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1 Group Theory

(84 Jan.) Let G be a group, with C'(G) its center.

(1) Prove that C'(G) is a normal subgroup of G.
(2) Show that the group, I(G), of all inner automorphisms of G is
isomorphic to G/C(G).

(84 Jan.) If H is a p-subgroup of a finite group G, and P is any Sylow
p-subgroup of G, then there exists + € G so that H < zPxz~!. In
particular, any two Sylow p-subgroups of G are conjugate.

(84 Jan.) Prove that the center of a nontrivial finite p-group contains more
than one element.

(84 Jan.) Let G; and G5 be Abelian groups, and let o : Gy — Ga, §: Gy —
G1 be group homomorphisms so that fa(g) = ¢ for all g € G;.

(i) Prove that « is one-to-one and (3 is onto;

(ii) Show that Gy = a(Gy) @ ker 5.

(84 Aug.) Let G be a finitely generated group. Prove that every proper
normal subgroup of G is included in a normal subgroup of G which is
maximal among all proper normal subgroups of G.

(84 Aug.)

i) Let G be any group. Prove that there is a normal subgroup N of
G such that G/N is Abelian and N C H whenever H is a normal
subgroup of G such that G/H is Abelian.

ii) Let G be any group and let Z(G) be the center of G. Prove that if
G/Z(G) is cyclic, then G is Abelian.

iii) Let p be a prime number. Prove that every finite p-group is solv-

able.
(84 Aug.) Describe, up to isomorphism, all the group of order 99.

(84 Aug.) Let G be a finite subgroup of multiplicative group of nonzero
elements of a field. Prove each of the following:
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i) If a,b € G and the orders of a and b are relatively prime, then the
order of ab is mn where m is the order of a and n is the order of
b.

ii) If a« € G and k divides the order of a, then there is ¢ € G such that
the order of ¢ is k.

iii) If a, b € G, then there is ¢ € G such that the order of ¢ is divisible
by both the order of a and the order of b.

iv) G is cyclic.

(85 Jan.) Let G be a group. Prove that G cannot have four distinct proper
subgroups Hy, Hq, Hy, and Hs such that all of the following conditions
hold:

(i) Hyo € H, C Hy
(11) HO - HQ N Hg

(85 Jan.) Describe, up to isomorphism, all group of order 175.

(85 Jan.) Let p be a prime number. Suppose G is a finite p-group, Z is
the center of G, and N is nontrivial normal subgroup of G. Prove that
N N Z has more than one element.

(85 Aug.) Let U be the multiplicative group of complex numbers of modulus
1. Prove that U is isomorphic to the additive group %.

(85 Aug.) Suppose that G is a group of order p" where p is a prime and
H # 1 is a normal subgroup of G. Prove that Z(G) N H # 1, where
Z(@G) is the center of G.

(86 Jan.) Let C* be the multiplicative group of nonzero complex numbers
and let n > 1 be an integer. How many subgroups of C* have order n?
What are they? Prove that you have found all of them.

(86 Jan.) If G is a group with 30 elements, then prove that G has a normal
subgroup N with 1 < |N| < 30.

(86 Jan.) Suppose that H is a subgroup of a group G with 1 < [G : H] < 0.
Prove that there exists a normal subgroup N of G with 1 < [G: N] <
0.
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(86 Aug.) Find the answer to each of (a) and (b) below and prove that your
answer is correct.

(a) Is the group of positive rationals under multiplication a free Abelian
group?
(b) Is the group of rationals under addition a free Abelian group?

(86 Aug.) Let G be a group of prime order p. Prove that Aut(G) is a cyclic
group of order p — 1.

(86 Aug.) Let H be a normal subgroup of a finite group G and let K be a
Sylow subgroup of H. Prove G = Ng(K)H.

(87 Jan.) Show that every finite group with more than two elements has a
nontrivial automorphism. (Hint: consider the Abelian and non-Abelian
cases separately.)

(87 Jan.) Prove that there is no simple group of order 56.

(87 Aug.) Let G be a group freely generated by a, b subject to the relations
a®=1,0* =1, and ba = a~'b.
a. Find G’, the commutator subgroup of GG. Verify your answer.
b. Find all of the Sylow subgroups of GG. Verify your answer.
c. Find the center of GG. Verify your answer.

