Doulbie and Tripie Integrals
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Sketch the region W of integration and interpret.
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figure 8.5.8 The region Wlies between the
paraboloid z= x% + V¥ and the plane z =2,
and azove the region D,

exercises

1. Inparts (a) through (d) below, each iterated integral is an z z
integral over a region . Match the integrai with the
correct region of integration.

{a)f]f " bz (c>f/ [ ddy d
(b)ff/g"x dyivdz @ f f f dz sy

(iii) {iv)

Z. Evaluate the following triple integral:

sinx dx dy dz,
W

where W isthesolid given by 0 = x =7, 0 <y = 1
) {i) and 0 < z < x.




5.5 The Triple integrat

In Exercises 3 to 6, perform the indicated integration over the given box.

3. //f xédxdydz, B=1[0,13x [0, 1] x [0, 1] 5, ]//(2x+3y+z}cixdydz,8 = [0, 21x[—1, 17x[0, 1]
B 48

4. f// e ydxdydz, B=1[0,1] x [0, 1] x [0, 1] 6. /f/ 26" Vdxdydz, B = [0, 1] x [0, 11 %10, 1]
B B

In Exercises 7 to 10, describe the given region as an elementary region.

7. The region between the cone z = /x2 + 3% and the 9. The region inside the sphere x? + 32 + 22 = 1 and
paraboloid z == x? + y? above the plane z = 0

8. The region cut out of the ball x% + 3% + 22 < 4 by the 10. The region bounded by the planes x = 0, y = 0,
etliptic cylinder 2x? + z2 = 1; that is, the region inside z=0x+y=4andxmz—y~|

the cylinder and the ball

Find the volume of the region in Exercises 11 to 14.

11. The region bounded by z = x2 + % and . 13. The solid bounded by x = y,z =0,y = 0,x = 1, and
z=10—x% - 2)? X+y4+z=0

12. The solid bounded by x* +23% = 2,z = 0, and 14. The region common to the intersecting cylinders
xF+y+2z=2 x2«}-y2§a2andx2+225a2

Evaluate the integrals in Exercises I5 to 23,

1 2 3 2 px o px4y
15, / / f cos{r(x + y+z)dedydsz 20, / f / dz dy dx
0 1 2 0 Jo Jo

I opx py
16. f f / (y+xz)dedydx 1. /ff (1~ 2%y dedydz, W is the pyramid with top
¢ Jo Jo

vertexWat-(O, 0, 1) and base vertices at {0, 0, 0), (1,0,0,
0,1,0), and (1, 1, 0.
17. / f 242+ 22y dx dy dz; W is the region bounded
w

byx +y-z=a(wherea > 0),x = 0, y = 0, and 22, // (x? + y¥) dvdydz, W is the same pyramid as in
= W
z=0 Exercise 21,
18. / / f zdxdydz; W is the region bounded by the Lopax pxty
, 23, / f dz dy dx.
planesx =0,y =0,z = 0, z = 1, and the cylinder S

24yt |, withx >0,y > 0.
¥y wiE =8y =2 , 24, (a) Sketch the region for the integral

opxopy
- / f / x* cos 2dxdy dz; W is the region bounded by /0 f [y, 2) dzdydx.
¢ o Jo
z=0z=m,y=0p=Lx=0adx+y=1 (b) Write the integral with the integration order
txdy dz.

For the regions in Exercises 25 to 28, find the appropriate limits $1(x}, d2(x), y1(x. ¥), and y2(x, v), and write the triple
Integral over the region W as an iterated integral in the form

b P2(x) 72,3
=L ne] o)
w a [143] yilx. )




7304 Double and Triple infegrals

25, w={x,v.2) | Vxi+rR <z =1} 38, Let # be the region bounded by the planes
x:O,ymO,z:O,x+y'= I,and z = x + y.
26 W ={xy2)| % <z landx® 7 427 < 1) (a} Find the volume of #.
27, Woe={(x,v,2) 2+ <1,z>0and (b} Evalute {ff xdvdyd:.
PRy )| {c) Evalute fffw yelx dy dz.
28, W={{x, v, )| lx| <L,y <1,z = 0and 31. Let f be continuous and let B, be the ball of radius ¢
Pyl centered at the point (xg, yo, 2o}, Let vol (B,) be the

volume of B;. Prove that
29. Show that the formula using triple integrals for the
votume under the graph of a positive function f(x. y), lim M.M.Lw_ /f F(x, y,2)d¥ = f(x0. ¥s, 20).
on an elementary region D in the plane, reduces to the #~0 vol (Be) B,
double integral of f over D.

review exercises for chapter b

Evaluate the integrals in Exercises I to 4.

