8.8 Differenticl Forms

exercises

1. Evalvate w A p if 6.

(@) w=2xdr+ydy
r}mx3dx+y2dy

(b w=xdx—~yay
n=ydy 4 xdy

(&) w=xdr+ydy+zdz
n=zdxdy+xdydz +ydz dy

(d) w=xydydz +x2 dy dy
n=dx+ dz

(&) w=e""dudy
N==e Y dz
2. Prove that

{ardx +aydy+ azds) A (b dvdz +bydz dx 4 by dx dvy

=}

3. Find dw in the following examples: [
(@) we=xly4
(b)) w=y?cosxdy+xy dv+ dz
() o=xydy-+(x + yylax
) w =xdvdv+zdyds +ydz dx
() o=(x*+y)dvdz
@ o (x2+y2+22')dz 11

X
(g) w= e dx + p; +y2(iv

() w=x*ydydz

19

fi

4. Let C be the line segment from the point (—2, 4, i to
{(3.6,9). Letow; = yax+xdy+xvdz,
wp = zdx+ ydy+ 2xdz, and Sy, z) = xy.
Calculate the foltowing: .

(a)f Jeon (b) / Jan (c) / w] + ap
c Jc C 12
5. Let C be parameterized by c(t) = (12 + 4z, 1 + 1),
tel0 mlletw; =ydc+xdy, w = 32dx + x2dy, 12
and f(x, ¥} = x. Calculate.the following:
@[ o ® [re2 © [
C JC c

: ‘ 8
= Zaib,‘ dxdya’z.

Let Vi K — R be a vector field defined by
Vix.y,2) = Glx, y, )i+ H{x, », z)f + Fix, y, 2)k,
and let 77 be the 2-form on K given by

n=Fdvdy+ Gdvdz + Hdz dx.

Show that dy = (div V) dxdvdz.

IV = A(x, y, 20+ B(x, y, 2+ Clx, y,z)k is a

v

.

- Evaluate ff(w, where o = z dx dy +xdydz + ydz dx

- Let R be an elementary region in R?. Show that the

vector field on K ¢ R3, define the operation Forms:
Vector Fields — 2-forms by

Formyp(Vy = ddvdz + Bdz dx + Cdxdy.

- {a) Show that

‘Formz(@V + Va) = & Form; (V}) + Forma(Vs),
where o is a real number.

{(b) Show that Formy(curl V) = dw, where
W= Adx+ Bdy+ Cdz.

Using the differential form version of Stokes’ theorem,
prove the vector field version in Section 8.2. Repeat for
Gauss’ theorem.

. Interpret Theorem 16 in the case k = 1.

Letw = (x + W dz+(y +2) dx -+ {x +z)dy, and let §
be the upper part of the unit sphere; that is, 5 1s the set of
(x,y,2) withx? + p2 4 2% ==  and » > 0. a8 is the unit
circle in the xy plane. Evaluate f, ¢  both directly and
by Stokes® theorem,

Let T be the triangular solid bounded by the xy plane,
the xz plane, the yz plane, and the plane
2x + 3y + 6z = 12. Compute

// Fyodedy + Prdydz + Py dz dx
Jar

directly and by Gauss’ theorem, if |
(8) F1 =3y, Fy =18z, F3 = —12: and .*
®) Fi=z A=x% Fi=y

and S is the unit sphere, directly and by Gauss’ theorem,

volurae of R is given by the formuia

1
U(R)mgff xdydz+ydz di+z dedy.
aR
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The Integral Theorems of Vector Anclysis

In Section 4.2, we saw that the length I(c) of a curve
e{t} = (x(#), ¥(r), z{t)). a <t < b, was given by the

formula 7
b
l(c)mfds:/ (%_) dt

where, loosely speaking,
(ds)? = (dx)? + (dy)* + (d2)?, that i,

GV () (%)

dr dt dr de/)
Now suppose a surface § is given in parametrized form
by ®(u, v) = (x{u, v}, y(u, v), 2(u, v})), where

(1, vy € D. Show that the area of S can be expressed as

A(S):// ds,
JAD

where formally (d5) = (dx A d)? + (dy ~ dz)? +
(dz A dn)?, a formula requiring interpretation. [HiNT:

and similarly for dv and dz. Use the law of forms for the
basic I-forms du and dv. Then dSturnsouttobea
function times the basic 2-form du dv, which we can
integrate over D.]
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LetF =2vzi+{—x+3y+2j+ {x? + z)k. Evatuate

JIG(V x F}- dS, where S is the cylinder x* + y* = a?,
0 =<z < 1 (without the top and bottom). What if the top
and hottom are included?

Let # be a region in R with boundary 8. Prove the
identity

/ {Fx(VxG}]-dS:f/ (VxF)-(VxG)dV
aW 24

—f//F'(VxVxG)dV.
W

Let F = x%yi -+ 28] — 2xyzk. Evaluate the integral of F
over the surface of the unit cube.

Verify Green’s theorem for the line integrai

/xzy dx + y dy,
[

when C is the boundary of the region between the curves
y=xandy=x", 0<x <l

{(a) Show that F == (x3 ~ 2xy)i ~ 322§ is a gradient
vector field.

