Problem 17 in Section 3.3. Find the general solution of 63"+ 113" +4y = 0.

Solution. We try y = €. We plug y, v/ = re’®, v = r?e™, iy = r3e™, and

"nt 4 rx

y"" = r*e™ into the Differential Equation. We want
6 4 rz+11r2 rx_'_4erx:0.

We want e™®(6r* + 1172 + 4) = 0. If a product is zero, one of the factors must
be zero. The function ¢"* is never zero; so we want

(6r* +11r* +4) =0

(2r* +1)(3r* +4) =0

2 _ 1 2 _ _ 4
rf=—3, 0rr°=—g
r=+4+-L1i or + 2%

V2 V3

Recall that if » = a + bi is a root of the characteristic polynomial, then
y = e cos(br) and y = e sin(bx) both are solutions of the corresponding
linear homogeneous Differential Equation with constant coefficients. Thus,

y = cos(\%x), y = sin(\/iix), cos(\%x), and y= sin(\%x)

are four linearly independent solutions of 6y + 11y” + 4y = 0. The general
solution of this Differential Equation is

y=c cos(\/iia:) + ¢ sin(\%x) +c3 cos(\%x) + ¢4 sin(\%x).

Check. We plug

1

y = ¢1 cos( \} x) + ¢ sin( \/51') + czcos(—=x) + ¢y sin(%z)

e

y = \/1561 sm(\lf x) + %c cos(%x) - %63 sin(%x) + %64 COS(%JJ)

y'= - (\}5) 1 cos(%x) - ( 5)7c sm(\}ix) - (%)203 cos(%x) - (%)204 sm(%x)
y" = + (%)301 Sln(%x) (%) c2 cos(%x) + (%)363 Sin(%x) - (%)304 sm(%w)
y" = + (%)401 cos(%x) + (%) 2 sin(%x) + (%)403 cos(%x) + (%)%4 sm(%x)

into 6y + 11y” + 4y and obtain

+6< + (—2)461 cos(\lf x) + (7) 2 Sin(%x) + (%)403 cos(%x) + (—3)404 sin(—gm))

+11< - (%)201 cos(%x) (7) 2 sin(%x) — (%)203 cos(%m) - (%)264 sin(%az))
+4(01 cos(%x) +c2 sin(\f x) + c3 cos(\f x) + ¢y sm(\%x))

(8-1li4g) (Cl cos(\/%m)—kcg sin(\%x)) —i—(%@ —4+4) <63 cos(\/%m)+64 Sin(\%l’))
= 0.

v Our answer is correct.