(87 Aug.) Let p be the prime number and let Z(p>) be the Sylow p-subgroup
of the Abelian group Q/Z, i.e.,

Z(p™) = {a/b € Q/Z : b= p' for some i > 0}.
Let H be a subgroup of Z(p*).

a. If one element of H has order p* and no element of H has order
greater than p*, then H =< L >, the subgroup generated by .
p p

b. If the order of the elements of H are unbounded, then H = Z(p™).

c. Let xq, x9,... be elements of an Abelian group G such that xz;
has order p, pxro = x1, pr3 = Zo,... Show that the subgroup
K ={z; :1=1,2,...} is isomorphic to Z(p>).
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(88 Aug.) If G is finite Abelian group and |G| is not divisible by k? for any
integer k > 2, prove that G is cyclic.

(88 Aug.)

a. Suppose G is a group, H is a normal subgroup, and G/H is iso-
morphic to a free group F'. Prove that G contains a subgroup K
that is isomorphic to F.

b. Give an example of a group G with a normal subgroup H and a
subgroup K = G/H, but G is not isomorphic to H x G/H.

(88 Aug.) Let G be a finite group, p be a prime number, and K be a p-
subgroup of GG. Prove that the number of Sylow p-subgroups of G that
contain K is congruent to 1 mod p. (Hint: First prove that K acts on
the set of all Sylow p-subgroup of G.)

(89 Jan.) Let G be a finite Abelian group. Prove that if k£ divides the order
of G, then G has a subgroup of order k.

(89 Jan.) Let G be a free group with an infinite set of free generators.

a. For each n > 5, prove that G has a normal subgroup N such that
[G : N] =n!/2 and N is maximal, with respect to set inclusion ,
among all the proper normal subgroups of G.

b. Prove that G has a normal subgroup N such that [G : N] = 3!/2
and N is maximal, with respect to the set inclusion, among all
the proper subgroups of G.

c. Prove that G has no normal subgroup N such that [G : N| = 4!/2
and N is maximal, with respect to the set inclusion, among all
the proper subgroups of G.

(89 Jan.) Describe, up to isomorphism, all the groups of order 72 - 13.

(89 Aug.) Let G be a p-group. Prove that the size of the center of G is
strictly bigger than 1.

(89 Aug.) For this problem, you may assume the Sylow theorems.

(i) If H is normal subgroup of order p*, p prime, of a finite group G,
show that H is contained in every Sylow p-subgroup of G.
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(ii) Show that every group of order 200 must contained a non-trivial
normal Sylow subgroup, and hence is not simple.

(89 Aug.) Prove that a permutation cannot be both even and odd.

(90 Jan.) Let p be a prime number. Prove that if a and b are elements of
the symmetric group S,, where a has order p and b is a transposition,
then {a,b} generates S,,.

(90 Jan.) Describe all the groups of order 325.

(90 Jan.) (Recall that, if  : M’ — M is a homomorphism of Abelian
groups, then Homgz (M, Z) is an Abelian group and 6* : Homy (M, Z) —
Hom(M’,7Z) is the homomorphism of Abelian groups which is defined
by 0*(g) = gob for all group homomorphism g : M — Z in Homy(M,Z).)
True or False. If @ : M’ — M is an injection of Abelian groups, then
0* : Homy, — HomZ(M', Z) is surjection of Abelian groups.

(90 Jan.) Provide an example of a group G of finite order for which there
is some integer k£ which divides the order of G but G has no subgroup
of order k.

(90 Aug.) Let F be a field and let G be a finite subgroup of the multiplicative
group F\{0}. Prove that G is a cyclic group.

(90 Aug.) If G is a group of order p™ for some prime integer p, and H is a
subgroup of G with H # G, then prove that there exists a subgroup N
of G such that H C N, H # N, but H is normal in N.

(91 Jan.) Prove that if G and H are finite Abelian groups such that G x G =
H x H, then G = H.

(91 Jan.) Prove that if a group has proper subgroup of finite index then it
has a proper normal subgroup of finite index.

(91 Jan.) Prove that there is no finite group G such that G/Z(G) has
exactly 143 elements. Here Z(G) denotes the center of G.

(91 Aug.) True or False.
Let W be an Abelian group and let 6 : V' — V' be a fixed surjective
homomorphism of Abelian group. If g : W — V'’ is a homomorphism
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of Abelian groups, then there is an Abelian group homomorphism h :
W — V such that 6o h = g.

(91 Aug.) Let p be the smallest prime dividing the order of a finite group
G. Prove that any subgroup H C G of index p is normal.

(91 Aug.) Let G be a group of order 30. Prove that G has a subgroup of
order 15.

