Problem 43 in Section 3.5.

(a) Find a Trig identity which expresses cos® z in terms of cos az for various
values of a. (Hint: Use Euler’s Identity.)

(b) Find the general solution of

y" + 4y = cos® x.

Solution. First we look at (¢)? = ¢'3%), The left side is equal to

(cosf + isinf)?

~ Jcos® 0+ i(3cos* Osinb)
| +i%(3cos fsin® 0) + i®sin® 0
= (cos® ) — 3 cosOsin® ) + i(3 cos® @ sin O — sin® 0)

The right side is equal to cos 30 + i sin 3¢ Equate the real part of the left side
with the real part of the right side:

cos® @ — 3 cos fsin® § = cos 30
Replace sin? § with 1 — cos? 6:
cos® @ — 3cos O(1 — cos® §) = cos 30

4cos®H = cos 36 + 3cosh

Our answer to (a) is

cos® ) = 1(cos 30 + 3 cos 0)

Now we work on (b). We look for a particular solution for
y" + 4y = 1(cos 30 + 3cos )
We try y = Acos 30 + Bsin 36 4+ C cos @ + D sin § We plug

y= Acos30+ Bsin30 + Ccosf + Dsinb
y = —3Asin30 + 3Bcos30 — Csinf + D cos
y' = —9Acos30 —9Bsin30 — Ccosf — Dsinb

into
y" + 4y = $(cos 30 + 3 cosb)



and obtain

—9A cos30 —9Bsin30 — C' cos — Dsinf . 20+ 3 c0s
=1 +
+4 <A cos 30 + Bsin30 + C cosf + D sin6) i(cos cosf)
—9A +4A 30 4+ (—9B + 4B) sin 30
( +44) cos 36 + ( * )'sm = 1(cos 360 + 3cosb)
(—=C+4C)cosf + (—D +4D)sin 6
We want
—5A=1 _5B=0, 3C=3 3D=0
We take . .
20" 0, C 1 0
We have shown that y = —g5 cos30 + 1 cos @ is a particular solution of the

Differential Equation y” + 4y = 1 (cos 39 + 3cosf).
To find the general solution of the homogeneous problem

y"' +4y =0,

we try y = " and consider the characteristic equation 72 + 4 = (0. The roots
are +2:. The general solution of the homogeneous problem 3" + 4y = 0 is
y = ¢18in 2z + ¢, cos 2z. The general solution of y” + 4y = (cos 30 + 3 cos §)
is

y—cls1n2x+620052x+——cos39+ 1cosh

Check. We plug

Yy = c18in 2x 4 c5 cos 2x — icos39+lcos6
Yy = 261COS2£L‘—2CQSH12$+—Sln39— —s1n9

!

Yy = —4clsln2x—4020082x+—00530— Zcos@

into y” + 4y and obtain

4

—4e¢; sin 22 — 4cy cos 2x —|— 55 COS 30 — Lcosh
+4 <01 sin 2x 4 ¢9 cos 2x — 2—0 cos 360 + Z Cos 8)

= (—4+4)c18in 20 + (—4 4 4)cp cos 20 + L2 cos 30 + (—1 + 1) cos f
= 2cos30 + 2 cosOv .



