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1 Affine plane over a field

Let us be given a field F. The affine plane over the field F simply mimics the real Cartesian
coordinate geometry of lines and points. The points are ordered pairs (x, y), where x, y ∈ F. The
lines have the form of La,b = {(x, y) : y = ax + b} and the ”vertical lines” Lc = {(c, y) : y ∈ F}.
Lines with the same slope (called parallel) have no point in common, and lines with different slopes
have exactly one point in common. (We consider the vertical lines to be parallel with each other,
with infinite slope.) If F = GF (q), then there are q2 points and q2 + q lines (q of them vertical, q
of them horizontal, q(q − 1) neither vertical nor horizontal). Equivalence classes of parallel lines
contain q + 1 lines.

One can associate a meaning to the vague sentence ”parallel lines meet at infinity”. To every
class of parallel lines assign a different new object, called ideal point, and declare that all ideal
points (and no other points) lie on new line, called the ideal line. This may sound like a stretch of
imagination, but the following rigorous algebraic construction is behind it.

2 Projective plane over a field

Define an equivalence relation over (x, y, z) 6= (0, 0, 0) ordered triplets of the field F by (x, y, z) ∼
(x′, y′, z′) if there exists a 0 6= λ ∈ F such that x = λx′, y = λy′, z = λz′. This relation is clearly an
equivalence relation, and its classes will be the points of the projective plane. Similarly, define an
equivalence relation over [A,B,C] 6= [0, 0, 0] ordered triplets of the field F by [A,B,C] ∼ [A′, B′, C ′]
if there exists a 0 6= λ ∈ F such that A = λA′, B = λB′, C = λC ′. The equivalence classes of this
relation will be called the lines of the projective plane. We will freely work with representatives
of the equivalence classes instead of the equivalence classes, as usually it will be easy to see that
changing the representative for another does not change the situation.

Consider a point represented by (x, y, z) and a line represented by (A,B,C). We say that the
point is incident to the line if Ax+By+Cz = 0. This relation is clearly invariant under changing
the representatives.

Claim 1
(P1) For any two different lines, there is a unique point incident to both;
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(P2) For any two different points, there is a unique line incident to both;
(P3) There are 4 points, such that no 3 of them are incident to the same line.

The difference between (P1) and (P2) is only whether the notation is () or []. So it suffices to
prove (P1). Consider representatives of two different lines, [A1, B1, C1] and [A2, B2, C2]. We look
for solutions of the system of homogeneous linear equations

A1x+B1y + C1z = 0

A2x+B2y + C2z = 0.

The assumption of two different lines mean [A1, B1, C1] 6∼ [A2, B2, C2], therefore the coefficient
matrix of the system of homogeneous linear equations has rank 2. The dimension of the solution
space is number of variables minus rank, which is 1. This means that there must be an x, y, z
solution triplet, and all other solution triplets are constant multiples of this. This means exactly
one equivalence class of (x, y, z) solutions, in other words, a single point. We leave the proof to
(P3) to the homework problems.

It is not difficult to see that the affine plane over F is embedded in the projective plane over F.
Indeed, points represented by (x, y, 1) in the projective plane are in 1-1 correspondence with the
(x, y) points of the affine plane. The affine line La,b corresponds to the projective line [a,−1, b],
the affine line Lc corresponds to the projective line [1, 0,−c]. Points represented by (x, y, 0) in
the projective plane are the ideal points. The common ideal point of the vertical lines will be
[0, 1, 0],the ideal point of the parallel class of lines with slope a will be [1, a, 0]. There are q + 1
ideal points, and all are incident to the ideal line [0, 0, 1]. The ideal line is not incident to any
point [x, y, 1] coming from the affine plane.

I would like to note here that the ideal line in a projective plane is not essentially different
from any other line. Removing any line from the projective plane we get an affine plane that can
be coordinatized with ordered pairs of the field elements. Consider any 3 × 3 regular matrix T
over F. Write lines as row matrices with 3 columns and points as column matrices with 3 rows. T
defines a permutation of lines and a permutation of points as

[A,B,C] 7→ [A,B,C]T andxy
z

 7→ T−1

xy
z

 .
Clearly incidence between points and lines are inherited to the images. The ideal line can be
mapped to any other line in this way. One may simply change the names of points and lines to
the names of their pre-images under these permutations.

Assume now that F = GF (q). Then the number of (x, y, z) ordered not all zero triplets is
q3− 1. Every equivalence class will have exactly q− 1 elements. Hence the number of points (and
similarly, the number of lines) is q2 + q + 1.

Let us count now how many points are incident to any given line (or equivalently, how many
lines are incident to any given point). Every representation of every line has some non-zero entry.
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So assume without loss of generality that it is the third entry, and represent the line by [A,B, 1].
The points represented by (x, y, z) incident to the line satisfy

Ax+By + z = 0.

Hence for every x, y ∈ GF (q) there is a unique z solving this equation. This would give q2 of
the (x, y, z) triplets, but being (0, 0, 0) forbidden, we are left with q2 − 1. These triplets fall into
equivalence classes of size q − 1, and therefore the number of equivalence classes is q + 1.

Some comments are due here about the solution of systems of linear equations over a field F.
The usual results connecting the solution to the rank of the coefficient matrix still hold, however,
rank of the coefficient matrix over F can be different from the rank over R, even for a 0-1 matrix.
It still true over every field that the row rank is the same as the column rank, and they are equal
to the size of the largest square submatrix with noz-zero determinant. For example,0 1 1

1 0 1
1 1 0


has rank 3 over R, but has rank 2 over GF (2).

