MATH 700
HOMEWORK 5

Due Friday, October 10, 2003 at the beginning of class.

Definition. If V is a vector space over the field F', then the dual of V is
the vector space V* = Homp(V,F). If V and W are vector spaces over the
field F', and T:V — W is a linear transformation, then the dual of T is the
transformation 7%: W* — V* which is defined by T*(¢) = poT for all p € W*.

Definition. If A = (a;;) is an n X n matrix with entries in the field F', then the
trace of A is Y 0 | ai; -

1. (Hoffman and Kunze page 116, number 6) Let V' be the vector space
of polynomials of degree at most n over R. Let D:V — V be
differentiation. Find a basis for the null space of D*.

The most convenient basis for V is 1,z,z2, ...,2". The dual basis for V*

iS00, P1,---,Pn, where @;(z7) = &, for 0 < 4,5 < n. We know that

D*(p;) = pio D. If D*(p;) is applied to a7, then the answer is ¢;(jz?~1) =

J0ij—1 = (i+1)6;41,. Of course, if 0 <i <mn—1,then (i+1)p;41 isthe element

of V* which sends each 27 from V to (i+ 1)d;41;. We conclude that

D( i>:{

0 if i = n.
n n—1
In other words, D*(>_ c;ip;) = > (i + 1)cipit1 , which is zero if and only if ¢y =
i=0 i=0
c1=+-=cp_1 =0. We conclude that | ¢, is a basis for the null space of D*.

2. (Hoffman and Kunze page 116, number 7) Let V' be a finite
dimensional vector space over the field F'. Let ¢: Homp(V,V) —
Homp(V*,V*) be the function which is defined by ¢(7') = T* for all
T € Homp(V,V). Prove that ¢ is an isomorphism of vector spaces.

It is clear that ¢ is a homomorphism. Take S,7" € Homp(V,V). We know

that (S +7T) = (S+T)* and ¢(S) + ¢(T) = S* +T*. Observe that

(S+T)" and S* +T* are the same element of Hompg(V*,V*) because if

a € V* then (S 4+ T)" takes a to ao (S +T) and S* +T* takes a to

S*(a)+T*(a) =aoS+aoT =ao(S+T). In a similar manner, we see that

o(eS) = (e9)* and cp(S) = ¢(S*) for any ¢ in F'. The elements (c¢S)* and

c(S*) of Homp(V*,V*) are equal because if o« € V*, then (c¢S)* takes a to

ao(cS) and ¢(S*) takes a to ¢(aoS). These two elements of V* do the same

thing to each element v of V.

Now we show that the homomorphism ¢ is one-to-one. Suppose that T is
in the null space of ¢. Then T*: V* — V* is the zero homomorphism. Thus,
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aoT:V — F is the zero homomorphism for all o € V*. If v € V| then
a(T(v)) =0 for all @ € V*. This tells me that T'(v) must be zero. (If T'(v) is
not zero, then it is part of a basis for V' and I can find « in V* which keeps T'(v)
alive.) So, T'(v) is zero for all v € V. Thus, T is the zero linear transformation.

The vector spaces Homp(V, V) and Homp(V*, V*) have the same dimension
over F', namely (dimV)?. The dimension of the image of ¢ plus the dimension
of the null space of ¢ is equal to the dimension of Hompg(V, V). It follows that
the dimension of the image of ¢ is equal to the dimension of Homp(V*,V*) and
 is onto.

3. (Hoffman and Kunze page 116, number 8) Let V' be the vector space

of n x n matrices over the field F'.

(a) If B € V, then define the function fp:V — F by fp(A) =
trace(BTA). Prove that fp is a linear transformation. (In this
problem B7T is the transpose of the matrix B.)

(b) Let ®: V — V* be the function defined by ®(B) = fp for all
B €V . Prove that ® is onto.

(c) Prove that the function ® of (b) is an isomorphism.

For (a), the matrix B is fixed. We are to study fp:V — F. Take A and C in
V. (So, A and C are matrices.) Observe that

fB(A+C) = trace(BT (A + C)) = trace(B* A + BT(C)
(because matrix multiplication distributes)
= trace(BT A) + trace(B*C)
(just look at the definition of trace, the trace of a sum is the sum of the traces)
= fe(A4) + f5(C).
Take c € F'. Observe that
f(cA) = trace(BTcA) = trace(cBT A)
(because I can stick the constant wherever I want when I multiply the matrices)
= ctrace(BT A)

(again look at the definition of trace: the trace of a constant times a matrix is the
constant times the trace of the matrix)

= CfB (A)

For (b), my favorite basis for V' is {E; ;}, where E; ; is the n xn matrix with
1 in position (i,j) and zero everywhere else. The dual basis for V* is {e;;},
where e; ;: V — F is the linear transformation which sends Ej , to one if ¢ = k
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and j = /¢ and e;; sends Ej, to zero otherwise. Observe that ®(E; ;) = e; ;
because ®(E; ;) = fg,, and fg,, sends Ej, to

trace(Engkvg) = trace(E; ;Ey ¢) = trace(d; xEj¢) = 0i 1650

For (c), we first check that ® is a homomorphism. Take ¢ € F', B and C in
V. We see that ®(¢B + C) = feprc and ¢®(B) + ®(C) = c¢fp + fo . We show
that these elements of V* are equal by showing that they do the same thing to
each element of V. Let A be an element of V. We see that

ferc(A) = trace((cB + C)T A) = trace(cBTA + CT A)

= ctrace(BT A) + trace(CTA) = cfg(A) + fc(A) = (cfp + fo)(A).

The linear transformation is one-to-one by the rank nullity theorem since we have
already shown that the dimension of the image of ® is equal to the dimension of
the domain of @ .



