 1)

Theorem 3 For k = 2, we have

C 101
La(n,Ou) = (1+o0n(1)) 0] (8)
1 v Leh
La(n,O—2) = 1+ 2y on(1) n 9)

2 i)
(N I .
So we see that the crowns Oy, k = 3, have La(n, Oy)/ @0 staying strictly below 2

asymptotically, unlike the Butterfly, the case k = 2, where the ratio goes to 2. For even
k = 4, the ratio goes to 1, while for odd k = 3 we only have an asymptotic upper bound.

The Theorem above for crowns is actually just a special case of the more general result
which concerns a more general class of height 2 posets obtained from graphs in a natural
way. The proof also relies on extremal graph theory. For a simple graph G = (V,E),
define a poset P(G) on the set V [El with the partial ordering v < e if the edge e is
incident at vertex v in G. For example, the crown poset Oy is P (G) when graph G is a
k-cycle.



Theorem 4 For any nonempty simple graph G with chromatic number x(G), we have

L1 L1 L
1 n
La(n,P(G)= 1+ 1—— +0,(1 . 10
(n.P(G)) @ =110 (10)
In particular, if G is a bipartite graph, then
I:nl 1
La(n,P(G)) = (1 +o0n(1)) Ly (11)

Theorem [3] is a direct consequence of Theorem @ by the observation Oy = P (Cy).

In this theory we construct large families in the Boolean lattice that avoid a given
subposet. This is analogous to the much-studied Turan theory of graphs, in which one
seeks to maximize the number of edges on n vertices while avoiding a given subgraph. It
is interesting that the theorem above applies the Turaan theory of graphs to give a useful
bound in our ordered set theory.

The rest of the paper is organized as follows. Three probabilistic lemmas are given in
Section 2, and the proofs of the theorems are given in section 3. We conclude with ideas
for further research.

2 Lemmas

L o5

For any fixed poset H, La(n, H) is of magnitude © — - The following lemma allows
us to consider the families consisting only of subsets near the middle level.

Lemma 1 For any positive integer n, we have

—
n 2"
. < F; (12)
i>g+2 ninn
n 2"
, < pel (13)

i<9—2 ninn

Proof: Let X;, X,,..., X, be n independent identically distributed {0, 1} random vari-

ables with .
Pr(Xi = 0) = Pr(Xi = 1) = §

for any 1 <i < n. Apply Cherno[Cslinequality [2] to X = i:; 1 Xi. We have

Pr(X — E(X) > \) < e 31,



v_
Choose A =2 nlInn. We have
—
"o = prx > g+)\)
i>0+2 ninn

)\2
< e 2n

1

n2
Inequality (12) has been proved. tl:ﬁﬂﬁﬁ/@ is equivalent to inequality (12) by the
symmetry of binomial coe Lciehts . 1

v___
Apply ]%_tqulrﬂg s formula n! = (1 + O(l/n) 21mn) re‘n to obtain the following approxi-
mation of Moy

I:nl _— n!
B T GIgm

= (1+0W/n)— 2mN g

211 [g]lﬁ;ig— Iﬁllig]_%%ﬂ

= 1+ O(l/n))a%Z”.

V__
It implies that ﬁ—g =1+ O(l/n))n%/fgm. For any\/amlly F of size @(%D) we

can delete all subsets of sizes not in (3 —2 ninn,3 +2 nlinn) from F. We obtain a
family of subsets thay has about the same size of F and only contains subsets of sizes in
(3—2 ninn,3+2 ninn).

Lemma 2 Suppose X is a random variable which takes on nonnegative integer values.
Let f(x) and g(x) be two nondecreasing functions defined for nonnegative integers x. Then

E(f(X)9(X)) = E(F(X))E(3(X)).

Proof: Apply the FKG inequality [8] over the totally ordered set of nonnegative integers.
Alternately, here we give a simple direct proof.
For any integer k = 1, let hy be the step function:

—1
0 iIfo=sx<k;

()= 1 x>k

For integers j =i =1, we observe that

E(hi(X)h; (X)) = E(hi(X))E(h; (X)),



which holds sine

Pr(X =i & X =j)
Pr(X =j)

Pr(X = i)Pr(X = j)
E(hi(X))E(h; (X)).