3 Finite projective planes

Consider a finite point set and finite family of subsets, called lines, of this set. Define incidence of
a point and a line by the ∈ relation. Assume that (P1), (P2), and (P3) holds. Then this structure
is called a finite projective plane. They share many properties with finite projective planes over
a field, see Homework Problems F3), F4). It is an old conjecture that if a finite projective plane
exists, its q (called order) must be a prime power. Not all projective planes, however, are based
over a field. For example, the following two theorems are well-known in real projective geometry,
and as they can be proved with manipulation of coordinates, they extend to every finite projective
plane over a field. We do not prove them. They are not true, however, for all projective planes.
Let us denote the line determined by the points p, q by L(p, q).

Theorem 1 [Pappus] For any two lines L1, L2 in the real projective plane, and any distinct
points ai, bi, ci on Li, all different from the point L1 ∩ L2, the three points L(a1, b2) ∩ L(a2, b1),
L(a1, c2) ∩ L(a2, c1), L(b1, c2) ∩ L(b2, c1) are on one line.

By a triangle in a projective plane we mean 3 points not on a single line. We say that two
triangles, a1, b1, c1 and a2, b2, c2 are perspective to a point, if L(a1, a2) ∩ L(b1, b2) ∩ L(c1, c2) 6= ∅.
We say that two triangles, a1, b1, c1 and a2, b2, c2 are perspective to a line, if the three points
L(a1, b1) ∩ L(a2, b2), L(a1, c1) ∩ L(a2, c2), L(c1, b1) ∩ L(c2, b2) are on one line.

Theorem 2 [Desargues] In the real projective plane, two triangles are perspective to a line if and
only if they are perspective to a point.
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4 An intersection problem leading to finite projective planes

Theorem 3 Assume that Ai ⊆ [n] for i = 1, 2, ...,m, and for any two sets |Ai∩Aj| = t ≥ 1. Then
there is a t element set in the family, or the indicator functions of the sets are linearly independent
in the linear space of [n]→ R functions over the field R. Consequently, m ≤ n.

Let us denote the indicator function of the set A by χA, so χA : [n]→ R and

χA(a) =

{
0, if a /∈ A
1, if a ∈ A.

Observe that the functions [n] → R make a linear space V over R. As clearly χ{x} : x ∈ [n] is a
basis, the dimension of this linear space is n. We make this linear space V an inner product space
by defining (f, g) =

∑n
x=1 f(x)g(x). Note that (f, g) is bilinear. i.e. with any fixed f it is a linear

function of g, and with any fixed g, it is a linear function of f .
Let us return to the family of sets. If |A1| = t, then the other sets partition the remaining n− t

elements, so m − 1 ≤ n − t ≤ n − 1. If all |Ai| > t, and the linear independence holds, then the
size of a set of linearly independent vectors is at most the dimension, n.

Assume that there are not all zero real numbers such that
∑m

i=1 ciχAi
= 0, the identically zero

function. Then

0 =

(
m∑
i=1

ciχAi
,

m∑
i=1

ciχAi

)
=

m∑
i=1

c2i

(
χAi

, χAi

)
+2

∑
1≤i<j≤m

cicj

(
χAi

, χAj

)
=

m∑
i=1

c2i |Ai|+ 2t
∑

1≤i<j≤m

cicj − t
m∑
i=1

c2i + t
m∑
i=1

c2i

=
m∑
i=1

c2i

(
|Ai| − t

)
+t
( m∑

i=1

ci

)2
,

showing that every ci must be zero.
For general t, there is no classification of how m = n can happen. There is however, the

following theorem of Ryser that we do not prove. We call the degree of a point the number of Ai

sets that contain it.

Theorem 4 If a family of sets realizes m = n, then at most two different degrees may occur.

However, for t = 1 we can give a kind of characterization.

Theorem 5 [Erdős-de Bruijn] If for t = 1, a family of sets realizes m = n, then the family is
(i) a singleton and all doubletons containing it; or
(ii) the lines of a finite projective plane; or
(iii) an n− 1-element subset and all doubleton containing the leftover element.
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Assume m = n. If there is a singleton in the system, the only possibility is (i). If there is no
singleton, we may assume that every element of the underlying set is contained by at least one
family member. (If not, there is a contradiction with Theorem 3.) We are going to show that
property (P2) holds for our family of sets, if the sets are considered the lines. It will be left for the
homework problems, that (P1) and (P2) implies (P3) or (iii).

With a slight abuse of notation, we write χx instead of χ{x} for x ∈ [n]. As χAi
i = 1, 2, ..., n

are linearly independent in an n-dimensional linear space, they form a basis, and we can express
with them the elements of the other basis:

χx =
n∑

i=1

βx,iχAi
.

We have

(χx, χAj
) =

n∑
i=1

βx,i(χAi
, χAj

) =
( n∑

i=1

βx,i

)
+βx,j(|Aj| − 1).

Define βx =
∑n

i=1 βx,i and observe

βx + βx,j(|Aj| − 1) = (χx, χAj
) =

{
0, if x /∈ Aj

1, if x ∈ Aj.

