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Abstract

The Lovasz Local Lemma is known to have an extensionfor caseswhere inde-
pendenceis missing but negative dependenciesare under control. We shaw that
this is often the casefor random injections, and we provide easy-to-hiedk conditions
for the non-trivial task of verifying a negative dependencygraph for random injec-
tions. As an application, we prove existenceresults for hypergraph padking and
Turan type extremal problems. A more surprising application is that tight asymp-
totic lower bounds can be obtained for asymptotic enumeration problems using the
LovaszLocal Lemma.

1 Intro duction

The LovaszLocal Lemmais perhapsone of the most powerful probabilistic toolsin com-
binatorics, which has numerous applications, in addition to combinatorics, in number
theory and computer science.

When dependencief the ewerts arerare, the LovaszLocal Lemmaprovidesa general
way of proving that with a positive (though tiny) probability, noneof the events occur. In
somecasesan e cien t algorithm hasbeenfound for nding elemetts of this tiny evernt [4].
The main cortribution of this paper is to usethe LovaszLocal Lemmain a spacewith
rich dependenciesjn the set of random injections betweentwo sets.

Let Ai; Ay ii:; Ay be everts in a probability space. A graph G on vertices|[n] is
called a degendencygraph of the everts A;'s if A; is mutually independert of all A; with
ij 62E(G).
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Lemma 1 Lovasz Local Lemma (rst version) [9] For eachl i n, supmsethe
eventA; satises Pr(A;) p, and assumea degendencygraph G is asseiated with these
events. Assumethat d is an upper bound for the degreesin G. If e(d+ 1)p < 1, then
Pr("; A;)) > 0: is positive.

Here is a more generalsecondversion, Lemma 2, which implies Lemma 1 by setting
1

Xi:m:

Y
Pr(Ai) Xi (1 Xj ):
i 2E(G)

for all i, then

L Y
Pr(®iL; Aj) 1 x)>0:

i=1

graph on [n] satisfying

Pr(Aij~j2s Aj)  Pr(A); (1)

for any index i and any subsetS fj j ij 62E(G)g, if the conditional probability
Pr(*j2sA;) is well-de ned, i.e. > 0 (in [10], the terminology was lopsidegndencygraph).
We will make useof the fact that Equation (1) trivially holdswhenPr(A;) = 0, otherwise
the following equationis equivalert to Equation (1):

Pr(*j2sAj jA)  Pr(%j2sA)): (2)
Note that if A; is mutually independen of A; forj 2 S, then we have
Pr(Aij " j2s Aj) = Pr(A)):
Thus, the dependencygraphsalways can be consideredas negative dependencygraphs.

Lemma 3 Lovasz Local Lemma (third version) [10],or [2] p. 65. Let Ay;:::; A,
be eventswith a negative deendencygraph G. If there existx;; ;X 2 [0;1) with

Y
Pr(Ai) X 1 x) (3)
i 2E(G)
for all i, then
oy
Pr(" L1 Ai) (1 x)>0: 4)

i=1
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Note that oneeasily obtains a versionof Lemma 1 for the caseof the negative depen-
dency graph from Lemma 3 by setting x; = ﬁ For historical accuracy [10] descriked
the proof of Lemma 3 in this special setting. The manuscript [14] available on the web
givesa detailed proof to Lemma 3. A variant of Lemma 3 hasbeenproved in [1].

The main obstacle for using Lemma 3 is the dicult y to de ne a useful negative
dependencygraph other than a dependencygraph. In this paper, we will considerthe
probability spaceover random injections. Let U and V betwo nite setswith jUj jVj.
Considerthe probability space = 1 (U;V) of all injections from U to V equipped with
a uniform distribution. We are going to provide a criterion for de ning the negative
dependencygraph. We give applications of this criterion in permutation erumeration,
hypergraph padking, and Turan type extremal problems.

We do not prove any newresult on permutation enumeration, our point is that we are
not aware of any previousapplication of the LovaszLocal Lemmain this direction. Our
proofs suggestthat this possibility is there.

Both for hypergraph padking problemsand Turan type extremal problems, the lit-
erature mostly focuseson best estimatesfor particular hypergraphs. Here we give very
generl boundsthat are closeto optimal in their generalsetting, and at the sametime,
are not very far from the best estimatesfor particular hypergraphs,when we apply the
generalsetting for them.