E(hi(X)h; (X))

I\ T

We have
1
fx)=Ff0)+ (F(k) — F(k — 1))h(X).
k=1
Similarly
1
9(x) =90+  (9(k) — gk — 1))hi(x).
k=1

All coe Lciehts (k) —f(k —1) and g(k) —g(k — 1) are nonnegative. By linearity, we have

1 1
E(F(X)g(X)) = E((F@O)+ (F()—F@{—1)hi(X)(@0O)+ (90)—90 —1)h;(X)))
i=1 ji=1
__1 ) J
= f(0)g(0) +f(0) (9()—90 —1)E(h; (X))
j=1
1
+9(0)  (F(i) — F(i — 1))E(hi(X))
i=1

) d—
+  (F() —F—1)@0G) — 90 — DEMi(X)h; (X))

ij=1

)
F(0)g(0) +f(0)  (9G) —9(G — 1)E(h;(X))

j=1

v

1

+g(0)  (F(i) — F(i — 1)E(hi(X))
i=1

1
+  (F@) —F>—1))0) —9Ud — D)E(i(X))E(h; (X))
ij=1
= E(f(X))E(@Q(X)).
—1

Lemma 3 Suppose X is a random variable which takes on nonnegative integer values.
For integers k > r = 1, if E(X) > k — 1, then

LT 1 [ 1 I;_IZI
E >k< >E >r< L—: (E(X) —r —i). (14)

i=0




Proof: Define L] @(X —r—i) ifx>k—1

k!
()= 0 otherwise.
and
(x) = ij,l io(x—1) ifx>r—1
g 0 otherwise.

Both f(x) and g(xl);ﬁ nonnegative quﬁsmg functions. For each nonnegative integer
X, we have g(x) = and f(xX)g(x) = By applying Lemma [2l we obtain

E v = E(F(X)g(X))
> E(f(X))E%
= E(f(X))E

FECE

v

where the last inequality follows from since f(X) is concave upward. L1

3 Proofs of theorems

Proof of Theorem [T We let (3= 222 and
2
= - —
n

f=1f(nk,s,t) = .+ K
0D i [

2n+l

Suppose F is a farp/jly of subset§/0f [n] with |F| > f + By removing all subsets of
size outsk)a G—2n Ir\u/n, L +2 nlnn), we can assume F onIy contains subsets of sizes
in(3—2 ninn,3+2 ninn) and |[F| > f.

We would I|ke to show F contains Py(s,t). We will prove this statement by contra-
diction. Suppose that F is Py(s, t)-free. Take a random permutation o [S},. Consider a
random full (maximal) chain C4

[I1{d,} [({di,02} =} [{d1,02,- -,0n}

Let X be the random number counting |F n C4|. On the one hand, we have

E(X) = % (15)

F[E |F|

> k—1+[1 (16)




since the sum is minimized, for a family of subsets on [n] of size ¥ by taking the f
sets closest to the middle size n/2, which means taking the k — 1 middle levels and the

remaining sets at the next closest level to the middle, I“_EIZL"IZI
Apply LemmaBwithr =k —1
11

X 1 I:)I( -
E K = EEHL—Tlé(X)_k-Fl)
X
> % K—1 (17
L]

On the other hand, we will compute E | directly. By coumting chains, a subchain
of length k in F,

F. [LF1 [} [F],
is in the random chain C; with probability

[F1['(|F2| = [F])! - - - (N = [F[)!
n! '

By linearity, we have

X TR (IR — [Fa)! - (0 — IRt

E = 18
k n! (18)
Fi,.., FkEEI
Fi1C=1FEd
We can rewrite equation (I8) as
LI 1
R i Gl TS R o= R
E k n! lgzl =[Fi—al (19)
Fo,...Fk—q [E1 FilEl  |Fy|  FE n—|Fy|
Fo LTHFJd F1 [E2l Fr—1 [EJ

Since F is Py(s, t)-free, for a fixed F,, ..., Fx—1, either “the number of F; satisfying
F, [CE} is at most s — 1”7 or “the number of Fy satisfying Fx—; [E} is at most t — 1”.
Let A be the set of k — 2-chains F, 1. [CE}_; in F so that the number of F; [H,
F, [F], is at most s — 1. Let B be the set of k — 2-chains F, -1 [CFJ]_; in F so that
the number of F, [CH, Fr—; [EL, is at most t — 1. The union of A and B covers all
k — 2-chains in F. We have

