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Because a continuous function on D takes on every value between its maximum and
minimum values (this is the two-variable intermediate-value theorem provedin advanced
calcuius; see also Review Exercise 32}, and because the number [1/4( D)] ff, p flx. y)d4
is, by inequality (6), between these values, there must be a point (x5, o) € D with

1
1,30 = fD Fly)dd,

which is precisely the conclusion of Theorem 5. ®

exercises

1. Change the order of infegration, but do not evaluate, the

following integrals:

8 p4
(a) / / dx dy
4] 1/2}‘ "16‘*}'2

9 g 3 sinx
) / / dvdy @ [ / v
6 J0 Sz Jo

@)Change the order of integration and evaluate:

B 1ol
/ / sin(x?) dx dy.
4 Jy

3. In the foliowing integrals, change the order of
integration, sketch the corresponding regions, and
evaluate the infegral both ways,

. 1 I
QED/ f xp dy dx
0 X

w/2  peosf
{h) f f cos 8 dr de
o o
1 g2y .
ﬁ@) f f (x + y)Ydxdy
= o Jl

.

i ¥
(d} / ] J{x, y)dx dy {express your answer in
a a
terms of antiderivatives),

4. Find

i 1
(a) / (x + ) dudy
=1 d1y
L /5557
(b) / / x*dx dy
=3/
4 2 .
{c) f / e dxdy
0 Jyf2

1 pmfd
(d) / / (sec® x) dx dy
: 0 Janly

4 p TR
(c) / ] dxdy
0 -

- N
{f A, Cj!hange the order of integration and evaluate:

.

1 i
/ / & drdy.
f/q\\\ 9 ﬁ )

A
f;/ 6. Consider the intuitive fact that if a region D in B2 can
| e split into a disjoint union of subsets D = Dy U D,
" then a double ntegral over D may also be divided into a
sum of two integrals:

[j f{x,y)dA:f f(x,y)dA-*r/ Fsy) dd.
S D Iy . I

(See Section 5.2 for the analogous statement over a
rectangular box.} Are the following attempts to change
the order of integration true or false?

{(3)

T/4 poosx V22 parcsiny 2 arceos v
/ dydx:f ] dxdy+/ f dx dv
0 Jeinx o 0 Vizda
. (b) 2 4—x* 4 A
-2J0 0 S fEy
{c}
2 (D 5 pl L p3y+2
/f dydx-%—// dydx:f dx dy
o Jo 2 -2 o Jay
(d) b opet e H
/ / dydx:// drdy
4 Ji I Jiny

[T S ) = ) and D = [ ] o, )

H 1
Zim//}jf(xa)’)dflie-

. Show that

8. Show that

i sinx
—(l—cosl)sf/ ———dx dy < 1.
2 [0, 13xgo1 1+ Oy
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Double and Triple infegrals
P :
9,4f D = [~1, 1] % [1, 2], show that '
Cﬁ [ <1 1 y . 16. Given that the double integral f ] fix, yydedyofa
y ' D
1= / Byl =6 positive co:iltinuous function f equals the iterated
X
10. Using the mean-value inequality, show that integrai / [ f flx, ¥} dy] dx, sketch the region D
JO x2
1 < _ < ml_, and interchange the order of integration,
6 flpy-x+37 4 ‘ ~
. . . ; S0
ghe[:)r)e D is the triangle with vertices (0, 0), (1, 1), and %37.,E§iven that the double integral [ f flx, yydxdyofa =
L U - D Ry
. . positive continuous function f equals the iterated
11. Compute the volume of an ellipsoid with semiaxes a, b,

1
and c. (HINT: Use symmetry and first find the volume of integral / FOr, y)dr | dy, sketch the
0

one half of the ellipsoid.}

_ ¥

f Ty region D and interchange the order of integration.
/12. Compute // f(x,y)dA, where f(x,v) = y*/X and

; 7 //14;)‘ Prove that

b B b 2
2] / f(x)f(y)dyaff:(] f(x)dX)-

[HiNT: Notice that

" D is the set of (x, ¥), where x > 0, > x?, and

|
y<10v~x2. \

e

13. Find the volume of the region determined by
x2 4 y? 422 < 10,z = 2. Use the disk method from

. . b 2
one-variable calculus and state how the method is ( ] F0x) dx) - f / V() dudy]
a [, BYx[u,b]

related to Cavalieri’s principle.

14. Evaluate / &Y dx dy, where D is the interior of the -\‘ign_"}show that (see Section 2.5, Exercise 29}

D
triangle with vertices (0, 03, (1, 3), and (2, 2). d ~re d
L[ roraea= [ rerae
15. Evaluate f] 13 (x4 y*) 2 dx dy, where D is the @ e ¢ px pd L
D + / / fulx, y, 2ydedy.
region determined by the conditions % <y=land ¢ Je '
x4 y2 <1

5.5 The Triple Infegral _'_:ff o

Triple integrals are needed for many physical problems. For example, if the temperatue -
inside an oven is not uniform, determining the average temperature involves “summing” - :
the values of the temperature function at all points in the solid region enclosed by the -
oven walls and then dividing the answer by the total volume of the oven. Sucha SUM:is
expressed mathematicaily as a triple integral.

Definition of the Triple Integral B

Our objective now is to define the triple integrat of a function f(x, v, z) over ab
(rectangular parallelepiped) B = la, b] x [c,d] % [p, 4] Proceeding as in double
integrals, we partition the three sides of B into n equal parts and form the sum

0%

a—! n=1 n-1 :
Sn - Z Z Z f(ct_-,-k) A V, .- -
im0 jusl k=0

where ¢y is a point in By, the ijkth rectangular paratlelepiped {or box) in the parti ‘
of B, and AV is the volume of By (see Figure 5.5.1). :

Hon




