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Abstract

Many massive graphs (such as the WWW graph and Call
graphs) share certain universal characteristics which can be
described by so-called the “power law”. Here we determine
the diameter of random power law graphs up to a constant
factor for almost all ranges of parameters. These results
show a strong evidence that the diameters of most massive
graphs are about logarithm of their sizes up to a constant

factor.

1 Introduction

Searching contents on the Internet is directly related
to the diameter of the WWW graph, which is, by
definition, the minimum number of “clicks” needed to be
performed to “jump” between any two documents. The
diameter can not be computed by brute-force search
because of the huge size (estimated to be at least 800
million documents [22]) and rapid growth (at least 100%
a year) of the Web. Recently, however, some structure
of the web has come to light, which may enable us
to describe graph properties of the Web qualitatively.
Several groups of researchers [1, 5, 7, 8, 20, 21, 19]
have made the crucial observation that the WWW
graph obeys the power law (i.e., the number of nodes,
y, of a given degree x is proportional to 27 for
some constant 3 > 0). Ailello et al. [3] proposed a
random graph model for generating graphs with degrees
satisfying given power law distribution, which is called
power law graphs. By using techniques in random
graph theory, the sizes of connected components are
determined for many cases. There are several other
models [4, 7, 8, 20, 21, 19], which generate power law
graphs for some ranges.

In this paper, we consider a variant of random power
law graph model (specified in section 2), which is an
analogy of classic random graph model G(n,p). G(n, p)
is a random graph on n vertices in which a pair of
vertices appears as an edge with probability p. The
studies of graph properties of G(n,p) can be traced
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back to the seminal papers of Erdés and Rényi [15] in
1959. As many other graph properties, the diameter
of G(n,p) is well-studied. For a disconnected graph G,
we use the convention that the diameter of G is the
maximum diameter of its connected components. There
is rich literature of computing the diameter of G(n,p)
[9, 10, 11, 13, 14, 16, 23]. In general, the sparser the
graph is, the harder the problem is. Recently Chung and
Lu [16] further extended these techniques to examine
the diameter of sparse graphs.

Relatively little is known about the diameter of
massive graphs. Albert et al. [5] estimated the average
distance between any two documents of the Web is
about 19. Broder et al. [12] reported on experiments
on local and global properties of the web graph using
two Altavista crawls each with over 200M pages and
1.5 billion links. They showed that the diameter of this
part of the WWW graph is over 500 and the diameter
of its giant strongly connected component is at least
28. These experimental results can be very effective in
predicting the actual diameter of the WWW graph, if
we could answer the following question: —How does
the diameter of the WWW graph grow when its size
increases?

In this paper, we try to answer these kinds of
questions by examining the diameter of random power
law graphs for all ranges of the powers. We determine
the diameter of random power law graphs up to a
constant factor (Theorem 3.1, 3.2) for various ranges
of 3. We also derive the complete distribution of their
connected components (Theorem 3.3, 3.4).

There are some limitations when these theoretical
results are applied. The model here is an undirected
graph model, while most massive graphs are directed
graphs. These results can be applied to massive graphs
in a sense that people are often interested in the
diameter and connected components of a massive graph
as an undirected graph. The power parameter (3’s of
most massive graphs are in the range 8 > 2. (For
example, Kumar et al. [20] and Barabdsi et al. [7, §]
independently reported that the value of 3 of the WWW
graph is approximately 2.1 for in-degree power law and
2.7 for the out-degree one.) Theorem 3.2 provides a



strong evidence that diameters of most massive graphs
are about logarithm of their sizes up to a constant factor
for S in this range.

The rest of the paper is organized as follows. First,
a random power law graph model is defined and some
facts are stated in section 2. Results are stated in
section 3. Methods are described in section 4 and several
technical lemmas are also given there. We prove the
main Theorems 3.3, 3.4 on connected components in
section 5. From section 6, we compute the diameter.
In section 6 and 7, we deal with the ranges 5 < 2 and
(B > 4, respectively. The last range 2 < 8 < 4 is covered
in section 8. Some open problems are given in the last
section.

2 Model and facts

Aiello at el. [3] introduced a new random power law
graphs model, which can be described as follows. The
model in [3] has two parameters o and [. Here « is
the logarithm of the graph size and [ is the log-log
(negative) growth rate. So the model consists of random
graphs satisfying the following: The number of vertices
with degree z, y, satisfies

logy = a — Blogx.