LI 1
e X _ HEb o o-Fapy B T

£ 1 47:1_|—|:|
k n! ] =|Fk—1l
(F2,....Fk—1) [A] FilEl [F1] FerEl - n—|Fy

Fi [E2 Fr_; [EQ

LR (n— |Feeq])! B 1 1 14
* n! lgzl i;_|Fk—1| (20)
(F2,....Fk—1) [B] FilE1 |F1| FklED n—|Fg|

F1 [E2l Fr—1

For the summation over A, the number of F; satisfying F; [CE] is at most s — 1. We

have
(s751)
LHE - =, ™ (21)
FilE1 |y 5_2 ninn
F1 [Fal



Apply inequality (ZI) to the first summation in (20).

I——H:’z‘!"'(n_“:k—ﬂ)! I 11 11
n! %D ;;_le—l|
(F2,...Fk_1) [Al FiE1 |F1| FED n—|Fkl

F1 2l Fr—1 [EJ

R (=R =1 50

= ! L
n! —|Fk—1 n
(F2 ..... Fk—l) [Kl Fk =1 n_“:kl 2 n In n
Fr—1 [Ed

< FA!- - (0 = |Fia)! |:,_|I 1 = (S:ll)
- n! T—|Fk—al A _ 2 ni

Fo,..., Fg—1 [E1 F [E1 n_lel 2

F2 Fir—1 [Fd

(s751)

A 22
k=1 2-2 nlnn 22)

For the summation over B, the number of Fy satisfying Fx_; [CF} is at most t — 1.
We have

L 1, t—1
@_“:k—l' n _(2“/ )| ) (23)
FEL  n—lFd 2 ninn
Fr—1 [Ed
An inequality similar to (Z2) can be obtained:
L1 [1
R (- R ot X (5D
~ el REERE | D e
(Fz,....Fk—1) [B] F1El |F| FeEd n—|Fl 2
F1 [E2l Fr—1 [Ed
(24)
Combining inequalities (20), (22) and (24), we have
LI 1 1 [ 1
X X +t—2
E” <E Sty (25)
K k=1 2-2 ninn
¢From inequalities (I7) and (25]), and the fact that E?l > 0, we have
_D< s+t— 2
k 2—2 ninn
, which contradicts our choice of [ 1

Proof of Theorem [Z Let F be a T-free family of subsets of [n]. By removing at

most 2, 2 Vsubsets withg 1t los: loss of generality, we Cﬁ assyme F consists of subsets of sizes
|n(“—2 ninn, 2 +2 ninn) and |[F| > (1+ o Here O3 2+ AL

Let X be the same variable as defined in the proof of Theorem [1. Recall

E(X) = % (26)

F =1 IF|

10



We have

Ex) = B9

n

FE1 |F|
> #9715
(9]
> 1+ [ (27)
Using that the variance of X is nonnegative (or applying Lemma@with r =1 and k = 2)
we have I%III 1
E ” = EE(X)(E(X) —1). (28)
¢From inequality (27) and (28), we get
-
E > —%(X). (29)
2 2
A simple case of inequality (I8) with k =2 is
LT 1
X _ EHR(F,] — Fa)i(n — [Fa))!
E = : (30)
2 n!
F1.Fp [(E1
F1 [E2l

Now partition F into A [Blrandomly. With probability % a pair (Fy,F;) has F; CA
and F, Bl There is a partition F = A [Blsatisfying

LA (| - P =IFD! - H oy,

F1 [AJF, [B]

F1 CE2

(31)

Now we consider an edge-weighted bipartite graph G with V(G) = A [Bl such that
|Fl|F<? ils |anl)?dgle Bf GifF, A, F, B, and F; [Eb. Each edge FiF, has weight
F1|!(|F2|—|F1D!(n—|F2)! : - -
g . Inequality (31I) states that the total sum of edge-weights is greater
than ¢E(X).
For any F; [CA, the weighted degree of Fy is

o= o B0 (32)