As |Aj| > 1, we can solve the the last equation for βx,j:

βx,j =
(χx, χAj

)− βx
|Aj| − 1

. (4.1)

On there other hand,

βx =
n∑

j=1

βx,j =
n∑

j=1

(χx, χAj
)− βx

|Aj| − 1
=

n∑
j=1

(χx, χAj
)

|Aj| − 1
− βx

n∑
j=1

1

|Aj| − 1
,

and

βx

(
1 +

n∑
j=1

1

|Aj| − 1

)
=

n∑
j=1
x∈Aj

1

|Aj| − 1
.

From here, we observe 0 < βx < 1 and based on (4.1),

x ∈ Aj ⇔ βx,j > 0 and x /∈ Aj ⇔ βx,j < 0.

Finally, we show that for any x 6= y elements from [n], there is some Aj, such that {x, y} ⊆ Aj, as
it was claimed. Consider

0 = (χx, χy) =
n∑

j=1

βx,j(χAj
, χy) =

n∑
j=1
y∈Aj

βx,j.

Note that the last sum does have non-zero terms: as y is contained by some Aj set, a term βx,j 6= 0
is there. However, if this sum is 0, it must have both positive and negative terms. So find a j such
that y ∈ Aj and βx,j > 0. As x ∈ Aj, the proof is complete.

5



5 Graphs without C3 or C4

We study here two problems from extremal graph theory, as an introduction to estimations.

Theorem 6 [Mantel (1907)] If a simple graph G on n vertices does not have a C3, then its size e
satisfies e ≤ n2

4
.

Clearly this is the best possible result, because of the complete bipartite graph Kdn
2
e,bn

2
c. Consider

any edge ab of G. Let d(x) denote the degree of the vertex x. As a and b cannot have common
neighbors, each are joined to at most one out the other n − 2 vertices, and as they are joined to
each other,

n ≥ d(a) + d(b).

Summing up for all edges,

ne ≥
∑

ab∈E(G)

(
d(a) + d(b)

)
=

∑
x∈V (G)

d2(x).

By the inequality of Quadratic and Arithmetic Means,

∑
x∈V (G)

d2(x) ≥

(∑
x∈V (G) d(x)

)2
n

=
(2e)2

n
.

Solving the inequality for e we obtain the claim. Note that Mantel’s Theorem has a far-reaching
generalization in the form of Turán’s Graph Theorem, which tells the maximum number of edges
that a graph can have without a Kk, and the structure of graphs with the maximum number of
edges. Note C3 = K3.

Theorem 7 [Reiman (1958)] If a simple graph G on n vertices does not have a C4, then its size
e satisfies e ≤ n

4
(1 +

√
4n− 3) = O(n3/2).

We make a double count again. Count {(u, {v, w}) : v 6= w, uv ∈ E(G), uw ∈ E(G)}. On the one
hand, their number is exactly

∑
x∈V (G)

(
d(x)
2

)
. On the other hand, for every {v, w} ⊆ V (G), there

is at most one corresponding u, as two different u’s with v, w would provide a C4. Hence∑
x∈V (G)

(
d(x)

2

)
≤
(
n

2

)
. (5.2)

A homework problem finishes the proof of the theorem.
We show an alternative argument that is useful to set lower bounds for

∑
i

(
ai
k

)
for any positive

integer k. So this is a bit of overkill here, but is very often useful.
First recall that a function f(x) defined on an interval I is concave up, if the line segment

connecting the points (a, f(a)) and (b, f(b)) for every a, b ∈ I is never below the graph of the
function. In terms of an inequality, for all 0 < λ < 1,

f
(
λa+ (1− λ)b

)
≤ λf(a) + (1− λ)f(b).
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Theorem 8 [Jensen’s Inequality] For any n ≥ 1 integer and 0 < λ1, ..., λn with
∑n

i=1 λi = 1, if
x1, ..., xn fall into the interval I, where f(x) is concave up, then

f
( n∑

i=1

λixi

)
≤

n∑
i=1

λif(xi).

Furthermore, if equality holds, then all x’s must be belong to a subinterval, where f(x) is linear,
allowing a single point as an interval as well.

Recall that
(
x
k

)
for every positive integer k is a polynomial of x defined by (x)k

k!
. This is a degree k

polynomial and its roots are 0, 1, ..., k−1. Therefore its derivative must have a root in (i, i+ 1) for
i = 0, 1, ..., k−2, which accounts for all of its k−1 roots, and similarly the second derivative has a
root between any consecutive pairs of roots of the first derivative. [One can shorten this argument
using a result of Gauß about the roots of the derivative of a complex polynomial, see Problem
14.] On the interval [k− 1,∞) the function

(
x
k

)
is concave up. (Not having any root of the second

derivative in the interval, it cannot change concavity. Just checking 3 points, x = k − 1, k, k + 1
shows that the function must be concave up.) Define a new function by(

x

k

)+

=

{
0, if x ≤ k − 1(
x
k

)
, if x ≥ k − 1

we define a concave up function on all real numbers. (If a segment connecting a zero valued point
with some point of (x0,

(
x0

k

)
) would intersect the curve somewhere above the interval (k − 1, x0),

it would contradict that
(
x
k

)
is concave up there.) Formula (5.2) can be continued with Jensen’s

Inequality as

n

(
2e
n

2

)+

≤ n

( 1
n

∑
x∈V (G) d(x)

2

)+

≤
∑

x∈V (G)

(
d(x)

2

)+

≤
∑

x∈V (G)

(
d(x)

2

)
≤
(
n

2

)
. (5.3)

Either 2e
n
≤ 2 or 2e

n
≥ 2, we obtain the bound in the theorem in the form of O(n3/2); as e ≤ n in

the first case, and (2e
n
− 1)2 ≤ n− 1 in the second case.