For example, for any xed bipartite graph G on s vertices and any graph H on n
vertices, Alon and Yuster [3] proved that for su ciently large n, H can be covered by
vertex-disjoint copiesof G if the minimum degreeof H is at Ieast(% + )n and s dividesn.
We obtain a general(but wealer) result (Theorem 3) on perfect padking problem for any
hypergraph G.

For Turan type extremal problems, likewise, the literature focuseson particular ex-
cludedsub-hypergraphs,like K r(:)l . The fewgeneralresultsavailable are about the number
of edgeq[16], [12]. Our generalresults are about excludedsub-hypergraphs,in which ev-
ery edgemeetsfew other edges,and asbefore,our estimateis neartight when applied to
the well-studied K (), .

The paper is organizedas follows. In section 2, we prove our main theorem. We
extend the Lovasz Local Lemma to the spaceof random injections by establishing a
simple criterion for de ning the negative dependencygraph. In section 3, we apply our
main theorem to asymptotic permutation erumeration. We study the pading problem
for any two hypergraphsin section4 and the perfect paking problem in section5. The
last application on Turan type extremal problemswill be givenin section6.

In a follow-up paper under preparation, we will shav that Lemma 3 appliesto the
uniform probability spaceof perfect matchings of K,, with a proper de nition of the
negative dependencygraph; and we will alsoshonv how many of our asymptotically tight
lower boundscan be turned actually into an asymptotic formula.
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2 Main result

To state our result, we will usethe following notations. Every injection from U to V can
be viewed as a saturated matching of completebipartite graphwith partite setsU and V.
In this sensewe de ne a matching to be a triple (S;T;f) satisfying

1. Sis the subsetof U and T is a subsetof V.
2. Themapf :S! T is a bijection.

We denotethe set of all sudh matchingsby M (U;V). Note that the elemets of M (U;V)
are partial functions from U to V that areinjections,and | (U;V) M (U;V).

For any permutation of V wedene themap :M(U;V)! M(U;V) asfollows:
Forany g2 M(U;V) forallu2 U

(@(u) = (g(u)

Clearly for a matching g; = (Sy;Ty;f1) if () = @ = (Sp;Ty;fo) then S; = S,.
Moreover, if T, consistsof xp oints of (i.e. (v) = vforallv2 T;)theng = g;.

Two matchings (S;; T1;f1) and (S;; T,;f,) are said to conict ead other if either
\9k 2 S;\ Sp;fa(k) 6 fo(k)" or\9k 2 Ty \ To;f, (k) 6 f,%(k)". In other words,
two matchings do not con ict ead other if and only if their union (as a graph) is still a
matching.

For a given matching (S;T;f), we de ne the evert As.t¢ as

Asti = 21(UV)] (i) =1(i);8i 2 Sg.

An evert A 2 |1 (U;V) is calledto be canonical if A = As.t¢ for a matching (S;T;f).
Two canonicaleverts con ict ead other if their ass@iated matchings con ict. Note that
if two ewverts con ict eadt other, then they are disjoint.

Note that for any permutation of V, and any matching (S;T;f), if ((S;T;f)) =
(S;T%f9 then (Asts) = Asoso.

We establisha su cient condition for negative dependencygraphs for the spaceof
random injections by showing the following theorem.

Pro of: We are supposedto shav the inequality (1). If the condition ”;,sA; has
probability zero, then there is nothing to prove. SoassumePr(”,sA;) > O:
By (2), it suces to show that for any indexi and any setJ fj : A; and A; does
not con ict g,
Pr(®j23A; jAi)  Pr(%j2:A)): (5)

the electr onic journal of combinatorics 13 (2007), #R63 4



Forl k m, let (S;Tk;fk) be the correspnding matching of the evert A,. We
rst prove the following claim.
Claim:  For any matching (S;; T;f),

Pr(ASi ;T;f) = Pr(ASi i ;fi): (6)
Moreover, if 3 fj : A; and A; doesnot con ict g, we have
Pr(("j23A))As 1) Pr((®j20A))Asm,): (7)