(92 Jan.)

a. Show that (Q, +) can not be the direct sum of two proper sugroups.
b. Show that any finitely generated subgroup of (Q, +) is cyclic.
(92 Jan.) Suppose that a group G is the direct product of subgrous H and

K, and N is a normal subgroup of G. Prove that if NN H = {e} =
N N K, then N is contained in the center of G.

(92 Jan.) Let G be a finite Abelian group, C* be the multiplicative group
of nonzero complex numbers, and ¢ : G — C* be a nontrivial homo-
morphism (i.e., ¢(x) # 1 for some x € G). Prove that ) _. ¢(z) = 0.

(92 Jan.) Let G be a group of order 154. Prove that G has a normal
subgroup of order 7.

(92 Aug.) If H is a subgroup of G such that the product of two right cosets
of H is again a right coset of H in G, prove that H is normal in G.

(92 Aug.) Show that a finite Abelian group fails to be cyclic if and only if
it has a subgroup isomorphic to Z, x Z, for some prime number p.

(92 Aug.) Suppose G is a group of order 66.

a. Prove that G is solvable, i.e., there is a chain of subgroups G >
G > Gy > -+ > Gy = {e} such that each factor group G;/G;1
is Abelian.

b. Prove that G has a normal subgroup of order 3.

(93 Jan.) Prove that every finite group with at least 3 element has at least
2 automorphisms.
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(93 Jan.) How many elements of order 7 are there in a simple group of order
1687

(93 Jan.) Prove that if G, H, and K are finite Abelian groups such that
GxH=GxK, then H=K.

(93 Aug.) Let G be a group of order p" for some prime p and let H be a
normal subgroup of G, with H # {1}. Prove that Z(G) N H # {1},
where Z(G) is the center of G.

(93 Aug.) TRUE or FALSE. If G is a finite group and p is a prime divisor
of |G|, then G has a subgroup of index p.

(93 Aug.) Fill in the blank and prove the resulting statement. Let G and
G5 be finite groups and let H be a subgroup of G = G7 & G5. The

groups
G G, Gy

H ™ HNG,  HNG,
are isomorphic if and only if ____.

(93 Aug.)
(i) Let p be a fixed prime integer. Give an example of two finite
Abelian p-groups, A and B, with

(a) A not isomorphic to B
(b) the order of A is equal to the order of B.
(c) the exponent of A is equal to the exponent of B, and
(d) Ha € Alpa = 0}] = {b € Blpb = 0}|.

(ii) Give an example of two nilpotent matrices A and B such that

(a) A is not similar to B,

(b) A and B have the same characteristic polynomial,
(c) A and B have the same minimal polynomial, and
(d) A and B have the same rank.

(94 Jan.) Let G be a group of order 35. Show that G is cyclic.
(94 Jan.) Classify, up to isomorphism, Abelian groups of order 144.

(94 Jan.) Let G be a group and Aut(G) be the automorphism group of G.
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(a) Show that Inn(G) = {I, € Aut(G)|I,(9) = aga™t,a € G} is a
normal subgroup of Aut(G).

(b) Show that Inn(G) is isomorphic to G/C, where C' is the center of
G.

(94 Jan.) Show that any group which has finitely many subgroups many
subgroups is finite.

(94 Jan.) Let F be a finite field and F* = F — 0. Show that [,z a = —1.
(94 Aug.) In this problem, only give brief answers; no proof is needed.
a. Give an example of a group G and subgroups H, K such that
K < H <G, but K 4G.

b. Give an example of a commutative ring R and non-zero maximal
ideals M, N with M NN = (0).

c. Give an example of matrix with real entries whose characteristic
polynomial is 2° — 2% + 2% — 32 + 1.

d. Give an example of a non-cyclic Abelian group that is indecompos-
able (that is, can not be written as H @ K for proper subgroups
H and K).

e. Give an example of a non-Abelian group G with a normal subgroup
H and a subgroup K = G/H, but G is not isomorphic to H x K.

(94 Aug.) TRUE or FALSE.

(a) Let A and B be nxn matrices with minimal polynomial z*. If rank
A = rank B and rankA? = rank B?, then A and B are similar.

