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7.3 Porometrized Surfoces

the same formula we derived (in Chapter 2) for the plane tangent to § at the point
{x0, Y0, Z0) € S. *

1t is aiso useful to consider piecewise smooth surfaces, that is, surfaces composad of
a certain number of images of smooth parametrized surfaces. For example, the surface
of a cube in R? is such a surface. These surfaces are considered in Section 7.4,

Find a parametrization for the hyperboloid of one sheet:
P

Because x and y appear in the combination x? + y%, the surface is invariant under
rotation about the z axis, and so it is natural to write

X = rcosé, ye=psing,
Then x? + % — 2 = | becomes r2 — 22 = 1, This we can conveniently parametrize by’
7 = coshu, z = ginh u.

Thus, & parametrization is

x = {cosh u)}{cos 5), ¥ = (cosh u)(sin @), z = sinh u,

where 0 <8 < 27, ~00 < u < 0C. A

exercises

In Exercises 1 10 3, find an equation for the plane tangent to the given surface at the specified point.

1. x = 2u, ¥y =u’ 4,

2

z == 2, ar(0, 1, 1) 3. x =u?, V= u sine?, z = %ucose“,
at (13, ~2, 1)

2oox o=yt — 7, Y=+, z ==yt 4 4y,

at(—4, 4,2)

4. At what points are the surfaces in Exercises 1 and 2
regular?

In Exercises 3 and 6, find all points (1, vo), where § = ®(uy, vg} is mOt smooth (regular).

8. D(u, vy = (12 — %, 0t + 02, v}

6. Olu,v)=(u— v, u+v 2uv)

7. Match the following parameterizations to the surfaces

shown in the figures.

{8) P(u,1) = (V1 +u?)cosv, (21 +ul)sing, 1)

(b) ®(u,v) = (3cosusinvy, 2sinu sinv, cos v}

(¢} ®u,v) =(u,v, uz)

() O, v} = (weosy, usinw, i)

Recall from one-variabie caloulus that coshu = {e" +e™)/2 and sinhu = (&* — &™) /2. We easily verify from these definitions that
cosh” i — sinh®u = 1,
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9. Fing an expression for a unit vector normal to the surface
X = cosvsinu, y = sinusinw, 7 = COSU

at the image of a point {(, v) for u in [0, nw]and v in
10, 2 ]. identify this surface.

10. Repeat Exercise 9 for the surface

x = dcosf sing, y =2smn0sing, Z=cosg |

for 8 in {0, 2x] and ¢ in [0, 7],
11. Repeat Exercise 9 for the surface

x = Sinv, ¥ = U, Z == COSV

for0<v<2mand-1=<u <3

12. Repeat Exercise 9 for the surface

] x = (2—cosv)cost, y=(2—cosv)siny, z= sing.
{111y (iv) b
for -7 <u €7, —x < v < w s this surface reguiar? ¢

8. Maich the foliowing parametrizations to the surfaces
shown in the figures,

13. {a) Develop a formula for the plane tangent to the
(a) ®(u,v) = (ucosy,usiny, 4 —ucosy —u sinv); surface x = A(y, z).
ue 0,11, v e[0 2n] (b) Obain a similar formula for y = k(x, 2).
by ®(u,v) = (ucosu,usiny, 4 —u?)
{c) ®(u, v} =, %(12 — %u — 3u}) 14. Find thc equation ofthe p}ane tangent to the surface

= R— = 1.1
() @(u,v):({u2+6u+ll)cosv, x=ut,y=vi2= u? vt atthe pointu =1, v =

u, (4% + 6y 4 11) sinv)

15, Finda parametr;zatmn of the surface z = 3x7 + 8xy and -.
use it to find the tangent plane atx = 1,y = 0,z =3.
Compare your answer with that using graphs.

16. Fmd a parametnzanon of the surface
x% 4 3xy 4722z > 0, and use it to find the tangeﬁt:
plane at the point x = 1, p=1/3, z=0. Compare yaur
answer with that using level sets.

17. Consider the surface in B? parametrized by

(i ®(r, §) = (rcosd, rsinb, 8), 0=r= T
and 0 <6 <4dm.

