integrais Over Paths and Surfaces

exercises
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Evaluate the integral of the function f{x, vy, 2} =x +y
over the surface § given by:

Dy, v) = (2ucosv, 2usinv, u), wu€[0,4],ve[0 7]

Evaluate the integral of the function f{x, y,z) =z + 6
over the surface § given by:
D(u, v) = (1, g v), wel0,2],vel6,3).

Evaluate the integrai

/ {3x — 2y +2)dS,
&

where § is the portion of the plane 2x 4 3y + z = 6 that
lies in the first octant.

Evaluate the integral

f (x +2)dS,
s

where § is the part of the cylinder y2 + 7?2 = 4 with
x &[0, 5]

Let .§ be the surface defined by
DPlu, vy = (¥ +v,u — v, uv).

{a) Show that the image of § is in the graph of the
surface 4z = x% — y2.

(b} Evaluate f f o x dS for all points on the graph S, over
Pyt <l

Evaluate the integral

f (xzz -+ yzz} d5,
5

where 8 is the part of the plane z == 4 -4 x + v that lies
inside the eylinder x2 + 32 = 4.

Compute US xpd S, where S is the surface of the
tetrahedron with sides z = 0, y = 0, x + 7 = 1, and
X = V.

Evaluate [ x2S, where $ is the triangle with
vertices (1,0, 0), (0,2, 03, and (0, 1, 1),

Evaluate f [S zd§, where S is the upper hemisphere of
radius g, that is, the set of (x, y, z) with
fa? 2 - 32,
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10. Evaluate [f{x + y + 2) 45, where § is the boundary of |
the umit ball B; that is, S is the set of {x, y, z) with
Payied el {HINT: Use the symmetry of the
problem.)

11. (a) Compute the area of the portion of the cone
x4 y?" = 22 with z > 0 that is inside the sphere -
x% + 3% 4 2% = 2Rz, where R is a positive constant,
{b) What is the area of that portion of the sphere that is -
inside the cone?

12, Verify that in spherical coordinates, on a sphere of
radius R,

Ty x Tol dp d6 = R*sing dep d6.

13. Evaiuate f j;szdS where S is the surface
z=xleylx +% <1

14. Evaluate the surface integral (7% 45, where S is the
boundary of the cube C = [—1, 1] x [~1, 1] x [—1, 1] .
(HINT: Do each face separately and add the results.) :

15. Find the mass of a spherical surface § of radius R such
that at each point (x, ¥, z) € § the mass density is equa
to the distance of (x, ¥, ) to some fixed point
(%0, yo,20) € §.

16. A metallic surface S is in the shape of a hemisphere
=/ R? — x2 2 where (x, y) satisfies _
0 = x?+p? < R? The mass density at (x, y,z) € Sis
given by m(x, v, 2} = x? + »%. Find the tota! mass of §
¥7. Let S be the sphere of radius R.

(a) Argue by symmetry that

ffer s [

() Use this fact and some clever thinking to evaluate
with very little computation, the integra!

ffe

{c) Does this kelp in Exercise 16?

18. (a) Use Riemann sums to justify the formula

o f .
Ve /Sf(x,y,z)ds

for the average vaiue of f over the surface S.
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(b) In Example 3 of this section, show that the average
of f(x, y,z) = z% over the sphere is 1/3.

{c) Define the center of gravity (%, 7, ) of a surface §
to be such that %, 7, and z are the averége values of
the x, y, and z coordinates on S. Show that the
center of gravity of the triangle in Example 4 of this
section is (%, % 31).

19. Find the average value of f{x, W2 =x + 2% on the
truncated cone 2° = x? 4+ ¥ with 1 <z < 4,

20. Evaluate the integral

24
//(; ~ 2} dS,
S5

where S is the graph of z = 1 — x% — 2 with
wE gyt <

.

21. Find the x, y, and z coordinates of the center of gravity
of the octant of the solid sphere of radius £ and centered
at the origin determined by x > 0,y > 0,z > 0. (HiNt;
Write this octant as a parametrized surface—see
Example 3 of this section and Exercise 18.)

2%. Find the z coordingte of the center of gravity (the average
z coordinate) of the surfacé of a hemisphere (z < 0)
with radius r {see Exercise 18). Argue by symmetry that
the average x and y coordinates are both zero. 25

23. Let D < B? — R? be a parametrization of a surface
S defined by

¥ =x(u,v),

¥ = ¥{u, v), z = z(u, v).