(Here all logarithms are with base e.)

We consider a variant of the model in [3]. The model
here is more complicated to state than the one in [3],
but is easier to analyze due to its edge independence.
In general, results from one model can be expected
from the other model, and vice versa. However, the
difference of the two models does exist. For example, in
[3] it is stated that there is no giant component when
B > 3.4785. But Theorem 3.3 states that there is always
a unique giant component for ranges considered in this
model. It is because that our model allows isolated
vertices and has fewer vertices with a single edge. So
the chance of forming a giant component increases.

The random power law graphs model is defined as
follows.

Model: Given n weighted vertices with weights
w1, ..., Wy, a pair of vertices (i,j) appears as an edge
with probability w;w;p independently. Here these pa-
rameters wi, ..., w, and p satisfy

Lo #{il <w; <2} = [e*] —r #H{ilk <w; <k +1} =
&) fork =2,3,.. ,le?]. Here « is a value mini-

.. e% e eﬁ
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We remark that |r| < e5 = o(e®) for # > 1. The
above definition is well-defined. However, if 0 < g < 1,
we may have r = Q(e®). For simplicity and convenience,

we only consider the model for those n such that r =

o(e®). (An alternative solution is to modify condition 1

to #{ilk <w; <k+1}=|%] —1l.for 1<k <r)
For 1 < k <e?, we have

[0}

. (&
#ilk <wi <k+1}~

Since for each vertex v;, the expected degree of v; is
Zj w;wjp ~ w;. Hence, the degree sequence of this
model roughly follows the power law distribution with
parameter («, 3).

Since « is ©(logn) where n is the graph size and n
goes to infinity. Only 5 does matter. We simply denote
this random power law graph model by Gg.

If we use real numbers instead of rounding down
to integers, it may cause some error terms in further
computation. However, the error terms can be easily
bounded. For convenience, we will use real numbers
with the understanding the actual numbers are their
integer parts.

We can deduce the following facts for our graph:
(1) The maximum weight of the graph is about e .

(2) The vertices number n is related to « as follows

a

S C(B)ee it A>1
— |~ ae” if =1
k=1 Che’ ifo<p<1

where ((t) = >0, & is the Riemann Zeta function
and C is a constant satisfying 1 7 < Ch < B

(3) The total weights of G (or the volume of Gg) can
be computed by

n Cre® if g >2
vol(G):Zwizl/p;:: ae” if =2
i=1 Cle® 0<B<2

where C; and C] are two constants satisfying ((8 —

1) < C1 < ¢(B— 1) +¢(B) and 525 < Cf < 325
respectively.

(4) The expected number of edges E can be computed
as follows:

E= Zwlep ~ sz

i<j

vol (Gp)

(5) The higher moments of the weights distribution are
as follows.

Cre® ifg>k+1
I = kgl Se® ifg=k+1
k sz P™ hina .
i Cre 7 ifo<B<k+1

where C, and CY, are two constants satisfying ((8—k) <
Cr <C(B—k)+((B—-k+1) and m <} <

ﬁ respectively.



3 Our results
We have

THEOREM 3.1. When 0 < 8 < 2, the diameter of the
random power law graph Gg is almost surely at most
2|55 +5.

THEOREM 3.2. When (3 > 2, the diameter of the
random power law graph Gg is almost surely ©(logn).

We also get the following results on connected compo-
nents.

THEOREM 3.3. For all ranges of 3, the random power
law graph Gg has a unique giant component.

THEOREM 3.4. For all ranges of B > 0, almost surely
all components of the random power law graph G g other
than the giant component have size at most O(logn).
Moreover we have

1. When B > 2, there exist two constant 0 < ¢1 < cg <
1 satisfying that almost surely the expected number
of connected components of size k is at least ckn
and at most ckn, provided k = o(n). This implies
that almost surely the second largest component has
size ©(logn).

2. When B = 2, almost surely the second largest

. logn
component has size O (575557 )-

3. When B < 2, almost surely the second largest
component has size ©(1).

4 Methods and useful lemmas

We will prove that there is always a giant component
in Gg (Theorem 3.3) and further determine the dis-
tribution of the sizes of other components (Theorem
3.4). The diameters of small components are bounded
by their sizes. The diameter of the giant component is
obtained by analyzing its structure, which is different
for different ranges of (.

We use the following notation. The volume of a set
of vertices S is defined as ), .gw;. We denote it by
vol(S).

