Math 142, Exam 2, Fall 2002
Name
There are 10 problems on 6 pages. Each problem is worth 10 points. each. SHOW
your work. your answer. INO CALCULATORS! CHECK your

answer whenever possible.

1. Find /sin5 x dx . Check your answer.

Let u = cosz. It follows that du = — sin zdz . We have

/sin5acdar::/(1—cos2a:)2sina:da;:—/(1—u2)2du:—/(1—2u2+u4)du
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Check. The derivative of — (cosx — 2C°3S L4 % m) is

2 4

—(—sinz + 2cos® zsinz — cos* zsinz) = sinz(1 — 2 cos® z + cos* )

= sinz(1 — cos® z)?V'.

2. Find cos*rdzx .

We have

2
1 2 1
/cos4xdx:/<¥> dr = Z/(1+20052:1:+cosz2:c)d:c

1 1+ cos4x 1 3 cos 4z
—1/<1+2cos2x+f> d$—1/<§+2c052a:+ 5 )dm
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3. Find /sin 4z cosdrdx .
Add
sin(A 4+ B) = sin Acos B + cos Asin B and
sin(A — B) = sin Acos B — cos Asin B to get
1
§[sin(A + B) + sin(A — B)| = sin Acos B.

Take A =4z and B = 5z to get

1 1 /- 9
/sin4w cosbx dr = 5/(sin9x—sinx)dw =3 (ﬂ -l—cos:v) +C.
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4. Find /sec3 xdr . Check your answer.

Use integration by parts with u = secx and dv = sec?zdr. It follows that
du = secxtanxzdr and v = tanz . Thus,

/sec3a:da;:secxtanx—/secmtan2a:dx.

I know sin®z + cos?z = 1. So, I also know tan?z + 1 =sec?z. So,

/sec3 zdr =secrtanz — /sec z(sec’ z — 1) dx
=seczrtanz — /sec3 zdx + /secxdm.
Add f sec® x dz to both sides to see that

2/sec3mdm =secztanz + In|secx + tanz| + C.

We conclude that

1
/sec3xd:c = E(secxtanx-|-1n|sec:v+ta,nx|) + K.

Check. The derivative of %(secztanz + In|secz + tanz|) is

1 1
5(8603 T + secx tan® 4 secx) = §(sec3 x +secz(tan®z +1)).v

5. Find /x cosz dxr . Check your answer.

Use integration by parts. Take v =z and dv = cosxz. We calculate du = dx and
v =sinx . We have

/mcosa:da;:msinx—/sinxdmz zsinz + cosz + C.

Check. The derivative of xzsinx + cosz is

zcosx +sinz —sinz.v

1— 2
6. Find / VAT g,
X

Let z = sin6. In this case, v1 — x2 = cosf, dr = cosfdf , and

/\/1—:E2 cos? 0 /1—sin29
x

dx = - 0 = - dﬁz/cscﬁ—sinﬁdﬁ
sin 6



B / cscf(csch + cot 6)

—sinfdf = —1In|csch + cot 0| + cos + C
cscf + cot 6

1+ cosf
sin 6

= —ln|1+ﬂ|+ln|a}|+m+a
Check. Observe that the derivative of —In(1 ++v/1—22) +Inz + /1 — 22 is
Wiwers l,oow x 1 —2(1+ V1 - z2)
1+vVi—-22 = 1—-22 (1+V1-22)V1—22 = 1-22(1++1—22)
r—1x—xV1— 22 1_ - 1 —22 4+ 141 —22

VIR0 Vioa®) o (I4Vioa®) = a(l+vi-a?)

V1= 22(V-2?+1+1) V1—-2?
B z(14+ V1 — x2?) N x

=—In

‘+0039+C:—1n|1+cos€|+1n|sin9|+cos€+C

V

7. If y = arcsin(2z?) , then find % .
dy 4z
dx V1— 4zt

8. Simplify cos| 2arcs1n %

1 (1 . 9 (1
cos |2arcsin | = | | = cos® |arcsin | = )| — sin? |arcsin [ = ] | .
3 3 3

It is clear that sin(arcsin %) = 5 . It is not hard to see that

/1 1\? V8
cos |arcsin | — =4/1— | = = —.
3 3 3
. 1 8 1 7
cos |2arcsin | — = — ===
3 9 9 9

9. Find the solution of the differential equation g—g - = 3z2 which
satisfies y(1) = 0. Check your answer.

This is a first order linear differential equation. It is of the form Z—Z+P (x)y = Q(z) .

Multiply both sides by

We conclude that

1

/_,L(x) = efP(m)dw — ef _Tldﬂﬂ — e—lnw _
X

to get
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Integrate both sides, with respect to z, to get £ = z3 + C'. Plug in the initial

condition to get C' = —1. The solution is |y = z* — .

Check. Notice that when = = 1, we have y = 0. Notice also that

d
ﬁ_%:4;p3—1—($3—1):3x3\/.

10. Let f(z) = zlnz. What is the domain of f(z)? Where is f(z)
increasing, decreasing, concave up, and concave down? Find the local
maxima, local minima, and points of inflection of y = f(z). Graph

y = f(z).

The domain of f(x) is all positive z.| The limit as = goes to zero from above of

f(x) is zero. One needs I’Hopital’s rule to see this because = and Inz are fighting
one another since = wants the answer to be zero and Inz wants the answer to be
—o0 . The x wins. If you don’t know ’Hopital’s rule yet, don’t worry I won’t hold
it against you. f'(z) =14+ 1Inz. So f'(z) is positive for 1/e < z and f'(x) is
negative for 0 < z < 1/e. So,

f(z) is increasing for 1/e < z and f(z) is decreasing for 0 < x < 1/e.
The point (1/e,—1/e) is a local minimum for y = f(z).

We see that f”(z) = 1 which is always positve.

The graph is always concave up. The graph is never concave down.
There are no points of inflection.

The graph appears on a separate page.