(a) Let

a® [ 3x 8y 8z and a® [ 9x ay oz
B \ouw o) T Fv o \dw v Bw )

thatis, 89 /3y = T, and 8@ /8v = T, and set

ad 142 e o od |2
E=|—|l, Fres oo — G =] .

dut du du ii dv 26.
Show that

VEG = F2= [Ty % Tyl
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and that the surface area of S is
A(S):ff VEG — F2dudy.
D

In this notation, how can we express I gJdS fora
genera] function of f7

{b} What does the formula for 4($) become if the
vectors 3@ /9y and §®/3v are orthogonal?

() Use parts {2} and (b} to compute the surface arez of
a sphere of radius a.

Dirichlet’s functional for a parametrized surface
&: [ > B? is defined by!!

-3

Use Exercise 23 to argffe that the area 4(®) < J(®)
and equality holds if

N O

i@

8¢ 12 2
—_— duduy.
8ul+ dv ) wav

Compare these equations with Exercise 23 and the
remarks at the end of Section 7.4, A parametrization
that satisfies conditions (a) and (b) is said to be
confornal.

Let D ¢ B2 and ®: D — R? be a smooth function
Dlu, v) = (x(u, v}, p(u, v)) satisfying conditions (8)
and {b) of Exercise 16 and assume that

dx dx
o a
det “ v > 0.
ay ay
du av

Show that x and y satisfy the Cauchy--Riemann
equations 9x [ou = Gy /dv, 3x /3y = —§y/du.
Conclude that V2@ = 0 (i.e., each component of @ is
harmonic).

Let 5 be a sphere of radius 7 and pbe a point inside or
outside the sphere (but not on it). Show that

1 4S5 = dxr if pisinside §
JIshx=pi 7 7 dmrtd if pisoutside 8,

"Dirichiet’s functional played a major roie in the mathermatics of the nineteenth century. The mathematician Georg Friedrich Bernhard Riemany
{1826-1866) used it to develop his complex function theory and to give a proof of the famous Riemann mapping theorerm. Today it is stil] used
extensively as a tool i the study of partial differential equations.
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where d is the distance from p to the center of the sphere 28. Leta surface S be defined implicitly by F(x, y, 2} = 0
and the integration is over the sphere. [HINT: Assume p for (x, ¥) in a domain D of B2, Show that

is on the z-axis, Then change variables and evaluate.

Why is this assumption on p justified?] / /

27. Find the surface area of that part of the cylinder 5 3 5
x% 4 2% == o” that is inside the cylinder x? + ¥* = 2ay // \/ SF) + (_Bji) dx dy.
and also in the positive octant (x > 0,y > 0,z > 0). By oz
Assume a > 0.

Compare with Exercise 22 of Section 7.4.

7.6 Surface Infegrals of Vector Fields

The goal of this section is to develop the notion of the integral of a vector field over
surface. Recall that the definition of the line integral of a vector field was motivated by
the fundamental physical notion of work. Similarly, there is a basic physical notion of -
Slux that motivates the definition of the surface integral of a vector field. 5
For example, if the vector field is the velocity field of a fluid (perhaps the velocity:
field of a flowing river), and we put an imagined mathematical surface into the ﬂu;d,_
we can ask: “What is the rate at which fluid ig crossing the given surface (measured i in,
say, cubic meters per second)?” The answer is given by the surface integral of the fluid
velocity vector field over the surface.

We shall come back to the physical interpretation shortly and reconcile it with the :
formal definition that we give first. :

Definition of the Surface Integral

We now define the integral of a vector field, denoted ¥, over a surface §. We first
give the definition and later in this section give its physical interpretation. This can
also be used as a motivation for the definition if you so desire. Also, we shall start

with & parametrized surface @ and later study the question of mdependence ﬂf -
parameirization.

_ Deﬁmﬂon The Surface Infegrcsl of \/@cTor Fleids Let F be a vector fiel
defined on S, the image of a parametnzed surface P, The smface mtegral of

over fI) denoted ‘oy
f[ F-ds, =
is deﬁned by {see Flgure 7.6.1)

[[rase [[ 7ty




