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and results that we derive in dealing with random graphs with given expected degree
distribution are useful not only for modeling and analyzing realistic graphs but also
leading to improvementsfor some problemson classical random graphsaswell [14,29].

We consider the following class of random graphs with a given expected degree
sequence w = (Wq; Wo; i1, Wy). Thevertex v; is assigned vertex weight w;. The edges
are chosen independently and randomly according to the vertex weights as follows.
The probability pij that thereis an edge between v; and v; is proportional to the product
wiw;j wherei and j are not required to be distinct. There are possible loops at v; with
probability proportional to w?, i.e.,

Wi W;j
. — - << . .
pij = m and we assume miaxvv?-I Z Wi 1.1

This assumption ensuresthat pj; 1 foraliand j. Inaddition, (1.1) implies that the
sequence w; is graphic (in the sense that the necessary and suf cient conditions for a
sequence to be realized by a graph [18] are satis ed) except that we do not require the
w;’'sto beintegers.

We denote a random graph with a given expected degree sequence w by G(w). For
example, a typical random graph G(n; p) (see [19]) on n vertices and edge density p
is just a random graph with expected degree sequence (pn; pn;:::; pn). The random
graph G(w) is different from the random graphs with an exact degree sequence such
as the con guration model (more discussion in Section 8). In [31, 32], Molloy and
Reed obtained results on the sizes of connected components for random graphs with
exact degree sequences which satisfy certain  smoothing conditions. There are also
a number of evolution models for generating a power-law degree random graphs as in
Bollobas, Spencer et al. [11], Cooper and Freeze[17] and Aiello, Chungand Lu [2]. In
Section 8, some of these modelswill be discussed.

Here we give some de nitions. The expected average degree d of a random graph
Gin G(w) isde nedto be

1 n
d= - i;W|.

For asubset S of vertices, the volume of S, denoted by Vol (S), is the sum of expected
degreesin S.

Vol(S§) = Y wi:
vgs
In particular, the volume Vol (G) of G(w) isjust 3;w;. The edge probability pij in (1.1)
can be written as: o
= W wwip:
Pi = Vo) ~ MW
where
- _ 1
P=Y0G) ~ nd

A connected component C is said to be e-small for an € < 1=2 if the volume of C is
at most €Vol(G). We say that a component is c-giant if its volume s at least cVol(G),
for some constant ¢ > 0. A giant component, if exists, is ailmost surely unique (to be
proved later in Section 6).
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For asubset Sof vertices, atypical measureisthe number of verticesin Sthat we call
thesize of S. In the classical random graph G(n; p), a giant component is a connected
component having at least cn vertices for some constant ¢. Our de nition of the giant
component involvesthe volumeinstead of the size of the connected component. In fact,
thede nition for the giant component using the size of the component simply does not
work for random graphswith general degreedistributions, asillustrated in the following
example.

Example 1.1. We consider the degree sequence w consisting of n® vertices with weight
2 and the other vertices with weight 0. Here a is a constant satisfying % <a<1 The
random graph G(w) isaunion of arandom graph G(n®; n%) and someisolated vertices.

Therefore, the largest connected component does not have ©(n) vertices.

If the average degree d satis esd 1+ 9, where d is a positive constant, we will
show that almost surely any e-small connected component has size at most O(logn)
(detailedin Theorems 1.1 1.2). Such componentswill be called small components. An
upper bound for the sizes of small components will be given in terms of the average
degreed.

Here we state the main results which will be proved in subsequent sections.

Theorem 1.1. For any positivee <landd > ﬁ (1+2¢)1:4715:::; inarandom
graph in G(w) with average degree d, almost surely every connected component has

volume either at least en or has size at MOSt 15755 |o|8?1:2|og(1 5- The upper bound
logn

T+Togd Togd for small componentsis asymptotically best possible for large d.