Now we create a graph on n vertices that have cn3/2 edges and no C4, when n is large enough.
Knowing that finite projective planes over GF (q) exists, the simplest construction for such a
graph is the incidence bipartite graph of points and lines. It has |V | = 2(q2 + q + 1) vertices and
|E| = (q + 1)(q2 + q + 1) edge, when there is an edge between incident points and a lines. This is
obviously C4-free by (P1) and (P2). The graph has |E| ∼ 1

2
√
2
|V |3/2 edges.

We can improve on the constant in the following way. Let the vertex set be the points of the
affine plane over GF (q) for a prime power q, so |V | = q2. Join vertex (c, d) with (x, y) with an
edge if

cx+ dy = 1. (5.4)

This is clearly a symmetric relation, so we obtained a graph (V,E). There might be loops, but at
most q2, remove them. If neither c nor d is zero, then for every x there is a unique y solving the
equation (5.4). So the number of edges is at least 1

2
(q−1)2q− q2. Assume that we have a C4. This
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would mean a (c, d) and a (c′, d′), both connected to (x, y) and (x′, y′). By the definition of edges,
it means that the following system of linear equations in variables x, y and constants c, c′, d, d′ has
two solutions:

cx+ dy = 1,

c′x+ d′y = 1.

This can have more than one solution only if the two rows are linearly dependent over GF (q). So
c = λc′, d = λd′, but from λ1 = 1, λ = 1. So (c, d) = (c′, d′), two points in the supposed C4 are
identical. This provides a construction for n = q2, with |E| ≥ 1

2
|V |3/2 − 2|V |.

The construction above looks purely algebraic, but there is a strong geometric motivation be-
hind it. Think about the real plane. Consider a point (c, d) 6= (0, 0). We consider a correspondence
between points and lines called polarity with respect to the unit circle x2 + y2 = 1. In this context
P = (c, d) is called the pole, and its polar line is defined by the following construction. Consider
the ray from O = (0, 0) through P , and find a point Q on it such that OP · OQ = 1. The polar
line is perpendicular to OP and passes through Q. For example, if P is on the unit circle, them
its polar line is the tangent line. The equation of the polar line is cx + dy = 1 (see homework
problems). This gives the following duality: if R is point on the polar line of the pole P , then P
is a point on the polar line of the pole R. Therefore joining poles to the points of their polar lines
defines a graph, and this graph is C4-free, as two different lines intersect in at most one point. The
construction over GF (q) imitates the algebra of this construction.

Assume now that there is an h ∈ GF (q), such that h2 = −1. This is not always the case, but it
is, according to Euler’s Lemma, if q is a prime p of the form 4k+ 1. Now realize that (5.4) can be
viewed as incidence between the point represented by (x, y, h) and the line represented by [c, d, h]
in the projective plane over GF (p), if we duplicate the triplets when considering them points or
lines. This duplication reduces the constant coefficient before n3/2, and the second construction
got away with the duplication.

There is a routine way to extend the construction—with a smaller leading constant—to all
sufficiently large n vertices. From Bertrand’s Postulate (Tschebyseff’s theorem), for any m positive
integer, there is a prime in [m, 2m]. Hence for any m positive integer, there is a prime square in
[m2, 4m2]. It is easy to see that for n ≥ 100, there is a number of the form 4m2 in [n

2
, n], and

there is a p2 ∈ [m2, 4m2] ⊆ [n
8
, n], providing a construction on a smaller set of vertices that can be

extended with isolated vertices at the cost of reducing the constant c in cn3/2.

6 Generalized Quadrangles

Let us be positive integers s, t. A (finite) set of points P and lines Q make a (finite) generalized
quadrangle GQ(s, t), if they satisfy the following 4 axioms:
(GQ1) Every line has exactly s+ 1 points
(GQ2) Every point is on exactly t+ 1 lines
(GQ3) Any two lines intersect in at most one point
(GQ4) For every point p and every line ` not passing through p, there is a unique line `′, such that
`′ goes through p and `′ intersects `.
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As there is at most one line through any two points, switching the names of points and lines results
in a dual generalized quadrangle GQ(t, s).

An important property of generalized quadrangles is that they are triangle free. A triangle
would contradict the uniqueness in (GQ4). Two points are called collinear, if there is a common
line passing through them. A point is collinear with itself. We will denote this relation by x ∼ y,
although it is not an equivalence relation, and speak about the collinearity graph. Let us count
the number of points. Take an arbitrary line `. It has s+ 1 points. Any point p ∈ ` is incident to
t additional lines, and those lines altogether have st+ 1 points. These st+ 1-sets points of points
are disjoint for different p’s, and by (GQ4) they cover all points. Hence the number of points is

|P | = (st+ 1)(s+ 1).

A dual count provides
|L| = (st+ 1)(t+ 1).

Let x⊥ denote the neighborhood of the point x in the collinearity graph, in particular x ∈ x⊥.
Observe that

x ∼ y ⇒ |x⊥ ∩ y⊥| = s+ 1,

x 6∼ y ⇒ |x⊥ ∩ y⊥| = t+ 1.

