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Quiz for January 21, 2005
Prove that the composition of two ring homomorphisms is a ring homomorphism.
ANSWER: Suppose ¢: R — S and 0: S — T are ring homomorphisms.
e We see that
(009)(1) =0(e(1))
by the definition of composition;

0(o(1)) = 0(1)

because ¢ is a ring homomorphism; and 6(1) = 1 because 6 is a ring
homomorphism. Thus,

(0og)(1)=1.
e Take r1 and r9 from R. We see that
(00 @)(r1 +12) = 0((r1 +12))

by the definition of composition;

0(p(r1 +12)) = 0(d(r1) + P(r2))

because ¢ is a ring homomorphism,;

0(d(r1) + ¢(r2)) = 0(¢(r1)) + 0(¢(r2))

because 6 is a ring homomorphism; and

0(¢(r1)) + 0(d(r2)) = (00 ¢)(r1) + (6 0 ¢)(r2)
by the definition of composition. Thus,

(0o @)(r1+12) = (009¢)(r1) + (0 09¢)(ra).
e Take r1 and 7o from R. We see that
(00 ¢)(rir2) = 0(¢(r172))

by the definition of composition;

0(p(r1r2)) = 0(@(11)P(r2))

because ¢ is a ring homomorphism,;

0(p(r1)¢(r2)) = 0(¢(r1))0(o(r2))

because 6 is a ring homomorphism; and

0(¢(r1))0(¢(r2)) = (6 0 @) (r1)(6 0 ¢)(r2)
by the definition of composition. Thus,

(Bo@)(rira) = (00 @)(r1)(0o@)(r2).