Theorem 1.2. For any positive € < 1 and d satisfying %s <d< %8 in a ran-
dom graph in G(w) with average degree d, every connected component almost surely
has volume either at least en or has at most dl"l’% vertices. The upper bound

7 isasymptotically best possible.
We consider the second-order average degree d which is the weighted average of

the squares of the vertex weights. Namely,

d= Z\Nizp:
Clearly, 2
d= 2W AW =
> W n

For the classical random graphs G(n; p), we have d =d = np. In the seminal paper
of Erdos and Renyi [19], it was shown that for any € > 0, there is a giant component
if np 1+¢, and there is no giant component if np 1 . Furthermore, a double
jump occurs near np = 1, with the largest component of size ©(n%3) if jnp 1j =
o(n ¥3). For random graphs G(w) of general degree distribution, the evolution is
more complicated.

Theorem 1.3. For a random graph G with a given expected degree sequence having
averagedegreed > 1+ &> 1, almost surely G has a unique giant component.
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(i) Ifd e, thevolume of the unique giant component is almost surely at least

1 192: +0(1) Vol(G);
de
where e denotes the base of the natural logarithm.

(i) f1+d d e, thevolume of the unique giant component is almost surely at least

1+logd
d

1 +0(1) Vol(G):

If the second-order average degree d 1 3, then almost surely, there is no giant
component.

The proof of Theorem 1.3isgivenin Section 7. A natura question arises concerning
the relationship of the degrees to the emergence of the giant component for the range
of d > 1> d. Theexamplesin Section 3 illustrate both the existence and non-existence
for some degree distributions satisfying d > 1 > d. Numerous questions arise. For
example, it would be of interest to characterize degree sequences for which the phase
transition occurs at d = 1. For what degree sequences, are there double jumps at such
phase transition?

2. Basic Factsand Examples

We will use the following inequality which is a generalization of the Chernoff inequal-
itiesfor binomial distribution:

PriX=1=p; PrXx=0=1 p:

For X = yL,&X;, we have E(X) = YL, ap; and we de nev = z{‘zla,-zpi. Then we
have
Pr(X<E(X) A) e M2 2.1)

A2

Pr(X >E(X)+\) e Z+a; (2.2)

Inequality (2.2) isacorollary of ageneral concentrationinequality (see Theorem 2.7
inthe survey paper by McDiarmid [30]). Inequality (2.1) whichisasdlight improvement
of the inequality in [30] can be proved as follows.

Proof. Forany0 p 1,andx O, wede ne f(x) = px+In(1 p+ pe *) and
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g(X) = px?=2. Then we have f(0) = g(0) = 0, and f’(0) = ¢’(0) = 0. Also,

_ p(l pe-*
fm(x)_(l p+ pe %2
p(l pye *

2 @ peX (1 pe*?

SE pe
¢ @ pe*?
=p=gd'(:

Hencewe have px+In(1 p+pe ¥ px?=2foranyx 0. Foranyt >0, we have

- (ta )2
E(e 3% Py =pe @@ P4 (1 p)ehitd = ghitaitin@ pi+pie &) e@:
Hence
n

E(e & Iham) = |'|e 5 piay)
i=

N pitay?
e 2

pita)?

—elici 7

2y
=ez;

We have
n
Pr(X Z& pi< A)=Pr(e & Ihiap) > gh)
i=

E(e & =@y

2
t
ez

=e

by choosingt = 2. This completes the proof of Lemma2.1. |

\Y
Asimmediate consequences of Lemma 2.1, the following facts then follow.
Fact 1. For agraph G in G(w), with probability 1 e ©=2, the number d; of edges

incident to avertex v; satis es b
d>w c w;



130 F.Chungand L. Lu

and
Prob(di < (1+g)w) >1 e EW=(2+2e=3).
Fact 2. With probability 1 2e €72, the number e(G) of edgesin G, satis es
26(G) > Vol(G) ch(G):
In the other direction,
Prob(2e(G) < (L+€)Vol(G)) >1 e £Vol(©)=(2+2:=3).