Hence the collinearity graph is a strongly regular graph. Eigenvalues of the adjacency matrix of
strongly regular graphs, and their multiplicities can be explicitly computed. This gives a necessary
divisibility condition for the existence of a GQ(s, t),

s+ t

∣∣∣∣st(s+ 1)(t+ 1),

whose reason is that the fraction of these two numbers is the multiplicity of an eigenvalue in the
adjacency matrix of the collinearity graph, and hence must be an integer. Further necessary con-
ditions are the Higman’s Inequalities require

s > 1 and t > 1⇒ t ≤ s2 and s ≤ t2.

For every positive integer z, there is a GQ(z, 1) defined by a (z + 1) × (z + 1) grid with its
z+ 1 horizontal and z+ 1 vertical lines; there is a GQ(1, z) defined by the vertex set of a complete
bipartite graph Kz+1,z+1 as point set and the edge set as line set. For s > 1, t > 1 only the following
generalized quadrangles are known to exist: for some prime power q,

(s, t) = (q, q),

= (q, q2), (q2, q)

= (q2, q3), (q3, q2)

= (q − 1, q + 1), (q + 1, q − 1).
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We show GQ(2, 2), known as the Doily, among the figures.
Finally, we give Cameron’s proof to Higman’s inequalities. Take two non-collinear points,

x 6∼ y. Define a point set by

V = {z ∈ P : x 6∼ z and y 6∼ z}.

We are going to find the number of the elements d of V , by an inclusion-exclusion argument:

d = |V | = (s+ 1)(st+ 1)− 2− 2(t+ 1)s+ (t+ 1). (6.5)

Indeed, from a total of (s + 1)(st + 1) points, x and y comes out, and also all the points on the
lines passing through them. This is (t+ 1)s for each, but |x⊥ ∩ y⊥| = t+ 1. Write

V = {z1, ..., zd}

for some d. Set
ti = |{u ∈ P : u ∼ x and u ∼ y and u ∼ zi}|.

Count now ordered pairs (zi, u) ∈ V × (x⊥ ∩ y⊥) with zi ∼ u in two ways. On the one hand, it is∑d
i=1 ti. On the other hand, there are t+ 1 lines passing through x. For each of these lines, there

is a unique point u such that u ∼ y. This gives us t + 1 possible u points. We show that each
of this points can be paired with (t− 1)s possible zi’s. Indeed, any point different from u on any
other line than the already used 2 passing through u can be a zi, and only those points can be
zi’s. Hence

d∑
i=1

ti = (t+ 1)(t− 1)s.

Count now ordered triplets (zi, u, u
′) ∈ V ×(x⊥∩y⊥)×(x⊥∩y⊥), where u 6= u′, u ∼ zi, and u′ ∼ zi

in two ways. On the one hand, for a fixed zi, there are ti choices for u and then ti − 1 choices for
u′. On the other hand, like in the previous double counting argument, we have t+ 1 choices for u.
u′ cannot be on the line of u and x, but on every other line passing through x, there is a unique
possible u′ collinear with y. zi must be on a line passing through u′, but that line cannot be the
u′x or the u′y line. There are t− 1 choices for this line. As u 6∼ u′ (otherwise u, u′, y is a triangle),
|u⊥ ∩ (u′)⊥| = t+ 1, where x and y takes two of these t+ 1 elements, and t− 1 choices are left for
zi. We conclude

d∑
i=1

ti(ti − 1) = (t+ 1)t(t− 1).

Adding up the two identities obtained by double counting, we have

d∑
i=1

t2i = (t+ 1)(t− 1)(s+ t).

10



Now observe that

0 ≤
d∑

i=1

(∑d
j=1 tj

d
− ti

)2

=
1

d2

d∑
i=1

(( d∑
j=1

tj

)
−dti

)2

=
1

d2

(
d
( d∑

j=1

ti

)2
+
(
d2

d∑
j=1

t2i

)
−2d

( d∑
i=1

ti

)2)

=
1

d

((
d

d∑
i=1

t2i

)
−
( d∑

i=1

ti

)2)
.

Hence

(t+ 1)2(t− 1)2s2 =
( d∑

i=1

ti

)2
≤ d

d∑
i=1

t2i = d(t+ 1)(t− 1)(s+ t).

Dividing by (t + 1)(t − 1) (recall t > 1 and s > 1) and substituting d = |V | from (6.5), this
inequality boils down to

t(s− 1)(s2 − t) ≥ 0

as needed.

7 Bipartite graphs of girth eight

We will find useful the following matrix inequality of Atkinson, Watterson, and Moran (1960),
which, like the theorem after it, was originally developed to estimate allele distributions in future
generations. Let σ(B) denote the sum of all entries of the matrix B.

Theorem 9 Let A denote an m× n matrix of non-negative entries. We have

mnσ(AATA) ≥ σ(A)3.

Mulholland and Smith (1959), Blakley and Roy (1965) proved

Theorem 10 For a symmetric n× n matrix A with non-negative entries

nk−1σ(Ak) ≥ σ(A)k.

Sidorenko (1991) found a common generalization of the previous two theorems:

Theorem 11 Let A denote an m× n matrix of non-negative entries. Then

mb
k
2
cnb

k−1
2
cσ(AATAAT ....︸ ︷︷ ︸

k factors

) ≥ σ(A)k.
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Assume now that G is a bipartite graph of girth 8—in other words, it has no C4’s and C6’s.
Let the sizes of the partite classes be m and n, and let the number of edges be e. Let P3 denote
the number of paths of 3 edges and 4 vertices in G. (Recall that paths are not allowed to repeat
edges or vertices. A 3-path must have its endpoints in different partite sets.) Any pair of vertices
can be the endpoints of at most one path in P3 by the girth condition. Hence

P3 ≤ mn− e.

