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The variable x; has now heen eliminated from the first and third equations. Next, we

Ll eliminate x; from the first and second equations and jeave xa, with coefficient 1, in the

a third equation:

. Systent: Aungmented Matrix:
i (~1/3)Ex: (~U3Rs:

! X —Sxy = —3 j 9 ~5 -3

g+ 2xy = 2 0 1 2 2 }
x3= 2 o0 0 1z
Ey + 583 Ry 4+ 5Ra:

i xy =7 100 7
253 =2 o 1 2 2 }
. xp =2 o 0 1 2
il E, — 2Eq: R, — 2R3

Xt = 7 ! 0 0 7
X3 =2 0 1 0 -2
X3 = 2 o o 1 2
1 The last system abové clearly has a unique solution given by x; = 7, x2 = —2, and

systems have the same solution,

x3 = 2. Because the final system is equivalent to the original given system, both

wl

The reduction process used in the preceding example is known. 4s Gauss-Jordan
elimination and will be explained in Section 1.2, Note the advantage of the shogthand

notation provided by matrices. Because we do not need to list the variables, the sequence
of steps in the right-hand column is easier to perform and record.

fxample 7 {tlustrates that row equivalent augmented matrices represent equivalent
systems of equations. The following corollary to Theorem 1 states this in mathematical

terms.

111 COROLLARY

Suppose A | b] and [C | d]are augmented matrices, each represcntir;g a different (m x 1}

TT system of linear equations. If A |b] and [C | d] are Tow equivalent matrices, then the

two systems are also equivalent.

L

EXERCISES
: Which of the eqguations in Exercises 1-6 gre linear?
|
! Lox; +2x3=3 2 xxp +x =1

Jox—x = gin? x + c0s® Xy
(.2 s 2
4, xy — xp = sIn” Xy + CO8™ X2
5. ixli-—ing:O 6, J’!)C]—Pﬁﬂgﬂx/g

In Exercises 7-10, coefficients are given for a system
of the form (2). Display the system and verify that the
given values constitute a solution.

ap =3, ay=4 on=-L

by =2

7. ayy = I,

by =7, xy =1, .JCg:Z
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8.au1=06, an=-1, az=1, ay=1
oy == 2. gy = 4, b] = 14-, b2 — 4-',
xlzz, XQ,“—“‘*], X3:1

9, ay=1, an=1L an=3 oap=4
(13!:“]! 37 32, blz(), bzz—].,
by =3 x=1, xp=-1

10, a1 =0, ap =3 an=4 an=0,
b =9, by =8 x; =2, xz2=3

In Bxercises 11-14, sketch a graph for each equation to
determine whether the system has a unigue solution, no
soim;en or infinitely man}f/snlutiom

(1.2 +y=5 C122x -y = -1
_ x—y =1 .;‘,;....ZX —y=
i3 x4y = 6 44, 24 y=5
e —6x — 4y = —12 X y=l

X +3y =29

15. The (2 x 3) system of linear equations
aix + by 4oz =d
doX + by -+ cor = dy

is represented geometrically by two planes. How
are the pianes related when:

a) The system has no solution?
b) The system has infinitely many solutions?

Is it possible for the system fo have a unique solu-
tion? Explain.

InExercises 16-18, determine whether the given (2 x 3}
systemn of linear equations represents coincident planes
{thar is, the same plane), two parallel planes, or two
planes whose intersection s a line. Inthe latter case, give
the parametric equations for the line; that is, give equa-
4,txom0fthef01mx == af —E—biy ot +d, 7 =et+ f.
-% 4 2x; —x3 =2
//»_gxiﬁ—xz——tg_l Xt 4+ xo4xy =23
A8 + 30y — 23 = — 1
2xy 4 By — dxy = -2
19. Dispiay the (2x 3) matrix A = (a;;), whereay; = 2,
g == 1, a3 = 6, oy = 4, dyy = 3, and s = 8.
20. Display the (2 x 4) mawix C = (c;;), where ¢y = 4,
=2, e =2 cu = 1,00 = 2, coq = 3,
e = land 3 = 7.
21. Display the (3% 3) matrix 0 = {g:;), wherega = 1,
G2 = 2, qu =1 g5 = -3, g0 =1,q913 = 1,
Gy = 2, qip = 4, and g3y = 3,

' _ 22, Suppose the matrix € in Exercise 20 is the ang-

mented matrix for a system of linear equations. Dis-
play the system.