Pro of of Claim: Fix a matching (S;;T;f). Let J°be the setof indicesj 2 J sothat A;
doesnot conict Ag . Clearly

(N 23A)As 15 = (N230A))(Nj23n30A] )As T
If j 23 nJ% then A; conicts to As,.t¢, andsoAg,t¢  A;. Therefore
AjAs T4 = Ag.Ti!
Thus, whether J nJ%is empty or not, we have
("20030A))As i = AsioT )
from which it follows that
(AszA_j)Asi T = (AszoA_j)Asi Tif (8)

Let :V ! V be a bijection satisfying the following: (v) = v for any v 2 [ j2;0T]
andforw2 T, (w) = f;(f %(w)). By the de nition of J°we have that for eatrj 2 J°
ifu2 S\ S thenf(u) = fi(u) = f;(u), thereforesud a clearly exists. Moreover, for
eah j 2 J% T; consistsof xp oints of , (T)= T;,andforu2 S, (f(u)) = fi(u).

This impliesthat  ((S;;T;f)) = (S;; T;; fi), from which equation (6) follows. Also for
eahj 2 J%°wehave ((S;T;;f;)) = (S;T;;f;). Thus,foread j 2 J°

(AjAsTi) = AjAs T 9)

from which o o
((Nj230A))Asiir) = (Mj200A))Asim, (10)
Using equations(8) and (10) we obtain

Pr(("j230A))As 71))
Pr(("j200A))As 71,
Pr((/\j ZJA_j)ASi iTisfi ):

Pr((/\j ZJA_j)ASi Tf )

The proof of the claim is nished.
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For the xed setS;, the collection of everts fAg .1 | (Si; T;f) is a matchingg forms
a partition of the space = 1(U;V).
From this partition and equations(6) and (7) we get
_ X _
Pr(*j2:A)) = Pr(("j20A))As;it)
(SXT;f)

Pr((AszA_j)ASi i ;fi)
(SXT;f) -
= Pr(AjZJAj J ASi T ;fi)Pr(ASi T, ;fi)
(Sj-('T;f) -
- Pr(AszAJ J ASi ;T ;fi)Pr(ASi ;T;f)
(Si;T;f)
- Pr(AjZJA_jj ASi;Ti;fi):

3 Asymptotic Permutation Enumeration

There is a well-known asymptotic formula for the number of xed-p oint-free permutations
of n elemens (or derangemets of n elemerns), n!=e Surprisingly, the Lovasz Local
Lemma gives this asymptotic formula as lower bound. Let us be given a set U of n
elemers.

To apply Theorem1, setV = U, fori 2 U setS; =T, = fig,denef; : S5 ! T by
I 7! i. SetA; = Ag .1, and obsene that A; consistsof permutations that x i. We will
useempty negative dependencygraph,i.e. E(G) = ;.

For the purposesof Lemma 3 selectx; = 1=n. This choiceis allowed, asPr(A;) = 1=n
and the product in (3) is empty. The conclusionis that Pr(*;A;) (1 %)“, and this
number corvergesto 1=e

Going further, it is known that the probability of a random permutation not having
any k-cycleis asymptotically e 7% [5]. With somee ort, we cangetthis asa lower bound
for the probability from Lovasz Local Lemma. Let us be given a set U of n elemerts.

To apply Theorem1, setV = U, for | U, jlj = ksetS = T, = I, and considerall
f, o1 1 functions( = 1,2;::;(k 1)!) that correspnd to a k-cycleon | .
De ne the evert A;; = A, . The vertices of the negative dependencygraph will

bethe | (k 1)! ewerts, and we join A;; with A;, if I\ J 6 ;. Every degreein the

negative dependencygraph is boundedby nko(k 1= % % where

k k
Sk
(n)k is the falling factorial notation. For the purposesof Lemma3 selectx,. = x = 1(:1)E ,
Note that Pr(A,. ) = ﬁ and a little calculation shows that
1 (M (k)
. x(1 x) & % (11)

(N)k
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by the de nition of x, if ¢ issu cien tly large,dueto the factthat (e (W = o(pk 1),
(Just take the logarithm of both sidesof (11) that we needto prove and expand the
logarithms into series.) Hence,(3), the condition of Lemma 3, holds. The conclusionof