An easy count shows that

P3 =
∑

xy∈E(G)

(d(x)− 1)(d(y)− 1),

where d(x) denotes the degree of vertex x. Expanding further

P3 = e+
∑

xy∈E(G)

d(x)d(y)−
∑

xy∈E(G)

(
d(x) + d(y)

)
= e+

∑
xy∈E(G)

d(x)d(y)−
∑

x∈V (G)

d2(x).

Let A denote the bipartite incidence matrix of the graph G. In other words, its rows and columns
are indexed by the elements of the partite classes and xAy = 1 if xy ∈ E(G), otherwise zero.
Clearly ∑

xy∈E(G)

d(x)d(y) = σ(AATA).

Hence

e3

mn
=

σ(A)3

mn
≤ σ(AATA) =

∑
xy∈E(G)

d(x)d(y)

= #P3 − e+
∑

x∈V (G)

d2(x) ≤ mn− 2e+
∑

x∈V (G)

d2(x).

If
∑

x∈V (G) d
2(x) = O(mn), we would get e = O((nm)2/3). This could be obtained under two

alternative conditions (see homework problems):

Theorem 12 If the bipartite graph G has girth at least 8, and
(a) every vertex has degree at least 2, or
(b) n = O(m2) and m = O(n2),
then e = O((nm)2/3).

This leaves an interesting open problem when a bipartite graph of girth 8 can have Ω((nm)2/3)
edges. If there is a generalized quadrangle with m points and n lines, this is the case. Take
for the bipartite graph the incidence bipartite graph of the generalized quadrangle. Indeed, if
(s, t) = (q, q), then (m,n, e) ≈ (q3, q3, q4), m = n, e = Θ((mn)2/3);
(s, t) = (q2, q3), then (m,n, e) ≈ (q7, q8, q10), m = Θ(n7/8), e = Θ((mn)2/3);
(s, t) = (q, q2), then (m,n, e) ≈ (q4, q5, q6), m = Θ(n4/5), e = Θ((mn)2/3).
Also, if n =

(
m
2

)
, we can put a tree with Θ(m2) edges between the n,m elements in the two classes,

and not have any cycle. Note (nm)2/3 = Θ(m2), m = Θ(n1/2), e = Θ((mn)2/3).
There is a range of n,m, however, when we cannot have Θ((mn)2/3) edges in a bipartite graph

of girth at least 8. Recall the Ruzsa-Szemerédi Theorem in the following positive form:

12



Theorem 13 There is a function h(m)→∞, such that if we have b triplets on m vertices. such
that triplets intersect in at most one vertex and there is no 3-cycle of triplets, then b ≤ m2/h(m).

Theorem 14 Assume that the G = G(n,m) bipartite graph has girth at least 8. Assume that n
and m satisfy the following two inequalities:
(i) m2

h(m)3/2
= o(n); and

(ii) n = O
(

m2

h(m)

)
.

Then e(G) = o
(

(mn)2/3)
)

.

As h(m)→∞, there is a range of n numbers such that

m2

h(m)3/2
<< n <

m2

h(m)
.

We are talking about such n = n(m) values. For each vertex v in the n-side of G, group the
vertices incident to v into triplets in the m-side, with at most two neighbors left out for every v.
So e(G) ≤ 2n+3b, if we created b triples. As the graph has no 4 and 6-cycles, the Ruzsa-Szemerédi
Theorem applies for the triplets and

b ≤ m2

h(m)
.

By assumption (ii),

n = O
( m2

h(m)

)
.

Summing up

e(G) = O
( m2

h(m)

)
. (7.6)

On the other hand, multiplying (i) by m,

m3

h(m)3/2
= o(nm),

and raising to 2/3 power,
m2

h(m)
= o
(

(nm)2/3
)
. (7.7)

Combining (7.6) with (7.7) gives the theorem.

8 Graphs without Kt,t

C4-free graphs (see Theorem 7) also can be thought of as K2,2-free graphs. Therefore Reiman’s
Theorem can be generalized in the direction “how many edges a graph on n vertices can have if it
has no Kt,t”. The proof uses Jensen’s Inequality for modified binomial coefficients, as in Section 5.
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Theorem 15 (Kővári-Sós-Turán) Assume that the n-vertex graph G has no Kt,t with 2 ≤ t ≤
n. Then e(G) = O

(
n2− 1

t

)
, where the constant in the O(.)-term does not depend on n or t.

First note that for 2 ≤ t ≤ n, t = O(n1− 1
t ) in [2, n]. Indeed, the t-derivative (tn

1
t )′ = n1/t− logn

t
n1/t

is positive in the interval (log n, n], therefore the function tn
1
t is increasing there. However, in the

right endpoint t = n, the function is n1+ 1
n = O(n). For 2 ≤ t ≤ log n, we have tn

1
t ≤ n1/2 log n =

O(n). Therefore, tn
1
t = O(n)and t = O(n1− 1

t ) in [2, n]. To repeat the arguments in (5.3), count
in G stars with t leaves in two ways, to obtain

n

(
2e
n

t

)+

≤ n

(
1
n

∑
x∈V (G) d(x)

t

)+

≤
∑

x∈V (G)

(
d(x)

t

)+

≤
∑

x∈V (G)

(
d(x)

t

)
≤ (t− 1)

(
n

t

)
. (8.8)