3 pxtal 1 e
1. / / xpdydx 3. / / xlnydydx
Jo S x4l 0 Jex
i 1 1 p2 p3
2. / / (x + y)dydx 4, / / / cos [m(x + y -+ z) drdydz.
0 JJ5 o J1J2

Reverse the order of integration of the integrals in Exercises 5 to 8 and evaluate.

5, The integral in Exercise 1 14, éhange the order of integration and evaluate

1ol
6. The integral in Exercise 2 f / (x% 4+ 3% dx dy.
0 Jy

1z

7. The integral in Exercise 3 15. Let D be the region in the xy plane inside the unit circie
x4+ % = 1. Evaluate [f,, f(x. y) dxdy in each of the

8. The integral in Exercise 4 :
following cases:

9, Evaluaie the integral fﬁl fo ey +x2)dzdydx. (a) (3] fx,y)=xy
) (b) Sx.y) = 27y
10, Eval {flfy Y dx dy 3.3
- BYAEE o gy € Y- {€) flxp)=x7y
11. Evaluate fol fo(msmy MYy cosxy dx dy. 16. Find ff,, {1 — cos{mx/4)1dx dy, where D is the regiif)é

in Figure SR.1.
12. Change the order of integration and evaluats

2 el
/ / (x + ¥ dx dy. y=2
0 Jy/2

13. Show that evaluating f f p @xdy, where D is a y-simple
region, reproduces the formula from one-variable figure B.R.1 The reglon of integration for g -
calculus for the area between two curves. Exercise 16,

X
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Review Exercisss for Chapter §

Lvaluate the integrals in Exercises 17 to 24. Sketch and identi iy the type of the region (cor responding to the way the integral is
written),

Jsinx 1 2
17. j/ (1 +y)dydx 21.f/ (x? +xy = ¥V dyax
sinx i} 0
X cos{x /2} 4
18. ff (x® +xy + Ddydx 22. ]/ 3dx dy
[+ x=1 2 21
{2~ y)* 1 px
19, / /m ( «/"—2y) dxdy 23. / / (x + y)Pdydx
0 Jx?

HSAH 2 5 o op3y
26, f f ( +y3)c{ydx 24, f f & dy dy
VAT 2 \V2+ X & Jo

In Exercises 25 10 27, integrate the given funciion [ over the given region D,

25, f(x,¥) =x — y; D is the triangle with vertices (0, 0y, 270 fle,yy=xt+ 2xy + 2; D is the region bounded by
(L, 0y, and (2, 1). the graph of y = —x2 + X, the x axis, and the lines
x=0adx =2,

26. f(x,y) =xp + cosx; D is the triangle defined by
0<x=m/20sy<x.

In Exercises 28 and 29, sketch the region of integration, interchange the order, and evalyate.

4 32. Suppose W is a path-connected region; that is, given
28. / / (x> + 3% dy dx " any two points of 7 there is a continuous path joining
1

them. If f is a continuous function on ¥, use the

. intermediate-value theorem to show that there is at least
29. f (x + y~ydx dy one point in ¥ at which the value of 7 is equal to the
0 Jiey average of [ over W, that ig, the integral of [ over W
30. Show that divided by the volume of W. {Compare this with the
mean-value theorem for double integrals.) What happens
465 < f f E A4 < 467 if ¥ is not connected?
[1,3}%[2,41

X 4 X
31. Show that 33. Prove: [0y Flu) duldi = [;'(x — u)F(u) du,
4 < / (x* +y* + Hdrdy < 20,
D
where D is the disk of radius 2 centered at the origin.

Evaluate the integrals in Exercises 34 to 36.

Iz py 2 pz pl
34. f / ] xy 23 dx dv dz 36. / / / yzidxdy dz
o Jos Jo & JuJe huy

35 dz drd 37. Write the iterated integral fel fix 1 ' Flx, y 2y dz dy dx
Y as an integral over a region in &> and then rewrite it in

five other possible orders of integration.