() 2

Ly , and this number on the right hand

Lemma3is that Pr(®. A, ) 1 o
side corvergesto e 17K,

Let usturn now to the erumeration of Latin rectangles.An k n Latin rectangleis a
sequencef k permutations of f 1; 2; :::; ng written in a matrix form, sud that no column
has any repeatedentries. Let L(k;n) denotethe number of Kk n Latin rectangles.The
current best asymptotic formula [11] for L(k;n) works for k = o(n®%"). Without going
into details of the history of the problem, the previous best rangewask = o(n'%?), with

the useof the Chen-Steinmethod [7], [19], shaving
Likn) (ke () & (12)

Formula (12) has had an unexpected proof [17], wherethe inequality
1 L
Dk 1 % L(k;n): (13)

r=1

which was proved from the van der Waerdeninequality for the permanen, provided the
lower bound for the asymptotic formula.

Our goal now is to shav (13) from Lemma 3 for k = o(n'™2). We needthe following
very generallemma.

Lemma 4 Assumethat G is a negative dependencygraph for the eventsAgi; Ay; i3 Aq.
Assumefurther that V(G) has a partition into classes,suchthat any two eventsin the
sameclasshaveempty intersection. For any partition classJ, let B; = _j»;A;. Nowthe
guotient graph of G is a negative degndencygraph for the eventsB ;.

Pro of. We have to show that if K is a subsetof non-neigtbors of J in the quotiert
graph, then Pr(B;j “k2« Bk) Pr(B;). By the additivity of (conditional) probability
over mutually exclusiwe everts, it is su cent to shav that

Pr(A;jj "k 2« Bk) Pr(Aj) (14)

holdsfor everyj 2 J. Howewer, A ok Bk = Mok A;,andeweryi 2 [K isanon-neiglbor
of j in G, accordingto the de nition of the quotient graph. Therefore,(14) holdsasG is
a negative dependencygraph.

Let us selectnow k permutations 1; »;:::; k of the elemens f1;2;:::;ng randomly
and independertly, and Il in the ertries (j) into ak n matrix. We want to give a
lower bound for the probability that the rst t + 1 rows make a Latin rectangle under
the condition that rst t rows make a Latin rectangle. Fix an arbitrary t n Latin
rectanglenow with rows 1; ;::; (. Dene the evert Aj by i(j) = +t1(j). Theseare
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canonicalewerts. Let G bethe graph whoseverticesarethe (i; ) ertries for j = 1;2;:::;n,
i = 1;2;::;t, and ewvery (iq;]) is joined with ewvery (i,;j). The maximum degreein this
graphist 1 = o(n*™?). With the choice xj = 2=n these ewents satisfy (3) in the
graph G, and therefore the graph G accordingto Theorem 1 is a negative dependency
graph. De ne the ewerts B; = _; ; {Aj. Clearly Pr(B;) t=n. The quotiernt graph
is empty, and is a negative dependencygraph for the B; evernts. Lemma 3 appliesand
Pr(*/.;Bj) (1 t=n)". Ilterating this estimate, formula (13) follows.

Spencermadea joke in [18],that LovaszLocal Lemmal can prove the existenceof an
injection from an a-elemen setinto a 6a-elemen set, while the naive approad requires
a ( a® size codomain, as it is well-known from the "Birthday Paradok’. Now using
Lemma3in combination with Lemmas below, we canshow that a random function from
an a-elemen setinto an a-elemen setis an injection with probability at Ieast(% 0(1))3,
giving a conbinatorial proof to a weakened Stirling formula! (Apart from Lemma4, this
is the only result in the paper not using Theorem1.)

We say that the everts Ay} Ay; i Ap are symmetric, if the probability of any boolean
expressionof thesesetsdo not change, if we substitute A (y to the place of A; simulta-
neously for any permutation  of [n].

Lemma 5 Assumethat the eventsAi; A,; :::;; A, are symmetric, and let p; denotePr(A;"
A~ AMA) fori= 1,2:n andlet pp = 1. If the sequene is logonvex, i.e. p?

P 1pk+1 for k= 1;2;::;;n 1, then Lemma3 applieswith an empty negative degendency
graph, i.e. with x; = p;.