(b) Let A and B be finite Abelian p-groups of the same order with
exponent p* (Recall that the exponent of a finite Abelian group G
is the least positive integer n such that ng =0 for all g € G.) If

{a € Alpa = 0}| = |{b € B|pa = 0}| and

{a € Alp*a =0} = [{b € Blp*a = 0}

then A and B are isomorphic.
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(94 Aug.) Let G = GL(n, F) be the multiplicative group of n x n non-
singular (invertible) matrices over a field F. Prove that S = SL(n, F') =
{A € G|det A =1} is a normal subgroup of G. If F is finite, compute
G : S].

(94 Aug.) Suppose G is a group of order 130. Prove that G' has a normal
subgroup of order 5.

(94 Aug.) Suppose G is a finite group of odd order and N is a normal
subgroup of order 5. Prove that N contained in the center of G

(95 Jan.) Prove that there is no group G so that G/Z(G) = Z, where Z(G)
is the center of G and Z is the group of integers under addition.

(95 Jan.) Let G be any group and let H be any subgroup of GG. Prove that
Aut(H) has a subgroup isomorphic to Ng(H)/Cq(H), where Ng(H)
denotes the normalizer of H in G, C¢(H) denotes the centralizer of H
in G, and Aut(H) denotes the automorphism group of H.

(95 Jan.) Describe, up to isomorphism, all the group of order 1225.

(95 Aug.) Prove that if G and H are finite Abelian group such that G x G =
H x H, then G = H.

(95 Aug.) Prove that if G is a group of order p*q, where p and ¢ are prime,
then either a p-Sylow subgroup of G is normal or a ¢-Sylow subgroup
of G is normal.

(95 Aug.) A group G is said to be solvable provided there is a finite sequence
of subgroups G = Ny > Ny > - - - > N,;, = {e} such that N; > N;;; and
N;/Nis1 is Abelain for all i < m. Prove that if G is a group, A is a
subgroup of G, N is a normal subgroup of GG, and both A and N are
sovable, then AN is also sovable.

(96 Jan.) Let G be a finite group of order n and let m divide n. Claim: G
has a subgroup of order m.
(a) Prove the claim in the case G is Abelian
(b) Show that the claim is false in general.

(96 Jan.) Let G be a finite group and P a p-Sylow subgroup of G. Let
K = Ng(P) be the normalizer of P in G. Then prove or disprove
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K = Ng(K). (Recall: for any subgroup H C G the normalizer is
Ng(H)={9€ G:g'hge H forall h € H}.)

(96 Jan.) Suppose that N is a normal subgroup of a group G so that both
N and G/N are cyclic.
(a) Show that G is generated by two elements.
(b) Prove or disprove that G = (G/N) x N.

(96 Aug.) Let G be a finite group acting on a finite set S and let N be
a normal subgroup of G. Let S := {z € S :ax =z foralla € N}
be the set of all z € S fixed by all element a € N. Show that SV is
invariant as a set under all elements of G. (That is, g(SY) = SV for
all g € G.)

(96 Aug.) If p is the smallest prime dividing the order of a finite group G,
show that every subgroup H of index p is normal in G.

(96 Aug.) Let G be an Abelian group, and let H be a subgroup of G so
that the quotient G/H is isomorphic to Z. Prove that H is a direct
factor of G.

(96 Aug.) Let M C Z* be the subgroup generated by (1,0,2,2), (3,1,0,0),
(0,0,2,4), and (0,3,—12,0). Compute the invariant factor decomposi-
tion of the group Z*/M.

(96 Aug.) Suppose G is a finite group and the automorphism group AutG
contains a p-subgroup P for some prime p, i.e., P has order p” for some
r > 0. Show that there exists a nontrivial Sylow g-subgroup @ of G, for
some prime ¢, such that ¢(Q) = @ for all ¢ € P. Hint: make different
arguments according as p does or doesn’t divide the order of G.

(97 Jan.) Prove that there are no simple groups of order 231.

(97 Jan.) let G be an Abelian group and let H be a subgroup of G so that
the quotient GG/H is isomorphic to the additive group of the integers.
Then show that there is a subgroup K of G so that H N K = {1} and
HK =G.

(97 Jan.) Let ¢ be an odd number and let G be a finite group G of order 2q.
Let Sym(G) be the permutation group on the set of all elements of G (so
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that Sym(G) has order (2¢)!). Define the right regular representation
¢: G — Sym(G) by 6(g)¢ = g¢.
(a) Show that ¢ is an injective homomorphism from G into Sym(G).
Thus we can view G as a subgroup of Sym(G).

(b) Show that G has an element b of order two. Describe how the
permutation ¢(b) splits into cycles. Is ¢(b) an even permutation?