In a graph G, we denote by I'y(z) the set of vertices
in G at distance k from a vertex x:

Tip(z) ={y € G:d(z,y) =k}

We define Ni(z) to be the set of vertices within distance
k of x:
Ni () = UioTs(2).

For undefined terminology, the reader is referred to [10].
A main method to estimate the diameter of a giant
component is to examine the volume of neighborhoods

Ni(z) and T'y(x). We will use several useful lemmas
concerning the volume of the neighborhoods (while
some of the routine proofs will be omitted.)

LEMMA 4.1. Let Xq,...
variables with

, Xn be independent random

Pr(X; =1) =p;, Pr(X;=0)=1-p;

LEt X - Z;Z:l a1X1 Let E(X) =
Z?:l Cl?pi. Then we have

n —_—
2im Wby, V=

Pr(X < B(X)—\) < e /2

Now we will use this lemma to bound the neighbor-
hoods of a vertex in GG. For a subset S of vertices, we
denote I'(S) = {v|vv’ is an edge in G for some v’ € S}.

LEMMA 4.2. Let S be a subset of vertices with total
weight s satisfying s > w?p = o(} w;) and s > (& +

o(1)) Zms

RE logn. Then almost surely we have

vol(T'(S)) > (1 —t)s Zw?p

Proof: For every vertex v; in S and v; € S, let
Xi,j be the indicated random variable that v;v; forms
an edge in G. Since all pairs are independent to
each other, we can use Lemma 4.1 to estimate ¥ =
2 vies,vgs WiXi;- However Y is not exactly equal
to vol(T'(S)) but it is close enough when vol(S) is
small. Since E(y) = 3", cs.0,¢5 wiwjg-p ~ s>, wip and
_ 3 A 3

V= Zwesm,-gzs Wiw;p ~ S > wip

We apply Lemma 4.1 by choosing A\ = ts > w?p.
We have

Pr(vol(T(S)) < (1 —t)s > _wip)
o(ts T w?p)?/(2(1—0(1)) X swip)

e—(1+o(l)) logn

o(n™h).

VANVAN

Hence, almost surely vol(T'(S)) > (1 —t)s > w?p. O

Let = @(m logn).

€l So (X w2)? g

satisfying vol(I';, (v)) > so, then for ¢ > iy, the volume
of its i-th neighborhood will continue to grow. In this
case, v belongs to the giant component. We call sq the
growing threshold of G g. Any vertex with weight greater
than sg is in the core of the giant component.

Now we compute the growing threshold according

If there is a 1o



to different ranges.

The range: | Growing threshold
0<p <2 O(a)
F=2 o(c?)
2<p<3 O(ae—2/P)e)
B=3 0(5e?)
3<p <4 O(ael*/F=De)
B=4 O(a”)
g>4 O(a)

5 Connected components

In this section, we will deal with the connected compo-
nents. We will prove Theorem 3.3 and 3.4 here.
Proof of Theorem 3.3: Let v be the vertex with
the largest weight e# in G. Note that vol(v) is bigger
than the growing threshold. Hence, its neighborhoods
grow continuously until its volume reaches evol(G). Any
two components with volume greater than evol(G) are
connected. There is a unique giant component. 0
Now we want to upper bound the sizes of compo-
nents other than the giant component.
Proof of Theorem 3.4: We are going to compute the
probability of a component of size k. We assume that
the component has vertices set S = {v;,,viy ..., i, }
with weights w;,,ws,,...,w;,. We also assume the
component is not the giant component so that vol(S) =
Wiy + Wi, + - - -+ w;,, = o(vol(G)). The probability that
there are no edges going out from S is

HmES,UjQS (1 - wlw]p)
~ efpzuies,ujgs Wi W;

_ e—pvol(S)(vol(G)—vol(S))

~ efvol(S).