Pro of. Mathematical induction on the number of terms in the condition yields that
Pr(AgjA N A M A) =1 peee 1 10 P =P = Pr(AA2 ™ Az™ ™ A ™ Aga ).

Considera setA with jAj = aandasetB with |Bj = b, andassumea b Considera
random function f from A to B. Foru 2 A, de ne the event A, = the valuef (u) occurs
with multiplicit y 2 or higher. The evenis A, are symmetric. Clearly Pr(A;) = 1 hb(b
1)* =I#. Direct calculation shavsthat p = Pr(A,, » Ay, Ay) =il 2 (b )2 =
The logcorvexity of the p; sequences algebraically equivalert to (b k)2 % 1 (b
k+ 12 Kb k 12K lfork= 1:;a 1. Inthecasea= b setn=a k, andthe
last inequality is algebraically equivalert to the well-known fact (1+ )"+ (1+ )"
for n 2, while the casen = 1 correspndsto p2 ;  pPa 2Pa, Which is easyto ched.
Hence,using Lemma 3, we obtain that the probability that arandomA ! A function is
an injection, is at least(1  p(A1))? = (1 1=8%® Y = (1 0(1))?, pretty closeto the
correct asymptoticsal=a = = 2 ae 2(1+ o(1)).

4 Packing problem

A hypergraphH consistsof a vertex setV (H) together with a family E(H) of subsetsof
V (H), which are callededgesof H. A r-uniform hypergraph, or r-graph, is a hypergraph
whos(e)edgeshave the samecardinality r. The completer-graph on n verticesis denoted
by Kn’.
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Packing problem of hypergraphs: For two r-uniform hypergraphsHi, H,, and an
integern  maxfj V(H,)j;jV(H2)jg, are there injections ;: V(H;) ! [n], fori = 1;2
sudh that ;(H.) and ,(H;) are edge-disjoit?

Theorem 2 Fori = 1;2, assumethat H; is an r-uniform hypergraphwith m; edges,such
that everyedgein H; intersects at mostd; other edgesof H;. If (dy+ 1)m,+ (d,+ 1)m; <
% ’r‘ , then there exist injections of V(H;) and V(H,) into K suchthat the natural

imagesof H; and H, are edge-disjoint.

Pro of: Without lossof generality, we assumethat H, is given as a sub-hypergraph of

" Considerarandom injection of V(H1) into V(Kr(]r)); this injection extendsto E(H,)
in the natural way. Our probability spacewill be | (U;V) with U = V(H;) andV = [n].
Considertwo edgesF; (of H;) and F, (of H,); and a bijection :F;! F,. The ewerts
Af,.r,; Will beour bad ewerts. We have

1 1

ri? (n);

Pr(AFl;Fz; ) =

Let G be the negative dependencygraph of those Ag,r,. everts. An evernt Ag, r,.
conicts anotherewvert Agoro o if and only if

1. EdgesF; and F? have empty intersection while their imagesF, and F. have non-
empty intersection.

2. EdgesF; and F? have non-empt intersectionbut and ©°are de ned di erently
in someintersection point.

An event Ag,r,- canhaveat mostr!(d, + 1)m; 1 conicts of the rst type, and at
mostr!(d; + 1)m; con icts of the secondtype, thus the maximal degreed in the negative
dependencygraph is at most

rif(dy + 1)ma + (dz2 + 1)my] 1

Apply Lemmal in the negative dependencygraph setting. With positive probability,
all bad everts A;,,. can be avoided simultaneously if

e(d+ 1)Pr(Af1;f2; )< 1

Remark: The constart coe cient é in Theorem2 can not be replacedby 2 asshown by
the following example.

Let r = 2 and H; bethe graphonn = s(s 1) verticesconsistingof s 1 vertex-
disjoint copiesof the completegraph K ; and let H, bethe graphonn = s(s 1) vertices
consistingof a singleKs andn s isolated vertices. The complemen graph H1 is K s-free
by the pigeonholeprinciple. (In fact, H is the maximum K s-free graph on n vertices by
Turan theorem [21].) Therefore, copiesof H; and H, can not be padked into K,, with
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disjoint edgesets. In this example,we haved, = d, = 2(s 2)andm; = (s 1),
m, = 3 . It is easyto seethat Therefore,we have

(di+ 1)my+ (dy + 1)my

2s 3)s 1) ; +(2s 3) ;
s(s 1) n
2 25

S
2s 3 <2
s 3

Herethe last inequality holdsfor all s 2 by an easycalculation.

