Revlew Exercises for Chapter 7

exercises
1. The helicoid can be described by 7. After finding K in Exercise 6, integrate X to show that:
®(u, v) = (wcosv, wsinv, by), where b #0, I 7
o / / KdAd =2,
Show that H == 0 and that K = —b%/(b% + 42)2. In n f s ,

Figures 7.7.1 and 7.7.5, we see that the helicoid is
actualiy a soap film surface. Surfaces in which & = ¢ 8. Find the curvature £ of:
11 inimal s .
ave called minimal surfaces (a) the eylinder ®(u, v) = (2cos v, Zsinv, )

2. Consider the saddie surface z =y, Show that (b) the surface d(u, v) = (u, v, u?)
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is a minimal surface (A == (),
3. Show that ®(x, v) = (u, v, logcos v — logcos ) has

mean curvature zero {and is thus a minimal surface; see 10

X . Consider the torus T given in Exercise 4, Section 7.4.
Exercise 1).

Compute its Gauss curvature and verify the theorem of
Gauss--Bonnet, [HINT: Show that

4. Find the Gauss curvature of the elliptic paraboloid 1T x T¢>312 = (R + cos ¢} and

X252 K =cos@/(R +cosg).]
“ 11, Let ®(u, v) = (i, h{u) cos v, h(u)sinv), i > 0, be a
8. Find the Gauss curvature of the hyperbolic paraboloid surface of revolution. Show that
2 2 Kos [ R{1 4 (R
st 2
at b 12. A parametrization & of a surface S is said to be
: 6. Compute the Gauss curvature of the eflipsoid conformal (sce Section 7.4), provided that £ "_EQG’ F=
its in L 0. Assume that € conformally parametrizes §.!° Show
i ¥ 2 2 that if H and K vanish identically, then § must be part
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ways I 1. Integrate f(x, v, 2) = xyz along the following paths; 2. Compute the integral of f along the path ¢ in each of the
JsS— : (a) ofr) = (¢ cost, ef sint, 33,0 <t < 27 following cases:

12) f (b) ©(f) = (cost,sin¢, 1), 0 < ¢ <27 (8) fOx,p,2) =x +y+ yzie(t) = (sint, cost, 1),

e - R 2 0<t<2n

ional () e(t) = 51+ 2°f+tk, 0 st < 1 o 7 : , = G )

. ; e v2i o 142 JAX ¥, Z) = x b cost z)e2) = (sint, cost, 1),
mu?: L (@) o) =i+ (VD2 + 1Pk 0 <1 < 1 0<t<on

etr

y and

Gauss proved that conformal parametrization of a surface always exists. The result of this exercise remains valid even if @ is not conformal,
but the proof is more difficult,
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infegrals Over Paths and Surfaces

© flx,p.2y=x+y+zmelt) =12 3,
0 <t=1

Compute each of the following line integrals:

(a} fc(sinr.rx) dy — (cos ny) dz, where C is the iriangle
whose vertices are (1, 0, 0}, {0, 1, 0}, and (0, 0, 1),
in that order

{6 [o(sinz) dx+ (cos 2} dy — (0)/* dz, where C is
the path ¢{6) = {(cos® 8, 5in 4, 8). b < @ < T /2

If F(x} is orthogonal to ¢'(¢) at each point on the curve
x == ¢(t), what can you say about fc F-ds?

Find the work done by the force

F(x, 3) = (x* — p¥}i -+ 2xyj in moving a particle
counterclockwise around the square with corners
(0,03, {a, 0}, (a,2),(0,a),a >0,

A ting in the shape of the curve x2 + y? = ¢ is formed
of thin wire weighing |x] + |»! grams per unit length at
(x, y). Find the mass of the ring,

Find a parametrization for each of the following surfaces:
(@) ¥ +y?+zf —dx — Gy =12

(b) 2x% 4 y? 222 ~ By == 1
&) 42 + 97 - 228 =8

Find the area of the surface defined by
®: (v, v) > {x, y, z), where
x=hlw,v)=ut+tv, y=glv)=u,
z = f{u,v) =uv;
O0<wu<1,0<y<]. Skeich.

Write a formula for the surface area of
D (r,6) = {x,y, z), where

X =rcosd, v = 2rsing, =

0<r<1,0<8 < 27 Describe the surface.

Suppese z = f(x, ¥) and

(3f/8x)* + (8f/8y)* = ¢, ¢ > 0. Show that the area of
the graph of f lying over a region D in the xy plane is
+/1 - ¢ times the area of D.

Compute the integral of f(x, v, z) = x% + v¢ + 2% over
the surface in Review Exercise 8.