Now we compute the probability of edges inside S. A

connected graph on S contains at least one spanning

tree T. The probability of existence of T can be

computed by

Pr(T) =

II

(U'ij Vi )GE(T)

Wi ; Wi, P-

Hence the probability of existing a connected spanning
graph on S is at most

oprmy=> ]

('Uij Vi )EE(T)

Wi; Wy, P,

where T is indexed over all spanning trees on S.
By a generalized version of well-known matrix-
tree Theorem, the above summation equals to the

determinant of any k£ — 1 by k — 1 principal sub-matrix
of the matrix D — A, where A is the weight matrix

0 Wi, Wiy D Wi, Wi, P
A Wi, Wiy P 0 Wi, Wiy, P
Wy, @ilp Wy, 1.1)1'2]9 ce 0
and D is the diagonal matrix diag((vol(S) —

w3), ..., (vol(S) — w})).

i1
nant, we conclude that

By computing the determi-

ZPT‘(T) = w;, Wy, - - - w;, vol (S)F2pFL.
T

Let X be the random variable of the number of the
components with size k. Hence, the expected value
E(X}) is at most

f(k’) = Z Wi, Wiy + wi'k'UOl(S)k72pk7167UOl(S)
S

where the summation is over all k-vertices set S.

We will show that f(k) is very small if k is big
enough.

We upper bound f(k) as follows. Note that the

function 22*~2¢~* reaches its maximum value at x =
2k — 2.
f(k) = Zwilwh - wi, wol(S)F—2pk—le=voll(S)

UOZ(S)Qk—Qe—vol(S)

IN
=[]
£ ﬁ-@

(2k _ 2)2]@7267(2]@72)

p
< D
s
n* pht 2%k—2,—(2k—2
< T (2k — 2)%F =2~ (2k=2)
1 o2k —(k—2) Lok
N 2 1——
T ) e - )
1 4np 4,
< - (F
- 4(k—1)2p( e )
n 4np.
< 4np( e )
The above inequality is useful when 4np < e. If
5log n—log(4np)
k> W, we have
1
Pr(Xy 2 1) < E(Xy) < f(k) < 3

It implies that almost surely all components other than
the giant one have size at most

5logn — log(4np)
1 —log(4np)




We recall

< C(Cﬁ(f)l) for g > 2
@(loén) for =2
np=19 O(—p) forl<p<2
olEn)  for g—1
o) for0<p<1
We have
1. When 0 < 8 < 2, we have lognp = —O(logn).

Almost surely the second largest component can have
at most
5logn — log(4np)
1 —log(4np)

= e(1)

vertices.
2. When 8 = 2, we have lognp = —©(loglogn). Almost
surely the second largest component can have size at
most
5logn — log(4np)
1 —log(4np)

logn
loglogn’

3. When 2 < 8 < 2.8, we have np < C(Cﬁ(f)l) < e/4.

Almost surely the second largest component can have
at most

5logn — log(4np)
1 —log(4np)

= O(logn).

Above method is no longer useful when g > 2.8. A
different estimation of f(k) is needed here. We assume
that 8 > 2.5. We have

¢(B)
PEon <t
We choose
_pB-1
=T

We have 0 < § < 1 since 0 > 2.5.
We split f(k) into two parts as follows:

bil (k) = Z Wi, Wiy * -wikUOl(S)k72pk7167UOl(S)
vol(S)<(1+8)k
fg(k) = Z Wiy Wiy * U)ik’UOl(S)k72pk7167UOl(S)

vol(S)>(1+0)k

Now we upper bound the first part f; (k). Note that
2?k=2¢77 is an increasing function when = < 2k —2. We
get

UOl(s)2k72efvol(S) < ((1 +5)k)2k72ef(1+6)k

since vol(S) < (14 6)k < 2k — 2. We have

fu(k)

>

wy, - wg, UOl(S)k72pk71€7UOl(S)

vol(S)<(1+9)k
ph! 2k—2 (s
< Z o vol(S)2F—2e=vellS)
vol(S)<(1+6)k
p! 2k—2 —(1+6)k
< > (L4 0)k) ~2¢=(1+9)
vol(S)<(1+6)k
k-1
n\p 2k—2 —(1+48)k
< (k) e (L4 9)k)* e (1+9)
P ph1 L
< F e ((1+5)k)2k 26 (1+0)k
1 k 2k —6k
R —_— 1+
Ty ) (L e
1 (1468)2%np
S _(( 5) )k
D e

Now we upper bound the second part fo(k). Note that
zF72¢7% is a decreasing function when = > k — 2. We
have

vol(s)k—Qe—vol(S) < ((1 +6)k)k—26—(1+6)k

since vol(S) > (1 4+ 6)k > k — 2. We get

f2(k)
— Z Wi, wiy - - wikvol(s)k—ka—le—vol(S)
vol(S)>(1+8)k
< Z Wi, - wikpk_l((]- + 5)k)k—26—(1+5)k

vol(S)>(1+0)k
Z W, Wiy - - - wi, pPPTH((1 4 8)k)F2e (10K
s

IN

vol(G)* 44
KoL

1
1 k _—d0k
T oy LT

1
p e

((1 + 5)k)k—2€—(1+5)k

%

<

Hence, we have

f(k) = fi(k) + f2(k)
1,(14+6)%n 1,149
2, (149

<

since (14 d)np < 1.