5 Perfect Packing

For two r-uniform hypergraphs,H and G, we say that H hasa perfect G-pading if there

A necessaryondition for the existenceof perfect G-padking is that jV (H)j is divisible
by jV(G)j. We will prove the following theorem.

Theorem 3 Supmsethat two r-uniform hypergraphsG and H satisfy the following.
1. G hass vertices,H hasn vertices, and n is divisible by s.

2. G hasm edges,and each edgein G intersects at most d other edgesof G.

n 1

3. For any vertexv of H, the degree of vin H is at least (1 x) | ; .

If X< ————m, thenthen H hasa perfect G-packing.

e(d+1+ r2d)?

A special caseis that G is the r-graph with a singleedge.We havem = 1,d = 0, and
S=r.

Corollary 1 Supmsethe deggree of each vertexin an r-graph H on n verticesis at least
(1 ﬁ) rr‘ i . If nis divisible by r, then H hasa perfect matching.

Pro of of Theorem 3: Let H; be the union of % vertex-disjoint copiesof G and H
be the complemen graph of H. Obsene that H has a perfect G-pading if and only if
H, and H, = H can be paded into K. Now we apply Theorem2. Notice that d; = d
andm; = JE(Hy)j = 2JE(G)j = ™. The degreeof any vertex in H is at mostx ! i by

the third condition. We have

n 1 n 1
d +1 1
b X — r I X —

It suces to have

(dy+ Dmy+ (dh+ Dmy  (d+ Dx |+ rx hm
r r
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The secondinequality is equivalert to

1
X < q P
g +1+T)

asdesired.

6 Turan type extremal problems

For a xed r-graph G, let t(n; G) denote the smallest integer m sud that ewery r-
uniform hypergraph on n vertices with m + 1 edgesmust contain a copy of G. The

limit lim % always exists[13]. We denoteit by (G). We have

Theorem 4 Supmseeach edgein an r-graph G intersects at most d other edges. Then
we have 1

©) 1 Gipe (15)

Pro of: Consideran r-graph H on n verticesand m = t(n;G) 1 edges,which do not
cortain a copy of G. Note that ead edgeof H canintersectat mostr ! i r + 1 other

edges.The conclusionof Theorem?2 doesnot apply to G and H. Thereforewe must have
! !

d+ 1) ? m + r? i f+2 JE(G)] %'r‘
and by rearrangingterms
o1 e(d]:r 1)+rn_2j§ﬁj
‘
-1 e(di 1)+O(%)

asdesiredasn! 1 whiledandr are xed.
The generalupper bound for Turan density in term of the number of edgesis rst

obtained by Sidorenio [16]

1
G 1 +—

for any r-graph G with f edges.It hasslightly beenimproved by Keewash[1Z] to

(G)<1 % (L+ o()(2r1&f3 &) ! (16)

for xed r 3andf! 1.
If a hypergraphG is a clique, in which any pair of edgeshave non-empty intersection,
then we haved = f 1. Inequality (16) is closerto the best known upper bound. For
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example,considera specialcompleter -graph K r(i)l onr+ 1 vertices,de Caen|[6], Sidorenlo
([15]), Tazava and Shirakura [20] proved

(1+ 0(1))Inr (r) 1
o (Kria 1 r
The upper bound was improved [8] to
p__
5+ 12 Orz+ 24r 1 1 1
KO) 1 =1 = Z+0(=
(Kraa 2r(r + 3) rr2 O(r3)
for odd r.
Theorem4 only gives
1
K&OY) 1 :
( r+1 e(r + l)

It is still quite comparableto those best known upper boundsfor (Kr(i)l) exceptfor the
constart coe cient e.

Howeer, for hypergraph G with lessintersection, (say, d < %) inequality (15) often
o ers a much better upper bound on (G) than inequality (16) does.

Acknowledgmen t:  We thank Eva Czabarka for her suggestionsat writing this
paper.
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