[Fil FomE1 n—|Fy]
F1 [Eal

Similarly, the weighted degree of F, [Blis

= (33)
[F2l Rz |Fy
F1 [E2l

11



ol

8(F)

ing vertices have weighted degree at least E(Tl) in the remaining graph, call it G5 which
IF|

has vertex partition A”[BFwith A” [CAland BY Bl The sum of edge-weights in G is

at least

We delete vertices F with weighted degree less than recursively until all remain-

L/, |1(IFo| — [Fu)!(n — |F2))!

n!
Fllﬁﬂ:zﬂﬁﬂ
F1 [E2
_ AR — IFD(n — |F])!
- n!
F1|EF2EE
F1 [Eal
Lk 1(F2| — IFL)!(n — |Fa])!
n!
F1 ALF,
F1 [E2l
L——F/(Fa| — [F)!(n — |Fal)!
n!
F1 [AJF, (BB
F1 [E2l
_ AR = FaD)i(n = |Fal)!
n!
F1 [AJF, [B1
F1 [E2l
Fi AAD |Fa] F, (B\BY |F2|
o AR = IFiDi(n — [Fa)!
n!
F1|EF2EE
e
_ : iy
Fi EA\ADT [Fa] F, (B\BD [F2]
e ol U G ) B =,
F1 [AJF, [B1 n! FEE|8 [F|
F1 [E2l
| — I(n — |
e L el LS Gl [ B PO
n! 8
F1|EF2|:E|
F1 [E2l

Since the last expression is positive by @I), both families A”and B”are non-empty.
By construction, every vertex in the remaining bipartite graph G has weighted degree
at least %:'ﬁ For any F; CAY by 32) we have
IF|
| I ]
EAWEE —. (34)
Fo [B1 |F2|—|F1]
F1 [E2al

12



Note 1 L1
n =1 >n—|F1|>E—2\/nInn (35)
IFal = IF| B '

Combining inequalities (34) and (35), we have
1 vV
125(]2—2 ninn).

Fo [BH
F1 [F2al

N

(36)

Similarly, for any F;, CAY

1=

Fq &Y
F1 [Fal

s 5—2 ninn . (37)

In other words, the minimum degree (in the usual sense) of GUis at least gg—z\/m) >
t for the choice of []

A subgraph of GPwhich is isomorphic to T can be constructed as follows. For any
u [CVI(T), map u to any vertex v of GY Map the neighbors of u in T to the neighbors of
v in GY and so on. Since the minimum degree is at least t, we can always find new vertex
which has not been selected yet. This greedy algorithm finds a subposet isomorphic to
T. 1

Proof of Theorem [4: Let F be any P (G)-free subsets of [n]. By removing at
most \2_;_1 subsets, Vye can assume that F contains the subsets of sizes only in the interval
(2—2 nInn,2+2 ninn). Let X be the random number defined in the proof of Theorem
@M. We claim E(X) =1+ 0,(1). Recall

E(X) = % (38)

FE1 |F|
o} O .
so that |F| < E(X) B We obtain an upper bound on E(X). As before, we have
X 1
E ’ > EE(X)(E(X) —1). (39)
: L]
We will bound E 7 in terms of E(X). Recall
11
X _ LAkl - |AD!(n — [B))!
E = . (40)
2 n!
A,B [E]
ALB]1

We split the summation into two parts, depending on whether |B|—|A| =1 or |[B|—|A| >
1.
For the case that |B|—|A| > 1, let Y be the random variable counting a triple (A, S, B)
satisfying
A CSI1CBl A/B [H.

13



We have
L AR(S| — |AD(IB] = ISD!(n — B!

B(Y) = n!
ATSTE)
_ Bl |ADI(n - B! ':'%1 -
N n! I=IAl
,?A,BEE%I S:ASIB1 |S|—|A|
_ '%’usl—|/:!|)!(n—|B|>!(|B|_|A|_l)
Wi
. H—Asi- '/:.')!(n — BN 1)

AB]IB|—|A|>1

Denote the number of vertices in G by v and the number of edges in G by m. Since
F is P(G)-free, there are no v + m subsets A;, Ay, ..., Ay, B1,...,Bn [CH satisfying
Ai (SICB]forlsisvandl<j=m.