With probability 1~ 2, &l verticesv; satisfy
S

2
2pwilogn dy, Wi %Iogn+ %Iogn + 4w; logn:

Fact 3. With probability at least 1 e ¢, the number of edges e(S) between pairs of
verticesin Sisat least 1Vol(S)2p  Vol(9Ppe.

In the remainder of this section, we will give several examples with proofs which
illustrate the sharpness of the main results. These examples are aso instrumental for
devel oping methods|ater on for dealing with random graphswith given expected degree
distributions.

Example 2.1. For the following choicesof w withd 1 and d > 1, arandom graphin
G(w) amost surely has no giant component.

Let € be a constant satisfying 1 > € > 0. For each of the rst n  m vertices, the
weightissettobe 1l €. For each of the remaining mvertices, the weight is set to be x
satisfying

mx=o(i) and mx*>>Cn>n:
logn

(For example, we can choose m= dlogne, X = p(1 g)n=2 and C = 10.) We have
Vol(G)=(n m(@1 g+mx (1 ¢gn:

d:VOIrEG) @ o
_Volp(G) _ (n m)(1 £)2+mx? o1 e c . L
~VoG) @ on ST

Let G; denote the induced graph on the set S; of vertices with weight 1 €, and G,
denote the induced subgraph on S, the set of vertices with weight x.

From [19], if Np > 1+ ¢, amost surely G(N; p) has a giant component. If Np <
1 ¢, then amost surely G(N; p) does not have a giant component and all components
have sizes at most O(logN).

To apply theaboveresult to Gy, weselectN=n m nandp=(1 &% @1
s)%: Thus, we have Np (1 €) <1 and consequently almost surely all components
of G; have size at most O(logN) = O(logn).

We will next show that there is no giant component in G. We rst construct an
auxiliary graph G from G as follows. A new vertex v is added to G, and is connected
to all verticesin S but to no vertex in S;. The following facts are immediate.
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1. Every connected component of G must be contained in some component in G'.

2. G’ has aspecial component C containing v and all verticesin S,.

3. Componentsof G other than C are components of Gz, which almost surely have at
most O(logn) vertices and volume O(logn).

Now we will use a branching process starting from v to reveal the component C. For a
subset S, we de nethei-boundary I'i(S) = fu: d(u; S) = ig. We have

rv) =%
For each u 2 S, the probability that u2 I'(S) is
1 (1 (1 oxp)™ (1 emxp; since mxp=o(1):

The size of ' () can be upper bounded by asum of n mindependent 0-1 variables.
The praobability of each random variable X; having valueoneisabout (1 €)mxp. These
random variables are mutually independent. Using Lemma 2.1, X = §; X; setis es

2
Pr(X E(X)=>MN)<e TEOTD

wherewe chooseA =E(X) (n m)(1 gmxp mx

With probability at least 1 e 3™8 =1 o(1), the size of ['(S) is a most 2mx.
Note that I'2(v) = '(S) is completely contained in S, and so are the i-boundary I (V)
forali 2. Sincein Gz, amost surely any branching process can expand at most
O(logn) vertices, the total size of C is amost surely at most 2mx O(logn) + m+1 =
O(mxlogn): The volume of Cnfvg is amost surely at most 2mx O(logn)(1  ¢€) +
mx = O(mxlogn): Hence each component in G almost surely can have volume at most
O(mxlogn) = o(n) and consequently there is no giant componentin G.

Example 2.2. For the following choice of degree sequencew withd<landd=>1, a
random graph in G(w) almost surely has a giant component.