23, Repeat Exercise 22 for the matrices in Exercises 19
and 21.

in Exercises 2429, display the coefficient matrix A and
the auvgmenied matrix B for the given system,
24.)C;~~~)C2=M1 25. x1+x2~x3:2
X +xp= 3 2x; -y =]
260 x|+ 3nm—xa=1 27, xi-+ X2y
26+ 5%+ x3 =5 3xy +4x — x3=13

Xp+ Xotxz =3 —X] 4 Xp-b g2
28, xy++ xp - 3x3 = -]
X] 4+ 2xp —5xy = -2

—xy = 3xyp A4 Txa= 3
29, X+ xg X‘;m]

2%+ 3x + xy =2

xp— X+ 33 =2

In Exercises 3036, display the angmented matrix for the
given system. Use elementary operations on equations
to obtain an equivalent system of equations in which x;
appears in the first equation with coefficient one and has
been eliminated from the remaining equations. Simul-
tanecusly, perform the corresponding elementary row
operations on the augmented matrix,

30, 2xy 4 3y = 6 3L x4+ 20— =1
dxy — x9 =7 Xt xp o 2xy =2
—2x1 -+ xo =4

32. x4 xa=4 (33 xj+x =9

Xy — X2+ 2x3 =1 Xy —Xxz =7

2Xpd Xy - X3 =6 3% 4+ Xo = 6

M., xFxy4xy-x=1
—X| + Xy~ X3+ oxg =3
—2x; +x Fxy - xg =2

3 o X2 + .Xg—X4""3
x1+2x2'~ Xq b xy =1
—x1+ xp 4Ty —xg =0

3B, xy+x=0
xi_)Cg:{)
3x;+x2:0

37, Consider the squation 2x| — 3x3 4 x3 — x4 = 3.

a) In the six different possible combinations, sel
any two of the variables equal to 1 and graph the
equation in terms of the other two.

b} What type of graph do vou always get when you
set two of the variables equal to two fixed
constants?

¢) What is one possible reason the equation in
formula (1).is called linear?
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AL i\(l INTEGERS  Mathematical folklore has it that Gauss discovered the formula :
Ul 2434 =n(n + 13/2 when he was only ten years old. To occupy time, his teacher asked the -
students to add the integers from | to 100. Gauss immediately wrote an answer and turned his slate over.
To his teacher’s amazement, Gauss had the only correct answer in the class. Young Gauss had recognized:

- that the numbers could be put in 50 sets of pairs such that the sum of each pair was 101:

(30 +51) + (49 + 52) + (48 + 53) + -« + (1 + 100) = 50(101) = 3050.

“Soon his brilliance was brought to the attention of the Duke of Brunswick, who thereafter sponsored the
- seducation of Gauss.

EXERCISES

Consider the matrices in Exercises 1--10. 1L.) ¢ 1 0 12.7 1 1 0
a) Either state that the matrix is in echelon form 010 00 2
or use slementary row operations to -
transform it to echelon form. B.11 21 0} 14‘{: 1221 J
b} If the matrix is in echelon form, transform it | 01T 31 broo
to reduced echelon form. 15,7111 0 6.1 2 0 17
11 2 271 221 0100 0110
0 1 01 3 00 01 00 2 9 |
3.7 2 1 1 470 11 17, I 0100 18. I 21 37
41 0 i 2 3 60110 06 2
F L0010 006 0 G
5 00 2 3 6! 2 0 3 1 _ -
- 1.7 1 0 0 1
20 4 001 2
01 0 1
.71 3 2 1 8. 2 -1 3 000 1
0.1 42 6 1 1 0.1 1202 07
0 0111 0 0 -3 01 1100
9.7 1 2 -1 -2 00121 2
2-2-3 .72 1320 17
L0 0 0 1 001121
Wl -t 4 -3 4 6 000030
6 2 1 -3 -3 . .
In Exercises 22-33, selve the system by transforming
00 0 I 2 the augmented mairix to reduced echelon form.
InExercises 11-21, each of the given matrices represents 2. Zx-3;= 5
the augmented matrix for a system of linear equations. —4x1 4 6xy = 10
In each exercise, display the solution set or state that the 2 1120 =3

system is inconsistent. 2x; —4dxy = 1

28.