For any fixed subset S, either “at most m — 1 subsets in F are supersets of S” or “at
most v — 1 subsets in F are subsets of S”. Define

v v
G, ={S ||| E(i-g—z nlnn,g+2 ninn),S has at most v — 1 subsets in F}.

v vV
G, ={S ||| ij-g -2 nlnn,2+2 ninn),S has at most m — 1 supersets in F}.

Gy G} covers all subsets with sizes in (3 —2 nlInn,Z +2 nlinn). Rewrite E(Y) as
|

|:|I_]1 I 11 1)
E(Y) = e (42)
siIs|=3I<2 ninn ISl Atel JAl BLEL =B
For S [G], we have
L 1 —
= e Mgt (43)
TS0 2 Thinn
B [EJS [B1 n—|B| 2
It implies
I I—lll I rlll I i I I—lll I rlll m71
] | EN
A i R U A - ke S Ay T
S G4 QEE%IAI SE, n—|B| S [Gd QEE%IAI 2
VvV m-1
< EX)4 ninn——/—. (44)
3—2 ninn
Similarly, we have
I — H v v—1
T B3 B F X EX)4 ninn——~——. (45)
A T IS 1—2 ninn
SIG3d IS| ArEx |A] BEI n—|B| 2
AL S [B1



Combining equality (@2) with inequalities (44) and (4%]), we have

Vv _
E(V)<E()4 ninn "W —2 (46)

n—2 ninn

N

In particular, combining with inequality (41), we have

_ _ NA— =
C——1A|(IB| - JAD!(n BD' _ £ox)4 n,nn%:%(ax». (47)

n! n_o
A,B [E]|B|—|A|>1 2
ALBR1

Now we consider pairs (A, B) with additional property |B| — |A| = 1. For any subset
S, we define

N™(S) = {T CH|S CI)T| =S|+ 1}
N7(S) = {T LH|T LS]JIT| =S| —1}.

Let d*(S) = |N*(S)| and d=(S) = [N~ (S)|. We have

e INIT(1=TE VG =T) [ L——JAji(n—|B|)!
|

n! n!
A,B [E] A,B[E]

ALB]B|-|AI=1 ALB]B|-|AI=1

D
- AD (49)

arer o (N

= %ﬁg . (49)

B[E1 |B] |

We will show most contributions to the summation above are from pairs (A, B) with
d*(A) = m and d=(A) < v. We define two subfamilies of F as follows:

F. = {S [CH|d*(S)=m}
F, = {S CH|d(S)=V}

We have

L A|i(n—B])!
|

n!
C—Japn-iB) , T—lgya %EQ

A,B [E]

AB]IB|—|AI=1

=
ALF].B 3 n ATEVF, A (n—1Al) BIEV, [B Bl
ALB]B|-|AI=1
- I:‘A|!(n_|B|)! . I:'_IIDm:/l
- | —
A[E].B[F} n: ALEWF A (n 2ninn)

A[B]B|—|A]=1
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—

+ s R S—
BIEVE, (B (n— 2niInn)
I:‘A! — B! +m-2
< n—IBD! , vEM =2 iy, (50)
n! n— 2ninn

AL[E].B

AL[B|B|—|A|=1

Recall C; is a random full chain of subsets of [n]. For i = 1,2, let X; = |F; n Cg¢|, SO

that
ECX) = % (51)

FE [F
Since F is P (G)-free, we have F; n F, = [In particular,

E(X1) + E(X,) = E(X). (52)

Let us consider a “diamond” configuration S [CA] [ Blfor (i =1,2) with A;, A, [(H,
B [H,, and |[B| = |S| + 2. In other words, S = A; n A, and B = A; A, [CEb where
A; and A, ([CH,) only dilerd by one element. For a fixed S, we define an auxiliary
graph Ls with vertex set N*(S) n F; such that two subsets A;, A, form an edge in Lg if

A; A}, [H,. We have
1. Ls is G-free since F is P (G)-free.