Let M beavery largebut xed constant. For each of the rstdn ;e vertices, the
weight is set to be x = o(1). For the remaining 1} vertices, each weight isset to 1+e.
In this example, we have

M 1 1+ 1+e+0(1
M _Dn  i+e _l+e+ol)

Vol (G) v v v ;
q= Vol(G) _ 1+e+0(2) 1
n M
_ Volx(G) _ :
= olG) 1+ o(1)=>1:

Note that G(w) contains a classical random graph G(N; p), where N = {;, and p =
MAxerod) ginceNp= {1 MA*E+0M) = 1 4+ ¢+0(1) > 1, almost surely G(N; p) hasa
giant component of size ®(N) = ©(n). The component of G containing this connected
subset has at least O(n) vertices and at least ©(Vol(G)) edges.
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3. The Expected Number of Components of Size k

In this section, we consider the probability of having a connected component of size k.

D (1 WIW] p) e sziZSVjBSWin
28

Vi2Sv;8S

— g PVOI((VOI(G) VoI(9)). 3.1
If Sisaconnected component, the induced subgraph on Scontainsat |east one spanning
tree T. The probability of containing aspanningtree T is
PT)= []  wywip:
(vi; viy )2E(T)

Hence the probability of having a connected spanning graph on Sis at most

ZPr(T) = Z |'| Wi, Wi, p;
(W vi)2E(T)

where T ranges over al spanning treeson S.
By ageneralized version of the matrix-tree Theorem [34], the above sum equalsthe
determinant of any k 1 by k 1 principal sub-matrix of the matrix D A, where Ais

the matrix 0O
0 Wi, Wi, p Wi, Wi, p

Wi, Wi, P 0 Wi, W, p

Wi, Wi, P Wi, Wi, P 0
and D is the diagonal matrix diag(wi, (Vol(S)  wi,)p;: 1w (Vol(Swi, Wi, )p). By
evaluating the determinant, we conclude that

ZP(T) =w,wi, wVol(9k Zpk L (3.2)

By combining (3.1) and (3.2), we have proved the following:

Lemma 3.1. The expected value E(X) of the number of connected components of size
k isat most

E(X0) ZWhWiz W, Vol (9K 2pk le VOIS Vol(9=vol(@)). (33)

where the sum ranges over all sets Sof k vertices.

Lemma 3.2. For a positive € < 1, The expected value E(Yy) of the number of e-small
connected components of size k is at most

E(Y) gWhWiz wi Vol () 2pk te VIO @), (3.4)

where the sum ranges over all sets S of k vertices with Vol (S) < Vol (G).
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4. Proof of Theorem 1.1

Supposethat G isarandom graph in G(w) with expected average degreed > 1+ 0. We
want to show that the expected number E(Yx) of e-small componentsof sizek is small.
From Lemma 3.2, it suf cesto upper bound

f(k) = Zwilwi2 wi, Vol (9K 2pk e VIS 2.

By using the fact that the function x* 2e X € achieves its maximum value at x =
2k 2=(1 ¢€),wehave

f(k)= %Wilwiz WikVO|(S)k 20k 1g VOI(9( ¢)

pk 1
Z < Vol(s)Zk Ze Vol(9(1 ¢)

2k 2
Zp:;kl 2k 2 o (% 2)
1 ¢
K ok 1 % 2
1 ‘ 2 2k .
ok 2P T
1 4 k

dp(k 1)2 de(l e)2

The above inequality is useful when d > ﬁ which is an assumption for Theo-

: logn 2logn
rem 1.1. If k satis %W <k< W,then

1 1

0 et 2= ° Togn

; 2logn
When k satis €S T3Togd Tog(d) 2 k n,wehave

1 1

) 4n2p(k 1)2=O nlogn

Forgko = %, the probability that a small component has size k > kg is at
mo:

logn 1 1
f(K + —— =o0(1):
k>Z<o ® 1+logd log(4) 2¢ © logn no nlogn o()
Therefore, almost surely the size of a&-small componentisat most kg = logn

1+logd log4 2¢-
We have proved the rst part of Theorem 1.1.
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To show that the above upper bound is asymptotically best possible for large d, we
consider the following example.

Example 4.1. We consider arandom graph with the following weights as the expected
degree sequence. Here we assumethat d > 10.

Thereare n?= verticeswithweights (d  1)n*™3+ 1. Each of theremainingn n%
verticeshasweight 1. The average (weight) degreeis exactly d.