Either 2e
n
≤ 4t or 2e

n
≥ 4t. In the first case e ≤ 2nt = O(n2− 1

t ), as required.
In the second case, (8.8) gives

n
(2e
n
− t)t

t!
≤ n

(
2e
n

t

)
≤ (t− 1)

(
n

t

)
≤ (t− 1)

nt

t!
,

which is, by basic algebra, equivalent to

(t− 1)
1
tn2− 1

t + nt ≥ 2e,

and nt should be estimated like in the first case.
For t = 2 and 3 the Kővári-Sós-Turán theorem is tight, and it is conjectured to be tight for any t

as n→∞. Section 5 verified it for t = 2. We outline the construction for t = 3 and leave the details
to Problem 15. Consider the unit distance graph in R3: vertices are the points, edges are pairs of
points at unit distance apart. This graph is K3,3-free. Indeed, if x, y, z are 3 vertices, the common
neighbors of x and y live in the intersection of two unit spheres, i.e. in a circle. Similary do the the
common neighbors of x and z, and the two circles cannot be the same. All common neighbors of
x, y and z are in the intersection of the circles, which has at most 2 points. The discrete analogue
is the following. Take for V the affine 3-space over GF (q), i.e. {(x, y, z) : x, y, z ∈ GF (q)},
and join (x, y, z) and (a, b, c) with an edge, if (x − a)2 + (b − y)2 + (c − z)2 = 1. The formula
(x− a)2 + (b− y)2 + (c− z)2 is being used as substitute of distance working in affine spaces over
an arbitrary field.

9 Forbidden even cycles and generalized polygons

Erdős noted that forbidding odd cycles does not have serious effect on the number of edges of a
graph. This observation was one of the earliest uses of the probabilistic method.

Claim 2 From any graph G, one can delete at most half of the number of edges and obtain a
bipartite graph.
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Set two boxes, A and B, and toss a fair coin independently for every vertex. For a Head, put the
vertex in A, for a Tail, put the vertex in B. Make a bipartite graph by keeping only those edges
whose endpoints are in different boxes. For every edge f , the probability that its endpoints end up
in different boxes is 1/2. By the linearity of expectation, the expected number of edges between
A and B is 1

2
e(G). There must be an outcome of the random process that has at least as many

edges between A and B as the expectation.
Erdős and Simonovits in the 1960’s proved the following:

Theorem 16 If G has n vertices and has no C2k cycle for some k ≥ 2, then

e ≤ ckn
1+ 1

k .

We prove a weaker version of this theorem:

Theorem 17 If G has n vertices and has no cycles of length up to 2k for some k ≥ 2, then

e < n1+ 1
k + n.

Define the density ρ(H) for a (simple) graph H with at least one vertex as |E(H)|
|V (H)| . Let G′ be the

subgraph of G with at least one vertex that has the maximum density among those subgraphs.
As G itself is in the domain of maximization, ρ(G′) ≥ ρ(G). We claim that all vertices in G′ have
at least ρ(G′) neighbors in G′. Simple calculation shows that the removal of a vertex with fewer
neighbors would increase the density, and G′ must have more than one vertex if G had any edge
at all. Assume that G has at least n1+ 1

k +n edges. Then ρ(G′) ≥ ρ(G) ≥ n
1
k + 1, and every vertex

of G′ has at least n
1
k +1 neighbors in G′. To reach a contradiction, we show that G′ has more than

n vertices. Namely starting at any vertex u of G′, we build a tree in G′ by adding n
1
k neighbors of

u, then adding n
1
k neighbors to each neighbor, etc., in k steps. There is no overlapping among the

vertices of the tree, as G had no cycles up to 2k. On the other hand, in the kth step we generated
n = (n

1
k )k vertices, in addition to those generated in earlier steps.

Note that Theorem 17 is even easier to prove in the form e = O(n1+ 1
k ) if G is d-regular. Indeed,

like in the proof of Theorem 12,(
n

2

)
− e(G) ≥ #k-paths = #k-walks−#non-path k-walks. (9.9)

The number of k-walks is at least 1
2
ndk (not equal because of closed walks), and the number of

nonpath k-walks is at most nkdk−1, as they must take a step backward somewhere on the recently
used edge. The inequality

n2

2
≥ ndk(

1

2
− k

d
)

implies the claim.
If we drop the assumption of regularity, formula (9.9) still holds. Denote the average degree

by d̄, and the adjacency matrix with A, by Theorem 10,

2#k-walks ≥ σ(Ak) ≥ σ(A)k

nk−1 =
(nd̄)k

nk−1 = n(d̄)k.

However, estimating the number of nonpath k-walks can be a pain, like in Theorem 12.
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10 Generalized polygons

Generalized polygons make a common generalization of finite projective planes and generalized
quadrangles, introduced by Jacques Tits.
Let us be given positive integers s, t and n ≥ 3. A (finite) set of points P and lines Q make a
(finite) generalized polygon (more precisely, generalized n-gon of (s, t) type), GPn(s, t), if they
satisfy the following axioms:
(GP1) Every line has exactly s+ 1 points
(GP2) Every point is on exactly t+ 1 lines
(GP3) Any two lines intersect in at most one point
(GP4) The girth of the incidence bipartite graph of points and lines is exactly twice the diameter
n of the incidence bipartite graph of points and lines.
(Clearly in any graph the girth is at most twice the diameter, the point above is exactly. For
simplicity, we disallowed the degenerate n = 2, which is allowed in the literature by dropping
(GP3). Doing differently would allow GP2(s, t), whose incidence bipartite graph would be which
would be the complete bipartite graph Ks+1,t+1, i.e. every line is incident to every point.)