29.
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24, .X1"”X2+ Xy = 3
L Zmtx— 4x; = ~3
(2570 + ;=2
: 31 +3x =6
26, x1— o+ x3=4
2xy —2xp 4+ 3x3 =2
27, x4+ oxm— xm= 2
—=3xy — 3x2 + 3x3 = —6
28. 2x1 4 3x2—dxz= 3
X1 — 2xg9 = 2x3 = 2
—x1+ 16xp + 233 = 16
2. xpFx— xy= |1
Zxy —xp - Txa = 8
e X o+ Xz = Sxq = 5
53!}.4-23';4‘)52 - xga=]
X7 2x3 + x4+ 3xs =1
- X3t x4t x5 =0
+ x5 xg—2xs =]

. K]

C31 }xl
= 2y 4 xp b Xz = Xy b x5 =0

3x; =~ Xy +Hdxy+xg+ x5 =1

32. )C1“+“XQ:1 33. x1+xg:1
x-;—XQE:i x;~X2m3
2xp g =3 2oy b xp =2

34, x1+2xgm 1 35.3&'1—)(2— X3:1
2x; +dxy = 2 Xy 4+ X3 ==
—X7 — 2XZ B 1 X3 EX3 w3

In Exercises 3640, find ail values a for which the sys-
ferrhas no solution.

36, %1 + 2xp = —3 3. x1+3x=4

axy = 2xp = 3 - 2x1 + 6x3 = a
Poady d

/ 38,.2x +dxy =a 39. 35 tax; =3

3x; +6xy =5 axy+3x, =235

A m 4 ax =6

axy -+ 2ax; = 4

In Bxercises 41 and 42, find all values « and B where

it O<e<2rand0 < § <27,

" 4L 2cosa +4dsinf = 3
3cose — Ssinff = —1

: 42 2eosto —  sin? B= 1

12¢cos? o + 8sin® B = 13
43'.':'Describe the solution set of the following system in
. ':._feltms of x3: X4 xpbxs =3
Xy + 2xs =5,

"For x, x;, x5 in the solution set:

44,

45,

46.

47.

48,

49,

50.

51

a}) Find the maximum value of x3 such that
xy = 0andx = 0.

b} Find the maximum value of
y == 2x7 — 4x 4 x3 subject to xy = 0and
x3 > 0.

¢} Find the minimum value of
¥ = (xp = D%+ Gy 4+ 37 + (a3 + D? withno
restriction on x; or xp. [Hint: Regard y as a
function of x5 and set the derivative equal to (;
then apply the second-desivative test to verify
that you have found a minimum.]

Let A angd I be as follows:

1 d 10
A= , I = .
¢ b 0 1

Prove that if b — od 3£ 0, then A is row equivalent
fol.

-AsinFig. 1.4, display all the possible configurations
for a (2 x 3) matrix that is in echelon form. [Hing:
There are seven such configurations. Consider the
various positions that can be occupied by one, two,
or none of the symhols.]

Repeat Exercise 45 for a (3 x 2) matrix, fora (3 x 3y
matrix, and for a (3 x 4) matrix.

Consider the matrices B and C:

e

By Exercise 44, B and C are both row equivalent to
matrix [ in Exercise 44. Determine elementary row
operations that demonstrate that B is row equivalent
to C.

Repeat Exercise 47 for the matrices

L))

A certain three-digit number N equals fifteen times
the sum of its digits. If its digits are reversed, the
resulting number exceeds & by 396. The one’s digit
is one larger than the sum of the other two. Give

a linear system of three equations whose three un-
knowns are the digits of N. Solve the system and
find N.

Find the equation of the patabola, y = ax*+bx+c,
that passes through the points (—1, 6), (1,4), and
{2,9). {Hint: For each point, give a linear equation
ina, b, and ¢.]

. Three people play a game in which there are al-

ways two winners and one loser. They have the
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Figure 1.7 The ellipse determined by five data points, see Example 9.

EXERCISES
In Exercises 1-4, transform the augmented matrix for 3. — Xy X3t xg =2
the given system to reduced echelon form and, in the X1+ 2+ 2x3— x4 =3
zotation of Theorem 3, determine i, r, and the number, X1+ 3xp 4+ x3 = 2
n -~ r, of independent variables. If n# — » > 0, then 4. x4 2w 3 25 = 1
/i/den\tify n - r independent variables. X1 4 20 4 3z + Sxy =2

LJ 2+ 20 - x3= 1
—=2x1 — 2y +4xs = 1
2%y b 2xp + Sxq = 5
“2X1 — 2)(2 - 2,‘{3 = —3

—xp = 2xp - 3x3 + Txy =2

f*/} = f? i/ﬁ%f} 2T bt =1
§ .