Find [f. /' dS in each of the following cases:

{a) f(x,y,z}=x;5is the part of the plane
x - ¥ + £ = 1 in the positive octant defined by
x20,yz20,z20

13.

14,

15

16,
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18.

19

20.

21,

{(b) flx,y,2) =x";§ is the part of the plane x = z
inside the eylinder x2 + 3% = 1

(c) f(x,y.z) = x;S is the part of the cylinder
x4yt =2 withO <z < \/—xz—_gy-z

Compute the integral of f(x, y, z) = xyz over the
rectangle with vertices (1,0, 1), (2,0, 0%, (1, 1, 1), and
{2,1,0).

Compute the integral of x -+ v aver the surface of the
unit sphere.

Compute the surface integral of x over the triangle with*
vertices (1, 1, 1), (2, 1, 1}, and (2, 0, 3).

A paraboloid of revolution § is parametrized by 5
B, v) = (meosv, usiny, 49, 0 <u <2,6<y < 2:r

(a} Find an equation in ¥, y, and = describing the
surface.

{b} What are the geometric meanings of the parametcrs."'
# and v?

(c) Find a unit vector orthogonal to the surface at
D(u, v).

(d) Find the equation for the tangent plane at ;
®(uq, vp) = {1, 1, 2) and express your answer in the‘
following two ways: '

(i} parametrized by 1 and v; and

{ii} interms of x, y, and z.
(e) Find the area of §.

Let f(x,y,2) = xe¥ cosmz.
{a) Compute ¥ = Vf.

(b) Evaluate jC F-ds, where
e(t) = (3cost 1, 5sin’ 1, M,0=<t=<m

Ao

Let F(x, y, z) = xi + yj + zk Evaluate ffSF ds,
where S is the upper hemisphere of the unif sphere
x4yt =1,

Let F(x, y, z) = xi 4 yj + zk. Evaluate f F. ds, where .

dny=(,6,"),0<r< 1 -

Let F = V for a given scalar function. Let ¢(f) be 2 ks

closed curve, that is, ¢(#) = e(a). Show that A :

[ R-ds=0. s
[

Consider the surface ®(u, v) = (v cosv, w? sinv, 6} 70

Compute the unit normal at = 1, v = 0, Compute the
equation of the tangent plane at this point.




. and

‘he

witly

1eters

in the

where

u).
s the

22,

23,

4.

25,

26.

2.

Let § be the part of the cone 2% = x? 4 32 with z between
1 and 2 oriented by the normal pointing out of the cone.
Compute [f F-dS, where Fix, y, z) = (x2, 32, 22).

Let F = xi + x2j +- yzk represent the velocity field of a
fluid (velocity measured in meters per second). Compute
how many cubic meters of fiuid per second are crossing
the xy plane through the square 0 < x < 1,0 < y=<L

Show that the surface area of the part of the sphere
x4 WA= lying above the rectangle
[~a, a] x [~a, a], where 2a% < 1, in the xy plane is

” 4
A=2f sin™ | —e L ax.
la ( VI~ xz)
Let § be a surface and C a closed curve bounding §.
Verify the equality

f/(V xF}dS:fF-ds
45 C

if Fis a gradient field (use Review Exercise 20).

Caleulate ([ F-dS, where F(x, y, 2) = (x, v, —¥) and
& is the cylindrical surface defined by x2 + 32 = 1,
0 = z = 1, with normal pointing out of the cylinder,

Let § be the portion of the cylinder x? + 32 = 4 between
the planes z = § and z = x + 3. Compute the foltowing:

(@ [fix*ds
) ffs yds
(o) ffy22ds
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28. Let I be the curve of intersection of the plane

29

A

7 = gx - by, with the cylinder ¥Z + 2 = 1. Find all
values of the real numbers ¢ and b such that g2 + 5% = ]
and

/ydx+(z—x}dy-—ydz=0.
r

A circular helix that lies on the cylinder x? + y? = R2
with pitch p may be described parametricaily by

x = Rcosf, y = Rsing, z=ph, g =>4q

A particie slides under the action of gravity (which acts
parallel to the z axis) without friction along the helix. If
the particle starts out at the height zp > 0, then when it

reaches the height z, 0 < z < 2, along the helix, its
speed is given by *

ds
EE = /(70 — 2)2g,

where s is arc length along the helix, g is the constant of
gravity, and ¢ is time.

{2) Find the length of the part of the helix between the
planesz =zgandz =2,,0 <z; < Zp.

{(b) Compute the time Tj it takes the patticle to reach the
plane r == (.