3logn
If £ > WM’ we have
2
Pr(X;>1) < E(Xg) < < —.
r( Xk = 1) < E( k)—f()—ngp

The probability that the second largest component has
size greater than % is at most n%n% = o(1).
Hence, almost surely the second largest component has

size at most

3logn
d —log(1+9)

Hence for all B > 2, the size of the second largest
component is O(logn).

Now we are going to derive a lower bound of E(X}).
We can assume that & = O(log n).

We first compute the probability that a component
on S is exact a tree. Given a tree T on S, the conditional
probability that a component on S is exactly T given it
contains 7' is at least

H (1 —wy,wy,p) = e

Vi Vi es

= O(logn).

—wol(S)?p _ e—o(l) >

N =

Hence E(X) is at least £ f (k). We give the lower bound
of f(k).

flk) =

wg, ’UOl(S)k72pk7167UOl(S)

E wil wig ..
S

Z vol(s)k—ka—le—vol(S)

volS<2k

Z (2k)k—2pk—1e—2k

volS<2k

(e]:‘) (2k)k—2pk—1e—2k

1 (2eo‘p)k
4k2p* e

vV

Y

vV

Q

When 8 > 2, both np and e“p are constants. So
there is a constant ¢; < 1, satisfying
1 2e%p

e )z

for all k > 1 provided k = O(logn).
Hence E(Xy) > 1 f(k) > c}.

When 8 = 2, Let kg L%J -
9(101;{50271)' We have
1 vn
5 -1/2 _ VvV _ =0 1/3 .
(Xg) > fko = Sk2p 8kanp ()
Hence there is a component of size kg = @(102)1%32”)' So

logn )
loglogn/®

the second largest component has size of ©(

The proof of Theorem 3.4 is finished. g

By Theorem 3.4, the sizes of small components
are small enough so that the diameter of the giant
component dominates (up to some constant factor).
Thus we reduce the problem to computing the diameter
of the giant component. We will consider 3 different
ranges in next 3 sections.

6 The diameter for 0 < 3 < 2.

There is a dense core inside the giant component, whose
diameter is at most 3. Outside the core, there are some
tree-like tails of finite length. Hence, the diameter is
finite in this case.

Proof of Theorem 3.1: Let t = —(1 — —ﬂL J+1)

Let S be the set of all vertices with weights greater than
O(et*/P). First we will show that the diameter of S is
at most 3. For any vy,vy € S, by Lemma 4.2, we have

vol(T(vy)) > cetHDa/B,

vol(T(vy)) > celtTDe/B,

If T(v1) NT(ve) # 0, then d(vi,v2) < 2. If T(v1) N
I'(vy) = 0, the probability that no edge between I'(vy)
and I'(vg) is at most

H (1 —vol(T'(v1))vol(T'(v2))p

1€l(vy),5€l(v2)

—w,w;p) < e

< emct/CLe P o(n™?).
Hence almost surely, d(vi,v2) < 3.

Next we will show that any vertex v in the giant
component is connected to a vertex in the core S by a
|325]) + 1-path. Let k = [525] + 1. It is enough to
show that I'y(v) NS # (). The worst case is that v has
minimum weight 1. The probability that T'(v) NS =0
is less than

oter/B
Z : 5p
Ceo(eto8)2=B 2018
< Ce-(2-B)1-t)a/p

PI)n(V\S)#0)

IN

Q

for some constant C. The probability that T'y(v)NS = 0
is less than

Che=C=MRA—Da/8 _ o1,

Hence, the diameter of the giant component is at
most 2k+3=2LﬁJ+5. O



7 The diameter for § > 4

The range # > 2 is more difficult than 8 < 2. The
giant component has a small dense core with diameter
of ©(logn). There are also some tree-like tails. For
B > 4, this is the picture of the giant component. But
for 2 < 3 < 4, there is a layer between the core and tails.
We will deal with the middle layer in next section.

We need the following two lemmas to estimate the
lengths of those tails.

