Math 544, Exam 3, Summer 2012
Write everything on the blank paper provided. You should KEEP this piece of
paper. If possible: return the problems in order (use as much paper as necessary),
use only one side of each piece of paper, and leave 1 square inch in the upper left
hand corner for the staple. If you forget some of these requests, don’t worry about
it — I will still grade your exam.

The exam is worth 50 points. There are 6 problems. SHOW your work. No
Calculators or Cell phones. Write your answers as legibly as you can. Make
your work be coherent and clear. Write in complete sentences. 1 will post the
solutions on my website shortly after the exam is finished.

1. (8 points) Let A be a 3 x 4 matrix. Suppose that there is a vector vy
with the property that every vector v with the property Av =0 is a
multiple of vy . Is it possible to solve Az =b for all b € R?? Explain
thoroughly.

YES. The hypothesis about vy says that the nullity of A is 1. So the rank nullity
theorem ensures that the rank of A is 3. It follows that the column space of A is
a 3-dimensional subspace of R3. The only 3-dimensional subspace of R? is R3
itself. So the column space of A is R®. This is just a different way of saying that
it is possible to solve Ax =b for all b€ R3?

2. (8 points) Suppose that W C V' are vector spaces and that vy, vs, v3, vy is
a basis for V. Suppose further, that v; € W but v ¢ W, v3 ¢ W, and
vy ¢ W . List all of the possible values for dim W . Explain thoroughly.

The dimension of W might be 1, or 2, or 3. We are told that W is a non-
zero vector space which properly sits in a four dimensional vector space. Thus,
1 <dimW < 3. We give three examples to illustrate that all three possibilities
can occur. Take V = R*,

v = , and wy =

—_— O = O
== O O

1 1
0 0
0 Y U2 = 0 9 U-?) -
0 1

Observe that vy, vs,vs3,v4 are linearly independent vectors in V' . Take

ai a

Wi = al,CLQGR , and

az
0
0



ai
as
Wgz al,ag,CLgER
as
0

Observe that W; is a vector space of dimension ¢ for each i, vy € W; for each
i, but vy ,v3 and vy are not in W; for each 1.

3. (8 points) Let U and V be subspaces of a vector space W and that

Z1yeveyZry Ul,...,Usy and vy,...,v; are vectors in W . Suppose further
that z{,...,2. is a basis for the intersection UNV of U and V;
Z1yeveyZry Ul,...,us is a basis for U and zy,...,2., v1,...,0; is a
basis for V. Prove that the vectors zi,...,2z., u1,...,us, V1,...,0;

are linearly independent.

Fix real numbers ay,...a,, by,...,bs, and cq,...,¢ with

T s t
(*) Zaizi—f—Zbiui—i—Zcivi:O.
=1 =1 =1

Observe that the vector

r s t
E a;z; + E biu; = — 5 Civ;
i=1 i=1 i=1

is in the intersection UNV . We know that zi,...,z, is a basis for the intersection
U NV ; so there are real numbers dy,...d, with

t r
— Z C;U; = Z dzzz
i=1 =1
It follows that , i
0= Z C;iV; + Zdlzl
=1 =1

However, zy,...,z,, uy,...,us is a basis for U; so z1,...,2,, Uy,...,Us are
linearly independent and therefore, each ¢; and each d; MUST be zero. Return

to (% ). We have
i=1 i=1

The vectors zi,...,2., u1,...,us are linearly independent; hence, each a; and
each b; MUST be zero.



3

4. (8 points) Find a matrix A with AB equal to the identity matrix. You
may do the problem anyway you like; in particular, you are welcome
to notice that the columns of B form an orthogonal set,

1 -1 1
1 0 -3
B = 1 1 1
1 0 1
We see that
4 0 0
BTB=10 2 0
0 0 12
Multiply both sides by
1
7 0 0
0 3 0
0 0 &
to see that )
20 0
0 £ 0|B"B=1.
1
0 0 55
Take
1 1 T 1 1
1 (1) o1 . i1 1 1
00 5 T T2 13 13
1 4 1 5 2 4 6
: 1 4 2 10 3 6 9 . .
5. (9 points) Let A = 1 4 1 5 3 6 o9l- Find a basis for the

3 12 4 20 8 16 24
null space of A. Find a basis for the column space of A. Find a basis

for the row space of A. Express each column of A in terms of your
basis for the column space. Express each row of A in terms of your
basis for the row space. Check your answer.

Replace R2+— R2 — R1, R3+— R3 — R1,and R4 — R4 — 3R1 to obtain:

1 41 5 2 4 6
0 01 5 1 2 3
0 000 1 2 3
0 01 5 2 46
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Replace R1+— R1 — R2 and R4 — R4 — R2 to obtain:

140 01 2 3
0 01 5 1 2 3
0 00 01 2 3
0 000 1 2 3

Replace R1— R1 — R3, R2+— R2— R3,and R4 +— R4 — R3 to obtain:

1 4 0 0 0 0 O
0O 01 5 0 0 O
0O 000 1 2 3
0O 00O 0 0 O
F 2]
T2
I3
The null space of A is the set of all vectors | x4 | such that
T5
Te
L T7
{131:—4{132
To— i)
r3— —51‘4
Typ= Iq
Tr= —2x¢—3x7
Te— Te
7= Z7.
The vectors
[ —47 T 0 T 0 7 0 7
1 0 0 0
0 -5 0 0
V1 = 0 5 Vg = 1 5 V3 = 0 ) Vg4 = 0
0 0 -2 -3
0 0 1 0
L 0 L 0 L 0 L 1

are a basis for the null space of A.



The vectors

U =

W = =

1
2
Uy = 1
4

us =

o W W

are a basis for the column space of A. We see that

collof A=wuy
col 2 of A = 4u,
col 3 of A= us
col 4 of A = busg
col 5 of A =us3
col 6 of A = 2us
col 7 of A = 3us

A basis for the row space of A is
w1, = [1
Wo = [O
w3 = [0

4000 0 0],
0150 0 0],
000 1 2 3]

We see that

row 1 of A = 1wy + 1wy + 2ws
row 2 of A = 1wy + 2wy + 3ws
row 3 of A = 1wy + 1wy + 3ws
row 4 of A = 3wy + 4wy + 8ws

6. (9 points) Find an orthogonal basis for the null space of A =
[1 2 1 3]. Check your answer.

One basis for the null space of A is

—2 —1 -3

1 0 0

Ul — O 9 1)2 - 1 Y U-?) - O

0 0 1

Let w1 = vy . Let

-1 -2 -1
y ufvg | 0| 2| 1| _1|=2
27 Ty 1 510 515
0 0 0



—1
Let uy = bubh = _52 We verify that wus is in the null space of A and
0
uguy = 0. Let
-3 —2 —1
o — o ui vs ugvgu _lof 611 3]-=2
3 ufuy ug up 2 0 510 30 | O
1 0 0
-3 —2 -1 -5 —1
_O_§1 1—2_i—10_3—2
10 51 0 10| 5 10-5] 10]|-1
1 0 0 10 2
Let
—1
-2
uz = 10us = 1
2
Thus
-2 —1 -1
u 1 Uy = —2 Uz = —2
1 — O Y 2 — 5 9 3 — _1
0 0 2

is an orthogonal basis for the null space of A . Be sure to verify that Au; =0 and
ulu; =0 for i j.