Let S denotethe set of verticeswith weight 1, and S, denotethe set of verticeswith
weight (d  1)n¥™3+ 1. Let G; betheinduced graph of Gon S, for i = 1;2. The graph
G; is a classicghrandom graph G(N; p) with N = n?2 and Np=n?3((d 1)n=+
1)2=(nd) = ©(' N). Almost surely G; is connected. In fact, G, is contained in the
giant component of G. Let ¢ denote the fraction of vertices, which is not in the giant
component. We claim that ¢ is bounded away from 0.

3

To prove the claim, we consider a special branching process. We rst reveal all
edgesin Gy. Then we examine the boundary of S in S, the 2-boundary of S, and so
on, which eventually exposing all verticesin the giant component of G. For any vertex
u2 S, the probability of uinIM'(S) is

T 23
d DnB+1

1 e a:
nd

1 1
The size of I'(S) can be well approximated by the binomial distribution with N =
n nBandp=1 e 3. Thuswith high probability, thesizeisabout (1 e *d)n.
We will estimate the size of I'i(S) for i > 1 by induction. Suppose jI'i(S)j is highly
concentrated on a;n for someconstant a;, fori 2. Letci=1 Y,_,a. For any vertex
unotin [ ili(S), the probability of u2 IM+1(S) is
1 an
nd

ol

1 1 1l e

The size of I"+1(S) can be approximated by the binomial distribution with N = ¢in
andp=1 e 1. By the de nition of a;. We have

C
a+1=c(l e @)

&,
C+1=C @+1=Ce d:

Hence _
Loy 1. Ly
cvi=ci[Je 9= e e RS
k=1
From the above recurrencefor ¢j, we see that the limit ¢ = lim; 1 » Cj exists and satis es

c=(1 e M ‘&
Itiseasy to seethat the above equation has a unique solution of cin[0; 1] ford > 1 and
the solution for ¢ increases as a function of d. Since we choose d > 10, ¢ is bounded
away from zero. The claim is proved.
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The size of the second largest component can be estimated as follows. After re-
moving the giant component from G, the remaining graph is a classical random graph
G(t; p) witht =cnand p= & = £. By [19], the largest component of G(t; &) with
d <1 hassizea most

logn 5=2loglogn _  (1+o0(1))logn
€ 1 log§  logd logc 1+§°

The constant 555 kéc re isasymptotically close to m when d is large and
€ isarbitrarily small. This completesthe proof for Theorem 1.1.

Remark. For the classical random graph G(n; 9) with d > 1+¢, it was shown [19] that
the size of the second largest connected components is approximately the same as the
size of the largest connected component of G(m; <), where ¢ is the unique solution of
ce ¢=de 9forcin(0;1),andm= £n. From [19], the largest component of G(m; £
has size about
logm 5=2loglogm _ (1+o(1))logn,
c 1 logpc ~ d 1 logd’

which is consistent with Theorem 1.1.

5. Proof of Theorem 1.2

In this section, we consider 11 < d < ;2.. The methods for proving Theorem 1.1 no
longer work and a different estimate for f(K) is needed here. We will derive an upper
bound for the expected number E(Yy) of connected components of size k by using
inequality (3.1). First, we split f(K) into two parts as follows:

f(k) = f1(K) + f2(K);
where

=5 ww, w\Vol(9*?p" e WOU
Vol (S <dk

fal)=5 ww, wi, Vol(9) 2pk te VIS o
Vol(S) dk

To bound f1(k), we note that x* 2e X ® js an increasing function when x <
(2k 2)=(1 ¢€). Thuswe have

Vol(9 2e WO (dky* 2e %@ o



136 F.Chungand L. Lu

sinceVol(S) <dk < (2k 2)=(1 ¢). Thisimplies

fi(k) = z W, w Vol(9K 2pk le WO 9
Vol (9 <dk
pk 1
—VO|(S)2k Ze Vol(9(1 ¢)