LEMMA 7.1. When [ > 2, with probability at least
1 — o(n™1), for all vertices v in the giant component
and any constant C, there is an index i9 = O(logn)
satisfying vol (T, (v)) > Clogn.

Similarly, we have following lemma for § = 2.

LEMMA 7.2. When [ = 2, with probability at least

1 — o(n™1), for all vertices v in the giant component
and any constant C, there is an index ig = O(lolgofgogn)
satisfying vol (L', (v)) > Clolgoign.

The proofs will be given at the end of this section.

When § > 4, the growth thresholds for neighbor-
hoods are low enough so that the tails and the core are
directly connected. We can apply Lemma 7.2 to prove
the following partial version of Theorem 3.2.

THEOREM 7.1. If B > 4, the diameter of G is ©(a) =
O(logn).

Proof: By Theorem 3.4, all other components
except for the giant one have sizes O(logn). Therefore
their diameters are at most O(logn). Hence it is enough
to show that the diameter of the giant components is
O(logn).

For any vertices v and v in the giant compo-
nent, the growing threshold in this range § > 4 is
> wl 3w

(X wp)?
10 = O(log n), satisfying

logn = O(logn). By Lemma 7.1, there is a

log n

2wy wi

vol (T, (u)) > (Z 12)

Let ¢ = Y w?p. ¢ > 1 is a constant in this range.

Let i; = L%%glcaj = O(logn).

we have vol (T, 14, (1)) > n?/3. Similarly, almost surely

there is an 4o = O(logn) and i3 = O(logn) satisfying

vol (T4y 14, (v)) > n?/3. Hence u and v are connected by
a path with length at most

Then almost surely

i0+11 + 12 +i3+ 1 =0(logn).

Thus the diameter of the giant component is O(logn).

On the other hand, starting from a vertex v with
weight less than 2. The probability that I'(v) is again a
vertex with weight less than 2 is about e“pe®"?, which is
a constant. Hence, it is quite possible that the volume
of T;(v) doesn’t grow for ©(logn) steps. Thus the
diameter of G is at least ©(logn). O

Proof of Lemma 7.1 and Lemma 7.2: We
consider a breadth-first searching starting at v. We
get T'1(v) by exposing the neighbors of v, then I's(v)
by exposing the neighbors of all u € T'1(v), and so on.

Denote d = Clogn if 3 > 2 and d = Clog)ign if g=2.
Let d = C'logn if 3 > 2 and d’ = C’lolgolgo’;n if 6=2.

Here C’ > C is a constant depending on C' and will be
chosen later. Two possibilities could happen.

1. We get an ig < d', satisfying vol(I';, (v)) > d. Or

2. For all 1 <i<d, vol(T;(v)) <d.

It is enough to show that the probability of the
second case is o(n~!), provided we choose C’ larger
enough.

In the second case, T';(v) > 0 for all 1 < ¢ < d'.
Otherwise v is not in the giant component. We call
N;(v) as a “partial component” and T';(v) a “open”
set of the partial component. We choose i satisfying
d < #(N;(v)) <2d'. Let S; =TI';(v) be the open set.
So a partial component with size k (d' < k < 2d’) exists
and the volume of the open set is at most d.

Let us compute the probability of a partial compo-
nent with size k and the volume of the open set d. As in
the proof of Theorem 3.4, we assume that the compo-
nent is on vertices set S = {v;,, vy, . .., v;, } with weights
Wiy, Wiy, - - -, Wy, . We have

vol(S) < ke®/P < 2d'e*/B = o(vol(G)).

c
a .

vol(S1) < d < d
vol(S) — k —d

The probability that there are no edges going out from
S\S1toV\Sis

I vies\sivgs(1 —wiw;p)

e—ZD EuiES\Sl,ngs wiw;

o—p(vol(S)—
e—((vol(S)—vol(S1))

Q

vol(S1))(vol(G)—wol(S))

%

o~ ((vol(S)—d)
o~ wol($)(1- )

IAIA

since vol(S) = o(vol(G)) and p = 1/vol(G).

Now we compute the probability of edges inside S.
As in the proof of Theorem 3.4, this probability is at
most

k=2, k-1
Wiy Wiy - - Wi, 0ol (S)¥=p~ .