{a) Sketch and describe the surface.
(by Find an expression for a unit normal to the surface

(¢) Find an equation for the plane tangent to the sm'face '
at thé point (xo, ¥o. 20).

(d) If (xq, yo, zo) 182 point on the surface, show that: b
horizontal line segment of unit length from thez
axis through (x4, o, Zo) is contained in the surf«?ce
and in the plane tangent fo the surface at

@ (X0, Y0, 20)-
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18. Given a sphere of radius 2 centered at the origin, find the
equation for the plane that is tangent to it at the point
(1, 1, v/2) by considering the sphere as:

(a} a surface parametrized by
B(0, ¢) = (2cosb sing, 2 sin# sin ¢, 2cos d);
(b) aievel surface of f(x, v, z) = x2 + v* + 22 and

(¢) the graphof g(x, p} = /4 — x% — 32,

19. (a) Find 2 parametrization for the Liyperboloid
x2+y2—22:25.

(b} Find an expression for a unit normal to this surface.

(c) Find an equation for the plane tangent to the surface
at {xg, ¥, 0), where xg -+ y& =25,
{d) Show that the lines (xg, Yo, 0y + £{~wy, xg, 5) and

{xg, 0, O} + t{ y0, —xp, 5} lie in the surface and in
the tangent plane found in part {¢).

20. A parametrized surface is described by a differentiable
function &:; B? —» R3, According te Chapter 2, the
derivative should give a linear approximation that yields
a representation of the tangent plane. This exercise
demnonstrates that this is indeed the case,

(8) Assuming T, % T, s£ 0, show that the range of the
tinear transformation D&(up, vy) is the plane
spanned by T, and 'T',. [Here T,, and T, are
evalvated at (g, vg).]

{b) Show thatw ! {T, x T,) if and only if w is in the
range of D®(ug, vo).

" (¢) Show that the tangent plane as defined in this
section is the same as the “parametrized plane™
(2, v) > (g, vg) + D®(ug, vg) [u - uo]
v — g
21. Consider the surfaces Dy (u, v) = (u, v, 0) and
®r(u, v) = (u*, v, 0).

{a) Show that the image of &; and of ®; is the xy plane.

(k) Show that @ describes a regular surface, yet ¢,
does not. Conclude that the notion of regularity of a
surface 5 depends on the existence of at least one
regular parametrization for 5,

{¢) Prove that the tangent plane of § is well defined
independently of the regular {one-to-ane)

7.4 Arec of @ Surface

parametrization (you will need to use the inverse
function theorem from Section 3.5).

{d} Adfter these remarks, do you think you can find a
regular parametrization of the cone of Figure 7.3.77

22. The image of the parametrization

Plu, v) = (x(u, v}, y(u, v), 2(u, v})
= {a sinucos v, b sinu sin U, CCOS i)
withh <a, 0 <u <0 v £ 2 parametrizes an
ellipsoid.
(a) Show that all points in the tmage of P satisfy:
2 2 2
x v z
Atmpta=l
(the Cartesian equation of an ellipsoid),
(b) Show that the image surface is regular at ail points,

23. The image of the parametrization

P, v) = (x(u, v}, plu, v), 2(u, v))
= (R +rcosu)cosy, (R + 7 cos u)sinv, rsinu)

withO <w, v <2m, 0 <pr <1 parametrizes a forus (or
doughnut) 3.

(a) Show that all points in the image (x, v, 2) satisfy:

(Vxi+y2—R¥ 12222,
(b} Show that the image surface is regular at all poinis.

24, Letd bes regular surface at {1, vg); that is, ® is of
class C* and T, x T, 0 at (ue,vp). :

{(a} Use the implicit function theorem (Section 3.5) to
show that the image of & near (g, vo} is the graph
ofa C? function of two variables, If the =
component of T, x T, is nonzero, we can write it
asz = fix,y). .

{c) Show that the tangent plane at D(up, vp) defined by
the plane spanned by T, and T, coincides with the
tangent plane of the graph of z = f(x, y) at this
point.

7.4 Area of g Surface

Before proceeding to general surface integrals, let us first consider the problem of
computing the area of a surface, Just as we considered the probiem of finding the arc
tength of a curve before discussing path integrals.