- 4+ In Exercises 5 and 6, assume that the given system is
; o \‘cogsistem. For each system determine, in the notation of
s N

1 7l o N e
220+ 2= 1 R T 4 L”?ﬁé@r@m 3, all possibilities for the number,  of nonzero
| A P
_ dey 450 = 4 ) H Lo rows and the number, n — r, of unconstrained variables.
T Any R 2xy = 2 fpud AN Can the system have a unigue soluiion?
v e

fi AT
AN
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Boaxy +bx=c
dxy +exy = f
gxy +hxy =

6. 111 + araxs + @i3xy + aexy = b
Gy X1 b axmXn b Xy b daaXs = by
as X1 + aapxz + azxs + asxe = by

In Exercises 7-18, determine all possibilities for the
solution set (from among mnfinitely many solations, a
unigue solution, or no solution) of the system of linear
equat&pns described.
%A homogeneous system of 3 equations in 4
unknowns,
8. A homogeneous systern of 4 egquations in 5
‘unknowns
9 A systern of 3 equations in 2 unknowns,
10. A system of 4 equations in 3 unknowns.
7 T A homogeneous system of 3 eguations in 2
" unknowns.
12. A homogensous system of 4 equations in 3
... unknowns.
13 A system of 2 eqguations in 3 unknowns that has
xp=1,x =2, x5 = —1 as a solution.

14. A gystem of 3 equations in 4 unknowns that has

LE= —1, % =0, x5 = 2, x4y = —3 as a solution.
:.’15 A homogeneous system of 2 equations in 2
unknowns.
16. A homogeneous systern of 3 equations in 3
| oo NTKBOWNS.
17 A homogenecus system of 2 equations in 2
unknowns that has solution x; = 1, x; = —1.
18. A homogen%ous system of 3 equations in 3
unknowns that has solution x; = 1, x; = 3, x5 =
~1.

In Exercises 19-22, determine by inspection whether the
given system has nontrivial solutions or only the trivial
solutipn, '
/ 19 2x 3Ky~ x3=10
’ X1 — xX1-+2x =0
20 X +2XQ— )C3-r2).’4 = (
2.X1“§“ X7 -k X3 - }C4=O
3xy — xp — 2x3 + 3xg =0
21 % 4+ 2x5 — x3 =10
Xy 4+ 2x3 =0
4.')63 =0
22. Xp — Xg = 0
3x; == ()

2)6; A Xy o= 0
23. For what value(s) of a does the system have nontriv-
ial solutions?
1+ 254+ x=0
—Xy = Xp -+ x3 =10
3x) + 4y + axs =0,
24. Consider the system of equations
Xy + 3%y —x3 = by
X+ 2)6’3 — bz
3xp + Txe — x5 = by,

a) Determine conditions on &y, bz, and b5 that are
necessary and sufficient for the system to be
consistent. [Hinf: Reduce the augmented
matrix for the system.]

b} Tn each of the following, either use your answer
{rom a) to show the system is inconsistent or
exhibit a solution.

Do =1,by=1by=3
i) by = 1,5y =0, by = —]
i} by =0, by = 1,b3 =2

/25, Let B be a (4 x 3) matix in reduced echelon form.

a) i B has three nonzero rows, then determine the
form of B. (Using Fig, 1.5 of Section 1.2 as a
guide, mark enftries that may or may not be zero
by #.}

b) Suppose that a system of 4 linear equations in
2 unknowns has augmented matrix A, where
Aldsa (4 x 3) matrix row equivalent to B.
Demonstrate that the system ol equations is
inconsistent.

I Exercises 26--31, follow the ideas illustrated in Exam-

ples 8 and 9 to find the equation of the curve or surface

through the given points. For Exercises 28-29, display

the graph of the equation as in Fig. 1.7.

26, The line through {3, 1) and (7, 2).

27. The line through (2, 8) and (4, 1).

28. The conic through (—4, 0}, (=2, =23, (0, 33, {1, 1),
and (4, 3).

29, The conic through {—~4, 1), (-1, 2),(3,2), (5, 1},
and {7, —1).

30. The quadric surface through (0, 0, 1), (1, 0, 1),
O, 1,0 G L0 20 4,0, 1,2, 2, 1}
(2,2,3,{(2,2, 1

31. The guadric swrface through (1, 2, 3), (2, 1, 0},
(6, 0,6), (3, 1,3, 4 0, 2, (5,5 D, (1, 1, 2},
(3,1,4) (0, 0,2). :