Since all weights are greater than or equal to 1, the size
of S is at most d. The choices of S7 is at most

!
L3¢

1;&1 <]:> = d(g)d = ¢

Hence the expected number of a partial component with
size k and open volume < d is at most

szl'

)kC/C’

k—2, k—1 —(vol(S)(

~w;, wol (S)**p (3¢ yrere’,

e

We denote by f(k) the above expression, and will bound
it in a similar way as in considering f(k).

)k—ka—l

= D

- w;, vol

3cr

—(wol($)(1- &) kc/c’
xe ()
p 2k—2 —(vol(8)(1-<; 3¢’ kCc/C’
< zsjkk“"l e 0ol (2 )
k—1 /
p 2k =2 op_o _(2k-2),3C" \keycr
< il
= XS: T e )
_ n\ p*~ 1( 2k —2 )2’“*25(2’“*2)(3—0)’”/0/
k) kE \1—C/C C
_ 1 (4np(3C' jo)ere v
T 41 -C/C")2p e(1-C/C)?
¢(8)
When 2 < B < 2.8, we have np < o <

e/4. We can choose constant C” big enough so that
4np(3C’ /C)C/ 4(3¢’ /C)C/¢’

(1 C/C’”)2 < ]. Let Cc = W' Let C/ —_
max{ BIécéchp, C"}. Then we have
7 1
f n 3 =o(n").

W= da=cio

So the probability that the second case occurs is o(n~!)
as we claim at the beginning of the proof.

A different estimate of f(k) is needed for 3 > 2.8.
We assume that 3 > 2.5. We have

¢(B)
I
We choose (B-1)
6= W —1.

We have 0 < § < 1 since 3 > 2.5.

We split f(k) into two parts as follows:

Ak = Y

vol(S)<(1+d)k

k=2, k-1
Wiy Wiy - - - w5, w0l (S)* " “p

e

k) = >

vol(S)>(1+0)k

~(wot()a-50 (3¢ ey
C
Wiy Wiy + -wikvol(S)k_ka_l

e—(vol(S)(l—%))(%Cﬂ)kC/C’

Now we will bound the first part fi(k). Note that
22k=2¢=2(1=0/C") ig an increasing function when z <
(2k — 2)/(1 — C/C"). Since vol(S) < (1 + §)k <
(2k —2)(1 — C/C"), we have

,Uol(S)Zk—Qe—vol(S)(l—C/C')

< ((1 _|_5)k)2k7267(1+5)(170/0/)k.

We have
fi(k)
p! 2k—2
< —vol(S)
vol(S)<(1+9)k
~(wol(s)(1- &) (3C" kot
‘ )
Pt 2k—2
D D
vol(S)<(1+9)k
—(14+8)(1— (30 el
C
< ((L+)k)>+2 30/)k0/c’
- kk (1+5)(1— )k~ C
< n_ "+ 9k )% 2(3CI)kC/C/
= K B 00k L O
~ np)*(1 + ) (—6(1——)+C,)k(30 /"
(1+9)%k?p c
2,,,(3C"\C/C’
< l((1+5) (CC) )
p SO0-E)-&

We are going to bound the second part fa(k). Note
that 2F2e=*(1=C/C") s a decreasing function when
x > % We choose C' > (14 })C so that
vol(S) > (14 8)k > =7, We have

UO[(S)k*%*UOl(S)(l*C/Cl)g((l_i_é‘)k)k7267(1+5)k(170/0/)



since vol(S) > (14 )k > k — 2. We have

fa(k)
< Yo wnwieewi (L4 0)R)
vol(S)>(1+8)k
_ _ ’ _ 30/ 7
e~ (1+0k(1=C/C") 1(7)190/0
< Zwilwiz T wikpkil((l + 6)k)k72
s
e—(l—&-&)k(l—C’/C’)(g_O/)kC/C’
C
k
< “Olf) PFH((1 4 6)k)k2
e—(l—&-&)k(l—C’/C’)(g_O/)kC/C’
C
1 3C’ ,
1 4+ §)ke(-00-5)+ &)k kC/C
T L k()
3c’\c/c’
< ((1 +0)(3%) )

Qa

p ed —&)-

Hence, we have

f(k) = fi(k) + fa(k)
o 100 >/ f+au+®@gww5
P SU=E)-& p SO-E) &
2((1 - 5)(370’)0/0’ v
p 66(17%)7%
since (1 + d)np < 1. Let g(z) = % Since

limg 0 g(z) = 1;;5 < 1, we can choose small z’

satisfying g(a’) < 1. We choose ¢ = max{(1l +
He, & 31°g"/)} Then

) 27 “log g(x

J(k) < =n72 = o(n™).