(c¢) Show that G has a normal subgroup of order q.

(97 Aug.) Classify groups of order pg?, where p < ¢ are prime and p fq+1

(97 Aug.) LetG={<3 ﬁ)}H={<8 2)}’andK:{(é Cll)}

be subgroups of GLs(R). Prove or disprove that G = H x K.

(97 Aug.) Let G; and G5 be two simple groups. Find all the normal
subgroups of Gy x Gs.

(98 Jan.) An Abelian group A has presentation matrix

7T 5 1 =5
M=1]1-3 0 6 0
4 5 -3 —10

(In other words, A = Z3/Image(f), where f : Z* — Z3 is the homo-
morphism of free Abelian groups given by the matrix M.) Express A
as a sum of cyclic groups.

(98 Jan.) Let G be a finite group and P be a Sylow p-subgroup for some
prime p that divides the order of G.

a. If x is in the normalizer of P, and 2 = 1, show that x is in P.

b. Let X = {g € G|g* = 1}. Give an action of P on X and use this
to prove that p divides | X]|.

(98 Aug.) How many elements of order 7 are there in a simple group of
order 1687

(98 Aug.) Prove that the additive group of all polynomials in = with inte-
ger coefficients is isomorphic to the multiplicative group of all positive
rational numbers.
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(98 Aug.) A subgroup H of Abelian group G is direct summand of G if
and only if there is a subgroup K of G such that H + K = G and
HnN K ={0}.

a. Exhibit a finite Abelian group G and an element g € G for which
the subgroup < g > is not a direct summand of G.

b. Let g be an element of the finite Abelian group G of maximal order.
Prove that < g > is direct summand of G.

(99 Jan.) True or False. (If true, then PROVE it. If false, then give
a COUNTEREXAMPLE.) If N is a normal subgroup of the group
G1 X G, and Ny is the projection of N into GG; and N5 is the projection
of N into (G5, then

G1 X GQ ~ G1 G2

= X .
N NinNG:  NanNGoy

(99 Jan.) Let G be a finitely generated group which has exactly one maximal
proper subgroup A. Prove that G is generated by any element not in
A. Prove that G is cyclic of prime power order.

(99 Jan.) Let H be a normal subgroup of the finite group G with [G : H]
relatively prime to p. Prove that H contains every Sylow p-subgroup

of GG.

(99 Aug.) Make a list, as long as possible, of Abelian groups of order
720 such that no group on the list is isomorphic to any group occur-
ring eleswhere on the list, Demonstrate that your list has the required
properties.

(99 Aug.) Let G be a simple group. Prove each of the following:

1. If G has a proper subgroup of index k, then |G| divides k!.
2. G cannot have order 160.

(99 Aug.) Let G be a group with three normal subgroups Ny, Ny, and N
such that

1. N;NN; ={e} for all 4,5 € {0,1,2} with ¢ # j, and
2. N;N; =G for all 4,5 € {0,1,2} with ¢ # j.
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Prove that G is Abelian and that V; = N; for all ¢, € {0, 1,2} with
LF
(00 Jan.) Let G be a group of order p*q, where p and ¢ are prime integers.

Prove that G is not simple. (In other word, prove that G has nontrivial
normal subgroup.)

(00 Jan.) Let G be a group of order p™ for some prime p and let H be a
normal subgroup of G, with H # {1}. Prove that Z(G) N H # {1},
where Z(G) is the center of G.

(00 Jan.) Suppose that N is a normal subgroup of the finite group G' and
that H is a subgroup of G with G = NH and GN H = {1}. PROVE
that THERE EXISTS a homomorphism 6 : H — AutN such that
G = N xy H. Recall that multiplication in N x4 H is given by

(n,h)(n', 1) = (n-0(h)|, hh').

(00 Jan.) Let G be a group and f : G — G be a function such that
fla)f(b)f(c) = f(A)f(B)f(C) whenever abc = ABC = 1. Prove that
there exists g € G such that h(x) = ¢gf(z) is a homomorphism.

(00 Aug.) Let ¢ : ZAZBLZPZ — ZSZ ®Z be the group homomorphism
which is given by multiplication by the matrix

4 10 18 16
M=1|2 2 6 2
6 12 24 18

Express the cokernel of ¢ as a direct sum of cyclic groups. (Recall that

the cokernel of ¢ is defined to be 225~ .)
mages

(00 Aug.) Let G be a finite group of odd order. Show that every subgroup
of G of index 3 is normal.