K
Vol (§<dk K

k 1

P (dK 2%k 2g dk( )
K

Vol (§<dk K

n

pk ! 2k 2 dk(1 €)
——(dk e
k Kk

nk pk 1
w (dk 2k 2e dk(1 €)
kI Kk

1

kg2ke (@ &) Dk

_n _d
Tdkk @ o) 1
Next, we consider fo(k). Since xk 2e X1 8 js a decreasing function when x >
(k 2=(1 ¢),wehave

VOI(S)k Ze Vol(9(1 ¢) (dk)k Ze dk(1 ¢)
by using Vol(S) dk=> % Therefore, we have

)= 5 ww, wVol(9*?p e WO
Vol (S dk

Wi Wikpk l(dk)k 2e dk(1 ¢€)
Vol(S) dk

Zwilwiz Wikpk l(dk)k Ze dk(1 €)

<

Vol (G)K
k!

_1
d2k2p

pk l(dk)k Ze dk(1 €)

dke @@ & 1k

n d k_
dk2 edd o 1
Together we have

2n de k_

fR=1u®+2K 2 gao1
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| 21
If 5@ s)ogf ogd <K< s)ogln logd» We have
2 1
f(k) —-——==
L ae = © log®n
21
If 3@ 1 Toga s)ogl” g K ni.then
2 1
f(k =
L ndk? nlog?n
By setting k; = %, the probability of having a small component of size
k> k; isat most
logn 1
f(k O —— +n O =o0(1):
k;1 () d1 € 1 logd Iogzn nlogzn @
Therefore, aimost surely the size of asmall component is at most ky = d(1£|)o+|ogd'

To see that this upper bound is best possible, we consider the following exam-
ple. In the random graph G(n; 9) with d < 1, the largest component has size about

log_S=2log0an (see [19]), as desired.

6. Proof of Theorem 1.3

Before proving Theorem 1.3, we rst prove several reductions.

Fact 4. Suppose that arandom graph G in G(w) has average degreed > 1+, and con-
tains a connected subset having morethan Clogn vertices, whereC = maxf#oga; 10g.
Then amost surely there is agiant componentin G.

Proof. Fact 4 isanimmediate consequenceof Theorems1.1and 1.2, subject to verifying
the required assumptions which follow from the de nition of C asfollows:

2 - 1
d logd d 1 logd ¢1d

C

forsomeeg; >0whenl+d<d 2 and

1
>1+Iogd logd+2log(l &)

C 10

for somee, > 0when 2 < d. |

Fact 5. An induced subgraph H in G 2 G(w) is a random graph with given expected
sequence w’ which consists of W = w; Vol (H)p for v in H.

The proof followsfrom the fact that the expected degree of v; in H isjust

wiw;jp = w; Vol (H)p:
j2v(H)
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Lemma 6.1. Supposethat in a randomgraph G 2 G(w), thereisa value M (indepen-
dent of n) sothatw; M for all i, and the average expected degreed 1+, where &
is a positive constant. Then almost surely G has a unique giant component.

Proof. We use a branching process as follows: First choose any vertex u with weight
greater than 1 and carry out abreadth rst search of its connected component. A vertex
is called unexamined if it has been discovered to be in the component, but we have not
yet exposed its neighbors. Let Xy be the sum of the weights of al unexamined vertices
at depth k. For any vertex vj not yet been exposed, the probability that v; is to be
discovered in the component at depth k+ 1 iswell approximated by X,w;p. Hence, the
expected value of Xy+1is Y XWép  Xcd: By Lemma2.1, we have

Priies <Xd A) e M2
wherev =y ; kavj3p MXyd: By choosing A = Xk(d  1)=2, we have

1 @ 1?2
Pr(Xe1 < 5(d+DX) e o ™

For each k, Xy increases by a factor of %(d +1) > 1 with failure probability at
@ 12
most (1 ¢)X, where ¢ is a positive constant satisfying 1 ¢ > e sud : Since

=1 c)! converges, there exists a constant to satisfying Yi (L o)) <1 efor
a positive constant €. With positive constant probability, X will increase at least by a
factor of 3(d+ 1) > 1if X, > to.

