Problem 37 in Section 3.5. Solve the Initial Value Problem

y'=2y" +y =1+ze", y(0)=y'(0)=0, ¢"(0)=1.

Solution.
There are three steps.

First we solve the homogeneous problem.

That is, we find the general solution of v — 2y” + 3’ = 0. We try y = €'
We study the characteristic equation 73 —2r*+r = 0. We study r(r*—2r+1) =
0. We study r(r — 1)? = 0, Three linearly independent solutions of this third
order linear homogeneous Differential Equation are y = 1, y = €%, and
y = xe”. The general solution of 4" — 2y” + ¢y’ =0 is

Yy = 1 + coe” + czxe”.

Then we find a particular solution of the given Differential Equation.

We look for a particular solution of ¢ — 2y” + 4/ = 1 + xe*. Clearly, it is
good enough to add a particular solution of ¢ — 2y” + 3’ = 1 to a particular
solution of 3" — 2y" + ¢/ = we®.

If we are looking for a particular solution of vy’ — 2y” + 3/ = 1, it is pretty
clear that y = x works. (If this isn’t clear then try y = A, notice that it doesn’t
work, then try y = Ax + B and notice that this does work when B = 0 and
A =1.) At any rate

y = x is a particular solution of v — 2y’ + ¢/ =1 (16)

Now we need a particular solution of ¢y — 2y” + ¢’ = xe®. Normally, we
would try y = Aze” + Be®. But we know that every function of the form
y = Azxe®” + Be” is a solution of the homogeneous problem 3" — 23" + ' = 0;
so there is no point trying this candidate. If we were supposed to find a
particular solution of v — 2y” + v’ = %, we would try y = Axz?e® (because
e® and xe” both are solutions of " — 2y” + ' = 0; so once again, there is no
point in trying y = Az?e®. So we try y = Az3e® + Ba?e®. (By the way, if you
try a candidate which does not work, you will get a system of equations that
has no solution. If this happens to you, it is not a big deal, you just have to

start again with a better candidate.)
We plug

Az® + Bx®)e” + (3Az% + 2Bx)e”

Ax —|— (34 + B)z* + 2Bx)e”

+ (3A + B)z? 4+ 2Bx)e” + (3Az* + (6A + 2B)x + 2B)e”

(6A + B)z? + (6A + 4B)x + 2B)e”

(6A+ B)2* + (6A +4B)x + 2B)e” + (3A2® + (12A + 2B)x + (6A + 4B))e”
( )z +

_|_
Ax3 +
+ (9A + B)z* + (1844 6B)z + 6A + 6B)e”



into ¢y — 2y” + 3/ = xe® and obtain

(Ax® + (9A + B)z* + (18A + 6B)x + 6A + 6B)e”
—2((Ax3 + (6A+ B)a? + (6A + 4B)x + zB)em) ——
+(Az® + (3A + B)z? + 2Bx)e”

(1 -2+ 1)Az® )
+ (9—12+3)A+(1—2+1)B>x2
+ (18—12)A+(6—8+2)B>:p
[+ 6A+(6—4)B)ex

= e

We want to find A and B with
(6Ax 4+ 6A + 2B)e” = xe”.

We want
6A=1 and 6A+2B =0.

WetakeA:%andB:— )
So

N |#—=

Y=+ (%xg — %xZ)e“’

is a particular solution of 4" —2y” +4' = 1+ xze*. (The “2” comes from (16).)
The general solution of vy — 2¢y” + ' = 1 + ze® is

y=c1+x+ (ca+czz+ %xg - %xQ)e"”.

Step 3. We use the initial condition to evaluate the constants.
We compute

1 1
y:cl+x+(02+c3x+6x3—§x2)ex
/ 15 1, 1, x
y :1~|—(02+03x—|—6x — 5 +03+§x —x)e

1 3 x
:1+(62+03x+6x +c3—x)e

1 1
y”:(CQ+63$+6$3+03—$+03+§1’2—1)61

We use y(0) =0, '(0) =0, ¥’ (0) = 1. We must find ¢, ¢,, and ¢3 so that
=+ C

O:1+Cg+63
1:CQ+203—1



We solve

O=c+c
—1= Co + C3
2= CQ+263

Replace Equation 3 with Equation 3 minus Equation 2:

0= 1+ ¢
—-1= Co + C3
3= C3
Therefore, ¢c3 = 3, co = —4, and ¢; = 4.

The solution of the initial value problem
y' =2ty =1+wze", y(0)=y(0)=0, y"(0)=1

is

Check. We plug

y=4+a+ (44 3z + g2° — J2%)e”
y' =14 (—4+3z+ 2% — J0%)e” + (3+ J2° — x)e”
=1+ (—1+42z+ s2%)e”
y// — (_1 + 27 + %1‘3)61 + (2 + %1'2)61
— (1422 + 322 4 Lad)e
y" = (1422 + 322+ 22%)e” + (24 2z + a?)e”
= (3+ 3z +a? + ;a’)e”

"

into v — 2y” + v/ and obtain

(34 3z + 2 + ga?)e”
—2(1+ 2z + 2% 4 za3)e” =1+ xe"V;
+14 (=1 + 2z + ga®)e”

y(0)=4—-4=0v;4y(0)=1—-1=0v;and y’(0) = 1v". Our solution does
everything it is supposed to do. It is correct.