Hence for 8 > 2.5, the probability of the second case
is at most o(n~!) as we claim in the beginning of the
proof. (I

’UINJ

8 The diameter for 2 < 8 <4

In this range, the giant component has three layers
— the core, middle layer and tree-like tails. In the
previous section, we have shown the diameter of the
core is ©(logn) and tree-like tails are of length O(logn).
The remaining case is to measure the “thickness” of the
middle layer. We will show that it is also of O(logn).

LEMMA 8.1. Let S be a subset of wvertices with total
weight s = o(vol(G)). Then when 2 < 8 < 4, there
are two constants c¢1 and co > 1 satisfying that if
s > c1logn, then with probability at least 1 — o(n™1),

vol(I'(S)) > cas

Now we will prove the rest part of Theorem 3.2.

THEOREM 8.1. When 2 < 8 < 4, almost surely the
diameter of the power law random graph Gg is ©(n).

Proof: By Theorem 3.4, all other components except
for the giant one have sizes O(logn). Therefore their
diameters are at most O(logn). Hence it is enough
to show that the diameter of the giant component is
O(logn).

For any vertices v and v in the giant component,

the growing threshold in this range 4 > [ > 2 is
> wiywi
(X w?)?
c1 and co > 1 satisfying if vol(S) > c¢1logn, then
vol(T'(S)) > cgs. By Lemma 7.1, there is an ip =
O(logn), satisfying

logn. By Lemma 8.1, there are two constants

vol (T, (u)) > c1logn
Apply Lemma 81 to S = T, (u) and let
log E(§1U§>;)1 logn
o= (mg—@] = O(logn), then we have
vol (T4, (1)) > %g %;)7;”1 logn. Let ¢ = > w?p and
ih = LM§+ZZC(G)J = O(logn). Then almost surely we

have vol (T, 14, 14, (1)) > n?/3. Similarly, almost surely
there is an i3 = O(logn), <4 = O(logn) and is =
O(logn) satisfying vol (T, 14,145 (v)) > n?/3. Hence u
and v are connected by a path with length at most

to+141 +i2+i3+ig+i5 +1=0(ogn).

Hence the diameter of the giant component is O(logn).
On the other hand, starting from a vertex v with
weight less than 2. The probability that I'(v) is again a
vertex with weight less than 2 is about e®pe® P which is
a constant. Hence, it is quite possible that the volume
of I';(v) doesn’t grow for ©(logn) steps. Hence the
diameter of G is at least ©(logn).
So the diameter of G is O(logn). O
In the rest of this section, we will prove Lemma 8.1.
Proof of Lemma 8.1: Since > w?p > 1, we can
choose a constant x( satisfying

Z wizp> 1.

w; <xo

Denote ¢3 = >, _, w;p, which is a constant greater
than 1 since 8 > 2. Denote by Vj the set of all vertices
with weights at most xg.

For every vertex v; in S and v; € V5 \ 5, let X; ; be
the indicated random variable that v;v; forms an edge in
(. Since all pairs are independent to each other, we can
use Lemma 4.1 to estimate ¥ = Zvies,vjevo\s w; X5 5.



Now we will use Y to estimate vol(I'(.9)).

EY)= E wiw?p A s E w?p ~ c38.
'UiGS,’UjEVo\S wi;<xo
3, A 3
v = E wwip ~ s E w;p.

v; €S,v;€Vo\S w; <To

Applying Lemma 4.1, we choose A = ts wip.
Then we have

1
Prvol(T(S)) | < 7;035)
< (R0 T, <o wip)
< e—(1+o(1)) logn
= o(n™h
w3
provided s > 82&137;521? log n.
8w, <ag WiP 1+cs
Let ¢ = W and ¢y = 5. We are done. O

9 Open Problems

Most massive graphs fall into the range 8 > 2. Theorem
3.2 implies that there are two constants c¢; and cs
satisfying

diameter

C1 S Co.

logn
Currently there is a big gap between ¢y and cs.

Open Problems:

1. Does the limit lim,,_, o
what is the value?

2. As we know, there is a ©(logn)-path connecting
any pair of vertices (in the same component). Is there
any deterministic algorithm constructing a ©(logn)-
path with running time o(n®) for any € > 07?

diameter

I exist? If exists,
ogn
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