Sincetp isan absolute constant, the event X; >ty occurswith some positive constant
probability. If the branching processdiesearly (i.e., the connected component issmall),
then we just start another branching process from anew vertex with weight greater than
1. (There are enough such vertices since the number of vertices with weight greater
than 1isat least %n.) After at most ©(logn) tries, almost surely the giant component

will be revealed. 1
The proof of Theorem 1.3. Let y < 1 be a constant satisfying (1  y)2d > 1+ 3=2 (for
example, choosey =1 0=4). We sort the verticesso that w;  wsp Wy Letig
denote the largest integer satisfying

z w,  YWol(G):

I g

If wi, > % we use Fact 5 which implies there is an induced subgraph on n g
vertices having expected degrees > 2. It contains the Erdos-Renyi graph G(n ig;
2=(n ip)) and therefore it contains a component of cy(n ig) vertices for some con-
stant c;.

If wi, )2, we consider the induced subgraph on the rstig vertices. By Fact 5, it

hasvolume (1  y)2dn and therefore has average degree at least 1+ 8=2. Furthermore,
all weights are bounded by the constant 2=y. By Lemma 6.1, it contains a component
of volume cyig. p

Froragl.l), the maximumweightisno morethan ~ Vol(G). Bothigandn ip have
atleast ' n vertices. By Fact 4, the giant component almost surely exists.
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The above arguments can be used to show the uniqueness of the giant compo-
nent as well. For any two vertices u and v, we begin a branching process starting at
ut stop at the moment when the volume of the set S; of exposed vertices reaches
(2+¢)Vol(G) logn. Then we begin a new branching process sgting at vand stop at
the moment when the volume of the exposed vertices S, reaches ™ (2+ €)Vol(G) logn.
Then the probability of $; and S being not connected by any edgeis at most

JJ 1 wawp) JJ e Wuwp
u25,v2S u25,v2S

=g 2u2s;v2s, WuWp

— g Vol(S)VOI(S)p
e (2+¢€)logn

=n?2¢&

The probability that every pair of vertices each in a giant component are connected is
atleast 1 n & Thus, the giant component is almost surely unique.
Next, we consider the volume of the giant component. We want to show the follow-

ing:
(i) 1fd e thevolume of the giant component isat least 1 pfj=e +0(1) Vol(G).
(i) f1+& d e thevolume of the giant component is at least

1 +0(1) Vol(G):

1+logd
d
We rst consider thecase of d  e. If (i) does not hold, then the giant component

is e-small for some € satisfying € < 1 pzd=e. By Theorem 1.1, the size of the giant

: logn
component Is at most T+logd Togd+2log(l &)"

greater than or equal to the average:
eVol(G) Vol(G) |

logn logn
1+logd log4+2log(1l €) 9

Hence there is one vertex with weight w

Itis easy to check that
wp 1

which contradicts our assumption (1.1). Hence the volume of the giant componentis at
least 1 p%e +0o(1) Vol(G)ifd e
Forthecaseof dy d e, weagain prove by contradiction. Suppose that all con-

nected components are e-small for some € satisfyinge < 1 %. By Theorem 1.2,

the size of the giant component is at most dl'?iggndw . Hencethere is one vertex with

weight w greater than or equal to the average:

eVol(G) d Vol(G) .

logn € ’
d 1 logd ed lOgn




140 F.Chungand L. Lu

This contradicts the assumption (1.1) and (ii) is proved.
It remains toahow that for d smaller than 1, almost surely all components have

volumesat most * nlogn and therefore there is no giant component in this case.

Claim. Ifd<1 9, with probability at least 1 %, all components have volume
at most Cpﬁ.