(b) Ewaluate the integral of ¥ along the path
x =cos36,y=sin36,059 <n/2.

Can you derive Green’s theorem in the plane from
Gauss’ theorem?

{a} Show that
F = 6xy(cos 2)i + 3x2(cosz)j — 3x2p(sin )k is
conservative (see Section 8.3).

10.

1.

12

(b) Find f suchthatF = V[,

(¢} Evaluate the integral of F along the curve
x =cos39,y = sin39,z =0,0<8<x/2

Let {x, y,z) ={x, y, 2}, # = |ir|. Show that
Vi(logr} = 1/r? and V2(r") = nin + 12,

Let the velocity of a fluid be described by
F = 6x2i+ x2pj + yzk, Compute the rate at which
fluid is leaving the unit cube,

Let F = x%i 4 (x%y — 2xy)f — xZzk Does there exjst a
Gsuchthat F = V x G?

Let a be a constant vector and F = 2 x r {as usual,
r{x, ¥, 2) = (x, ¥, 2)]. Is F conservative? If so, find a
potential for it.

Show that the fields F in {a) and (b} are conservative and
find a function f suchthat F = V£,

@ F=(y")i+ (e )i

(b) F = (siny)i + (x cos y}i + (&°)k

} Let flx,y,2) = 3xye7'2. Compute V f.
by Lete(s) = (3eosd 1, sint, e}, 0 <t < 7.
Evaluate

/Vf-ds.

{c) Verify directly Stokes’ theorem for gradient vector
fields F = V [,
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Using Green'’s theorem, or otherwise, evaluate
f o x3dy — y3 dx, where € is the unit circle
(x2+32 =1,

Evaluate the integral [/ F - dS, where
F = xi+ y} + 3k and where § is the surface of the unit
sphere x? 4+ y? + 2% = 1.

{a) State Stokes’ theorem for surfaces in R?,

{b) LetF be a vector field on R? satisfying V x F = 0.
Use Stokes’ theorem to show that /. cFrds=0
where C is a closed curve.

Use Green's theorem to find the area of the loop of the
curve x = gsinf cos @, y = asin° 0, fora > 0 and
<8<

Evaluate fC yz dx+xzdy+xydz, where C is the curve

of intersection of the cylinder x2 + 3% == | and the
2

surface z = ¥,
Evaluate [(x + y) dx+ (2x — 2)dy + (y + 2} dz,
where C is the perimeter of the triangle connecting
(2,0,0),(0,3,0), and (0, 0, 6), in that order,

Which of the following are conservative fields on B37
For those that are, find a function f such that F = ¥ 7.

(@) F(x, y,z) = 3x2)d + 23 + 5k
b} Fix,p o) =(xr+ai—(y+2f+(x - pk
) F(x,y, z) = 20930 +x23’3j +3x%y72k

Consider the following two vector fields in To3;

(i) F(x,y,z} = yzi - 22j +xk
(i) Gx, y, 2) = (x¥ = 30320+ (1% — 32y + 2k

fa) Which of these fields (if any) are conservative on
R*? (That is, which are gradient fields?) Give
reasons for your answer.

{b) Find potentiai for the fields that are conservative.

{c) Let o be the path that goes from (0, 0, Oto (1,1, 1)
by following edges of the cube 0 < x < 1,
O=zy=<i,0<z< 1rom (6, 0, 0 to €0, ¢, D to
(0,1, 1) to (1, 1, 1), Let £ be the path from (0, 0, 0)
to (1, 1, 1) direetly along the diagoral of the cube.
Find the values of the line integrals

/F-ds, fG-ds, fF-ds, /G~ds.
o @ £ 8
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22. Consider the constant vector field

F(x,y,2) =1+ 2f — kin B

{a) Find a scalar field ¢(x, y, z) in B? such that
Vo =¥ in R and ¢(0, 0, 0) = 0,

{) On the sphere T of radius 2 about the origin, find al}
the points at which
(i) ¢ is z maximum, and
{ii} ¢ is a minimum.

(¢) Compute the maximum and minimum values of @
on X,

Let Fbea C! vector field and suppose

¥V« F(xg, ¥, zo) > 0. Show that for 5 sufficiently small
sphere § centered at (xq, yg, zg), the flux of F out of § is
positive,

Let B ¢ Ribea planar region, and let O € R’ bea
point. If we connect all points in B to O, we get a cone,
say C, with vertex O and base B. Show that
1
Volume (C) == 3 area (B) f,

where A is the distance of O from the plane of B, using
the following steps.

@]

=

/

figure &.8.1

L. Let O be the origin of the coordinate system. Define
r(x, ¥, z) = {x, y, ). Evaluate the flux of ¢ through
the boundary of C, that is, ffac r-ndA4, wheren is
the outward unit normal to 8C. .

2. Evaluate the total divergence f f f cv-rdr.

3. Use Gauss’ theorem, which states that the total
divergence of a vector field within a region enclosed
by a surface is equal to the fiux of that vector field
through the surface:

f//cv.rdf/:://acr.nd,é.




