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Quiz 5, March 21, 2022

Let V be a vector space; let U and V be subspaces of V; and let

W = {w ∈ V | w = u+ v for some u ∈U and v ∈V}.

Is W a vector space? Justify your answer completely. Answer: This W is a vector space.

The set W is closed under addition. Take w1 and w2 from W . Well, w1 = u1 + v1 and
w2 = u2 + v2 for some ui ∈U and vi ∈V .We see that

w1 +w2 = (u1 + v1)+(u2 + v2) = (u1 +u2)+(v1 + v2);

furthermore, u1 + u2 ∈ U because U is a vector space and v1 + v2 is in V because V is a
vector space. We conclude that w1 +w2 is equal to an element of U plus an element of V ;
and therefore, w1 +w2 is in W .

The set W is closed under scalar multiplication. Take w1 = u1 + v1 ∈ W , as above, and
r ∈R. We see that rw1 = ru1+rv1. The vector space U is closed under scalar multiplication;
so, ru1 is in U . Also, rv1 is in V again because V is a vector space. Once again rw1 has the
correct form; that is rw1 is equal to an element of U plus an element of V ; therefore, rw1 is
in W .

The zero vector in V is equal to the zero vector of U plus the zero vector of V ; and therefore,
the zero vector is in W .