PBof. Let x be the probability that there is a component having volume greater than
C" n. Now we choose two random vertices with the probability of being chosen pro-
portional to thgr weights. Under the condition that there is a component with volume
greater than C" n, the probability of each vertex in this component is at least C™ np.
Therefore, the probability that the random pair of vertices are in the same component is

at least
x(CIoﬁp)2 = C?%np?: (6.1)

On the other hand, for a xed pair of vertices u and v, the probability P(u; v) of u and
v being connected by a path of length k+ 1 is at most

H((U; V) z (WUWi1 p) (Wi1Wi2 p) (WikWVp) Wuvad k:

iipiik
The probability that u and v belong to the same component is at most

n

1
> Pdu; > dk= :
2 (u; v) ) WuWyP 1 quWVp

Since the probabilities of u and v being selected are wyp and wyp respectively, the
probability that the random pair of vertices are in the same connected component is at

most
2

1
D Wup WP —— WuWp = p:
uv

1d 1d
Combining with (6.1), we have
2,2 2
C —0
XNp 1 dp
which implies
dd?
C2(1 d)

Therefore with probability at most 1 %, all components have size at most Cpﬁ

as desired. This completes the proof for the claim. By choosing C to be logn, we
have shown that with probability at least 1  0(1), all components are small. We have
completed the proof for Theorem 1.3. |
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7. Several Random Graph Models

In the literature, the following model, so called the con guration model, is often used
to construct a random graph with a prescribed degree sequence. It was rst introduced
by Bender and Can eld[9], re ned by Bollobas[10] and also Wormald [35]. A random
graph G with given degrees dy is associated with a random matching in aset N of 3 dy
nodes. Each vertex v correspondsto a set S, of dy nodesin N. The number of edges
between two verticesu and v isthe number of edgesin the associated matching with one
nodein S, and onenodein S,. It iseasy to see that the resulting graph (asamulti-graph)
has degrees exactly as required.

Molloy and Reed [31, 32] used the con guration model to show that if there are
di(n)  Ain vertices of degreei, where 3jAj =1and Si(i 2)A; > 0O, then the graph
almost surely has a giant component if the following conditions are satis ed.

1. The maximum degreeis at most n™* ¢
2. i(i  2)di(n)=ntendsuniformlytoi(i 2)A;.
3. Thelimit
L(D) = lim iZi(i 2)di(n)=n

exists, and the sum approachesthe limit uniformly.
4. The degree sequenceis graphic.

The advantage of the con guration model is to generate graphs exactly with the
prescribed degrees and it is the primary model for examining regular graphs with con-
stant degrees. There are several disadvantages of thecon guration model. The anaysis
of the con guration model is much more complicated due to the dependency of the
edges. A random graph from the con guration model is in fact a multigraph instead
of a simple graph. The probability of having multiple edges increases rapidly when
the degrees increase. In the papers of Molloy and Reed, the condition on maximum
degree with an upper bound of n'** ¢ is required because of the occurrence of multiple
edgesinthe con guration model. Consequently, this model isrestrictive for power-law
graphs, where the largest degree can be quite large. Furthermore, additional conditions
(e.g., Conditions 2 and 3 asin [31,32]) are often required for the con guration models.
In the same way, the classical random graph model G(n; p) is often preferred to the
con guration models of random graphswith p 2 edges.

The advantage of the generalized model that we use here is the simplicity with-
out any condition on the degree sequence except for the only assumption (1.1). Our
model does not produce the graph with exact given degree sequence. Instead, it yields
arandom graph with given expected degree sequence.

Another line of approach which simulates realistic graphs is to generate a ver-
tex/edge at a time, starting from one node or a small graph. Although we will not
deal with such models in this paper, we will brie y mention several evolution models.
Barabasi and Albert [7] describe the following graph evolution process. Starting with
asmall initial graph, at each time step they add a new node and an edge between the
new node and each of m random nodes in the existing graph, where mis a parameter
of the model. The random nodes are not chosen uniformly. Instead, the probability of