(00 Aug.) Does there exist proper subgroups G and G of the group (Q, +),
which G1 @ G5 isomorphic to (Q, +)?

(00 Aug.) (True or False. If false, give a counterexample.) If H is a normal
subgroup of the finite subgroup G, then there exists a subgroup of G
which is isomorphic to %
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(01 Jan.) Classify the group of order 33.

(01 Jan.) Suppose G is a finite group, P is a Sylow p-subgroup, and there is
a normal subgroup H < G that contains P. Show that if P is a normal
subgroup in H, then P is a normal subgroup in G. Give an example
to show that the conclusion can be fail if P is not a Sylow p-subgroup.

(01 Jan.) Let G be a finite group of order 2q where ¢ is an odd number.
Show that G has a subgroup H of order q.

(01 Aug.) Explain why (R/Z,+) contains an element of order p for every
prime number p. Prove that this group is isomorphic to a multiplicative
subgroup H of G = C* = C\{0}. We say that a subgroup H < G is
a direct factor of G if there is a decomposition G = H x L for some
subgroup L of G. Is H, as defined above, a direct factor of G = C*?

(01 Aug.) Give the invariant factor decomposition and the elementary di-
visors decomposition also say which is which! -for the group G =
Zo0 ® Zsa ® Lz

(01 Aug.) Let G be a finite group, p a prime number, and K a p-subgroup
of G. Prove that the number of Sylow p-subgroups of GG that contain
K is congruent to 1 modulo p.

(02 Aug.) Let K be a normal subgroup of finite group G. If P is a Sylow
p-subgroup of K for some p, prove that G = KNg(P). (Recall that
the normalizer of P in G is equal to Ng(P) = {g € G|gPg~' C P}.
Recall, also that the product of two subgroups A and B of G is the set
of all ab with a € A and b € B.)

(02 Aug.) Prove that Ss has no subgroup of order 30.
(03 Aug.) Classify up to isomorphism all groups of order 45.

(03 Aug.) Let G be a finite group and Z(G) the center of G. Then show
that G/Z(G) is never a cyclic group with more than one element.

(03 Aug.) Let P be a Sylow subgroup of the finite group G and let H be a
subgroup of G with Ng(P) < H. Prove H = Ng(H).

(04 Aug.) Let G be a finite group, and let H, K be subgroups of G. Assume
that |G| = |H||K|, and that H N K = {1}.
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a. Prove that G = {hklh € H, k € K}
b. Is G isomorphic to H x K7 Prove or give a counterexample.

c. If you gave a counterexample in (b), then what additional hypoth-
esis (or hypotheses) will ensure that G is isomorphic to H x K7
State the hypothesis (or hypotheses) and prove the result.

(04 Aug.) Let G be a finite group, and H be a normal subgroup of order
p, where p is the smallest prime dividing G. Prove that H is contained
in the center of G.

(04 Aug.) Let p, g be distinct prime numbers, and let G be a group of order
p?q. Prove that G is not simple.

(05 Aug.) Classify up to isomorphism all groups of order 1225. Justify your
classification.

(05 Aug.) Prove that every group which has a proper subgroup of finite
index must also have a proper normal subgroup of finite index.

(05 Aug.) Let K be the normal subgroup of the finite group G and let P
be a p-Sylow subgroup of K for some prime p. Let Ng(P) = {g|g €
G and gPg~' = P} be the normalizer of P in G. Prove G = K Ng(P)

(06 Jan.) A group is said to be simple if it has exactly two normal subgroups.
Prove each of the following:

(a) Let G be a finite simple group with order not the power of any
prime, let p be a prime divisor of the order of GG, and let n be the
number of p-Sylow subgroups of GG, Then the order of G divides
nl.

(b) No group of order 1,000,000 can be simple.

(06 Jan.) Prove that each finite subgroup of the multiplicative group of
nonzero elements of a field is cyclic.

(06 Jan.) Let G be a finite group such that each of its Sylow subgroups is
normal in G.

(a) Prove that G is isomorphic to the direct product of its Sylow
subgroups.
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(b) Prove that if P is a Sylow subgroup of G then the center of P is
induced in the center of G.

(06 Aug.) Characterize up to isomorphism all Abelian groups of order 600.

(06 Aug.) Let G be a group. Prove that G is finite if and only if G has only
finite many subgroups.

(06 Aug.) Let p,q € Z be primes with ¢ < p and p # 1 mod ¢. Prove that
any group of order pq is Abelian.