As there is at most one line through any two points, switching the names of points and lines
results in a dual generalized quadrangle GPn(t, s). A generalized 3-gon is also called a generalized
triangle, generalized 4-gon is also called a generalized quadrangle, etc.

A finite projective plane is a GP3(q, q). In the incidence bipartite graph we never find any odd
cycle, there are no C4’s, but there are C6’s i.e. any 3 non-collinear points together with the 3 lines
they determine. Hence the girth is 6. The diameter is 3, as from point P to point Q we can go
on a 2-edge path (P , PQ line, Q) and from point P to line ` we can go on a 2-edge path (take
an arbitrary Q ∈ `, and go on P , PQ line, Q, `). (A generalized 3-gon is also called a generalized
triangle.)

A generalized quadrangle GQ(s, t) is an GP4(s, t). Indeed, in a GQ(s, t) there is no 3 lines
and 3 points making a triangle, as it would contradict axiom (GQ4). Hence there are no C6’s in
the bipartite graph. There are no C4’s by axiom (GQ3). On the other hand, there are C8’s in
the incidence bipartite graph of GQ(s, t). Take an arbitrary point Q and two distinct lines, `1, `2
passing through Q (by (GQ2) and t being a positive integer, t+ 1 ≥ 2). Take Q′ ∈ `2, Q′ 6= Q (by
s + 1 ≥ 2), and `3 3 Q′, `3 6= `2, and a new point on P on `3 by a similar argument. By (GQ4),
there is a (unique) line `4, such that P ∈ `4 and `4 intersects `1 in some point. Now `1, `2, `3, `4
and the intersection points define a C8 in the incidence bipartite graph. Therefore the girth is 8.
Let us show that the diameter is at most 4. To walk from a point P to a line ` not passing through
P , take the unique line `′ passing through P and intersecting `. Now P , `′, `′ ∩ `, ` is a 3-path
in the incidence bipartite graph. To walk from a point P to a point Q, a 2-path suffices if P and
Q are collinear. If not, take a line ` passing through Q, walk to ` as above, and use a 4th edge to
move from ` to Q.

The name generalized polygon (n-gon) is explained as follows. Take the vertices of an n-gon
for points, and the pairs of vertices on an edge for lines. Clearly s = t = 1 and (GP1-3) hold. The
girth of the incidence bipartite graph is 2n and the diameter is n.

We did not get very far with this generalization, as the Feit-Higman theorem asserts that

Theorem 18 If GPn(s, t) exists for s ≥ 2, t ≥ 2, then n ∈ {3, 4, 6, 8}. Furthermore, if n = 8,
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then s 6= t.

This is bad news regarding Theorems 16, 17, as for a missing C2k the generalized polygonGPk+1(s, s)
provides matching lower bound up to a constant multiplicative factor, for k = 2, 3, 5. (Recall that
we had a C4-free graph in the form of the incidence graph of points and lines of the finite projective
plane of order s, if s is a prime power, which is exactly GP3(s, s). We also had a a C4 and C6-free
graph in the form of the incidence graph of points and lines of the GQ(s, s) if s is a prime power,
which is exactly GP4(s, s). We skipped showing the existence of generalized hexagon GP6(s, s),
which has girth 12.) For other values of k such constructions are not known.

11 Homework Problems

F1) Show that in a projective plane over a field there are indeed 4 points, such that no 3 of them
are incident to the same line.
F2) Show that in a finite projective plane (as defined in section 3) there are 4 lines, such that no
3 of them are incident to the same point.
F3) (a) Show that in a finite projective plane (as defined in section 3) the number of points and
the number of lines is the same, and equals q2 + q + 1 for some positive integer q.
(b) The number of lines incident to any given point equals to the number of points incident to any
given line, and equals q + 1, with the same q as in part (a).
F4) Show that the Fano plane is a projective plane over a field.
F5) Prove the Pappus theorem.
F6) Show that (P1) and (P2) imply (P3) or outcome (iii) in Theorem 5.
F7) Derive Theorem 7 from (5.2).
F8) For any positive numbers ai,

(a1a2 · · · an)1/n ≤ a1 + a2 + · · ·+ an
n

≤
√
a21 + a22 + . . .+ a2n

n
.

Verify both inequalities from Jensen’s inequality. Characterize cases of equality.
F9) Verify Jensen’s inequality by induction on n.
F10) Verify that the equation of the polar line is cx+ dy = 1.
F11) Verify Theorem 12 under condition (a).
F12) Verify Theorem 12 under condition (b).
F13) Assume that 2 ≤ t ≤ s ≤ n and the graph G on n vertices is Ks,t-free. Show that e =

O(s
1
tn2− 1

t ), where the constant in the O(.)-sign is independent of t, s, n.
F14) Let f(z) be a polynomial with complex coefficients. Identifying complex numbers z = xi+ y
with the (x, y) points in the plane, the convex hull of the roots of f(z) contains all roots of the
derivative f ′(z).
F15) Take for V the affine 3-space over GF (q), i.e. {(x, y, z) : x, y, z ∈ GF (q)}, and join (x, y, z)
and (a, b, c) with an edge, if (x− a)2 + (b− y)2 + (c− z)2 = 1.
a) Show that this graph is K3,3-free.
b) Show that |E| ≥ c|V |2−1/3 for sufficiently large q.

17