2. Each edge of Ls is in one-to-one correspondence with a diamond configuration as
above.

Recall that the Turan number t(n, G) is the maximum number of edges that a graph
on n vertices can have without containing the subgraph G. The Erdds-Simonovits-Stone
Theorem [6, [7] states

1
o

t(n,G) = 1—#+on(1) >

X©) —1 (53)

where X(G) is the chromatic number of G.
Let d7 (S) = |N*(S) n F1] and d; (B) = [N~(B) n F,|. The number of edges in Ls is
at most t(d; (S), G). We have
I?‘(B)

1
F(ISDt(d; (5).G) = 1‘(IBI

S B [E1

(54)

Here f(k) is any nonnegative funglion over integery and the summation on the Ieft is
taken over all S with sizes in (5 ?/2 ninn—1,5+2 nInn—1). Choose f(k) = (”)(n e

fork C(32 —2 ninn—1,3+2 ninn—1). We have

- P i GO
FISIETE10) = 1= gy ron@  FISHTS
S
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— Lf—

“o=1" on(1) F(ISPdr (S)(n —IS])

i (S)
1—-— n(1
x@-1""D i -

_ ﬁ +on(1) E(XY). (55)

IA

I
NI, NP N

[ —
I_l ]
(

- I?(B)

B T, 1B
_ 1 L+ 0 nlnn) lﬁ;!@fﬁ—d;(s)

P
n |B|?
1 i Bl

2
= 1 1voc MM %%%—m#axzx%)

BI[F1 [B]

= (¢ ®)) — d; (®)

IBI+2)2

N

N

Applying the Cauchy-Schwartz Inequality. the inequalities above, and the Arithmetic-
Geometric Mean Inequality, we have

L—JAin -8 _
A[F},B[F3} n' B [E3 Ilgl Bl
ALB]B|—|A[=1
< Lﬁfm (f%’qmz
B[E1 I|B|] BIE3 [B|
1 — —
= E(X2) 1-— X(©G) -1 +0n(1) E(X1)
111
1 1.
= 1- W +0n(1) E(X1)E(X2)
_ E(X1) + E(X?)
= x@ -1 "W 2
1
— W +0,(1) @ (57)

Combining inequalities (47), (&0), and (&7)) , we have
L—ApgBI- 1A — B))!

2 n!

A.B [E]|B|—|A|>1
ALE]
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LA (B| - |A])!(n —|B])!

+
n!
A,B [E]|B|—|A|=1
AT 1 -
1 E(X)
< on(E(X)) + 1 W +0n(1) o
11 L1
1 1
Combining inequalities (39) and (&8), we have
1
1
< N
EX)s1+ 1 Gy =1 + 0,(2). (59)
L . L] Ld
The proof is finished by observing |F| < E(X) E%El' 1

4 Further research

Let

n(H) = tim S

n- oo n !

el
when this limit exists. Does this limit exist for all posets H, and, if so, how does it depend
on H? For posets H of height two, we know that the limit, when it exists, belongs to the
interval [1, 2]. Are there any H of height two such that t(H) is strictly between 1 and 2?

More generally, for all posets H where we know m(H), m(H) is an integer. Is this true
in general? In fact, examples we looked have have m(H) equal to the maximum number
m such that the middle m levels of the Boolean lattice B,, = (2I"l, [)_do not contain H,
no matter how large n is (as observed by Mike Saks and Pete Winkler, unpublished).

We once asked whether there exists a number ¢y such that for all posets H of height
h, m(H) < c¢,. As we noted above, ¢, = 2. However, Lu and, independently, Tao Jiang,
pointed out that no such c,, for h = 3. The idea is that if one takes F to consist of the
middle m levels in the Boolean lattice B,,, then two sets A,B [CH with A IIEIhq@ at
most 2™~ — 2 sets C with A [Cl [ Bl Hence, the family F, which has size [Cml EQD,

avoids the height 3 poset consisting of a minimum element, a maximum element, and an
antichain of 2™~ —1 elements in between. This forces c; to be larger than any m, so that
no such c; exits. It seems that not just the height, but the width, of H aledts m(H).

It would therefore be interesting to determine 1(B,) for the Boolean lattice B, . The
smallest crown for which 1 is not yet determined is Og, the height two poset formed by
the middle two levels of B;. Even for a poset as fundamental as the diamond poset B,
we only know that m(B,), if it exists, must be in the interval [2, 3].
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